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PREFACE. 


HE Tiile- Page to the Book does 
in àa manner anticipate the De- 
fn of a Preface; and I ſhall only add, 
that this is not only a Me Colle&tion, 
or Syſtem of Mathematical Principles, 
but rhe Proceſs, or Me erbod of Demon- 
ration is alſo novel, and I preſume, 
the eafieſt that can be thought of, for 
convincing the Mind, and conveying I- 
deans of Truths of this fore with the leaſt. 
Trouble and Perplexity, eſpecially for 
thoſe whoſe Lot it is to purſue theſe 
Studies without a Mafter. 
The World is convinced of the uni- 
verſal Uſe of theſe Sciences, ſo that there 


needs no Apolog y (I hope ) Joo" * Un- 
* 
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N. B. The following Corollaries and Scholiums ſhould 
have been inſerted under their reſpective Propoſi- 
tions; as is done throughout this Treatiſe after the 
Corollary to Prop. I. Book III. This the , 


is defired to obſerve, 


CoROLLARIES fo the PROPOSITIONS of Book I. 


Prop. V. Coroll.“ Hence every equilateral Trian- 
* ole is alſo equiangular. 


' ProP. XIII. Coroll. Hence all ha Angles a 


* about the ſame Point, are together equal to 
four Right Angles. 


PRO. xxix. I |Cor. « Hence every Parallelogr. AC, 
ws 2 |** having one Angle... . . Azz, 
1.29. 3 is rectangular; for A4B=2 7. 
A. * 4 W therefore the Angle. , . . . B 
5 for the ſame reaſon the Ang. D, C, 
| 1 are Right ones. VN E. 5. 


Prop. XXXII. SCHOLIUM.. 
From this uſeful Propofition many cafy Co- 


e rollaries may be deduced by the Toy Geome- 
ter, concerning the Nature and Quantity of the 


«© Angles of Triangles, which 1 pass Y, Ä ſhall 
take notice only of the two following remarkable 
«* Theorems which flow hence. 


Theorem I. All the inward Angles of any Right- 


&« lined Figure whatſoever, make twice as many 
e Right Angles, abating four, as the Figure has 


<< Jn... * 
For if Right Lines be a from any Point 
0 * withun the F igure to its 3 * ſhall reſolve 
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vi CoRoLLARIES, Se. to Book I. 


ce the Figure into as many Triangles as it hath Sides ; 
< and ſince every Triangle makes two Right An- 

e oles, all together ſhall make twice as many Right 
„ Angles as there be Sides. But all the Angles 

« about the ſaid Point, make four Right ones. 
«© Therefore, if from the Angles of all the Triangles, 
you ſubduct the Anglesabout that Point, the re- 
% maining Angles, which compoſe the internal 
<« Angles of the Figure, ſhall make twice as many 
Right Angles, abating four, as the ſaid Figure 
has Sides. Q; E. D. 

Theorem II. All the outward Angles of any 
de Right-lined Figure, are together equal to four 


e Right Angles. 


For the outward Angles, together with the in- 
ce ward ones, make twice as many Right Angles as 


_ «the Figure has Sides; but by the foregoing The- 


e orem, all the inward Angles make twice as many 


dy Right Angles, abating four, as the Figure has. 


Sides; wherefore the outward ' Angles are toge- 
<< ther equal to four Right Angles. T, . D. 


Ibn: XLVIL | SEHOLIUM. 


** This moſt noble and uſeful Propoſition is called 
e the Pythagorean Theorem, from its Inventor Py- 
&« ;hagoras ; who, on the happy Diſcovery, is ſaid 


© to have offered to the Gods an Hecatombe, or at 


* leaſt a Sacrifice, in acknowledgment of ſo great a 

Benefit to Mankind. By this Theorem, the Ad- 

« dition and Subſtraction of Squares is perform'd; 

* according to the ee Problems. 
FROBLEM . 


« To make a Square equal to. any, number of 
6 n Squares. 


Practice: 
I | Let there be given 


3 Squares, whoſe AB, B BC, CE: 
Make 


Sides are 


| COROLLARIES, Ge. to Book, & II. vii 


7 1.1 1.] 2 Make a Right Angle. . FBZ. 
1 3 having the — Sides . . FB, BZ, 
1 4 in which transfer the) ar 
| given Sides ; - « Ms Gs | 
| SRO. T AC 
*1.47.\ 6] then thereſhall ACTS 7 
y feln make . 
8 alſo make — —— _ 
8 9 the third given Side, 29 4 EX. 
18 EXq = *EBq + BXq 
1 71 le (ACq) = 1705 1 
ip J ABꝗ +Ba. 
Y h E. F. 
8 PROBLEM II. 


Two unequal Right Lines being given, to make 
* à Square by which the Square of the Greater ſhall 
exceed the Square of the leſſer Line. 

f A ( 


I | Let the two unequal R. a 
| Lines be F AH, BC's 


deſcribe a Circle; and on.. C, 
erect the Perpendicular... . .. Ci 
meeting the Circumference in . . E, 
WT. AA ce £3, BE. 
BEq (= BAq) 
Fa —BCq+CEq. 


: BAq—BCq=zCFq. 


1 1. 11. 
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Therefore we 


| have 


COROLLARIES fo PROPOSITIONS of Book II. 


_ Prop. IV. Coroll. Hence it is apparent that the 
Parallelograms which ſtand about the Diameter 
of a Square, are likewiſe Squares. 
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viii COROLLARIES, SC. fo Book II, Si. 


Prop. XII. Scnorivm. 


<< Theſe two laſt Propoſitions are of great and 


<« frequent Uſe in Trigonometry and Algebra; for- 
<« aſmuch as thereby we can find the Perpendicular 
ts and Segments of the Side on which it falls, in any 


ho Obtuſe or Acute-angled * by ke the 


2 Sides thereof given.“ 


CoroLLARy 7 PRoP. I. of Book III. 


If, in a Circle, any Right Line cuts another Right 
Line into two equal Parts, and at Right Angles, 


the Center of the Circle wi be in that cutting 


Line. 
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THE 


RUDIMEN TS 


OF 


Decimal Arithmetic. 


Hoſoever would ſtudy the Mathe- 
matical Sciences to ad vantage, muſt 
firſt of all be conſiderably well vers'd 
in the ſeveral Kinds of Arithmetic, 
VIZ. Pulgar, Decimal, Logarithmical, Agebraical 
and Fluxional Arithmetic. 

Lulgar- Arithmetic, eſpecially the firſt and funda- 
mental Rules thereof, Addition, Subſtraftion, Mul- 
tiplication and Diviſion, I preſuppoſe the Learner 

of Euclid's Elements to underſtand very well before- 
bai his Addreſs to the Elements will be 
the more difficult, and fruitleſs. 

The Method by Fluxions, I have in ſome mea- 
ſure taught in the Appendix at the end of this Book. 
But as to Decimal Arithmetic, as alſo the Art of 

Logarithms and Algebra, they muſt be premiſed in 
the Algorithm, or fundamental Rules of each ; fince 
it can't reaſonably be imagined, that all who would 
and ought to learn Euclid, have had an Opportu- 

nity of ſtudying theſe _ Arts; z and yet a compe- 

tent 


2 . The Rudiments of 


tent Knowledge of them is-abſolutely neceſfũry to a 
due Underſtanding of the following Book. 

To begin therefore with Decimals, it muſt be un- 
derſtood, that the Whole or Integral Quantity of 
any kind is to be conſider'd as divided into 10 equal 
Parts; and each of theſe equal Parts to be again 
ſubdivided into 10 others; and that this Subdivi- 
fion is thus cantmued-on in every equal Part ad in- 
finitum. 

And thus Money. Weight, Meaſure, Time, Ma- 
tion, &c. is conceiv'd to undergo ſuch Diviſion and 
Subdiviſions, whenever they are to be managed by 
Decimal Arithmetic, Thus ſuppoſe 1 /, =10 Parts, 
then each of thoſe Fenths, big. v, divided into 
10 others, there will be produced 100; each of 
theſe again divided into 10 others, produce 1000, 
and ſo on. Theſe Parts then 10; 100, 1000, 
10000, Sc. make the Denominator to the Decimal 
Fraction, which are thus 'expreſs'd ; 18, 135, 2555» 
18888, Sc. or if integral Quantities be. join'd with 
them, thus, 3 x5» 5 18, 37 155 Se. 

Dat fince theſe Denominaters conſiſt only of U- 
nity and Cyphers, they are in common neglected, it 
being ſufficient to ſeparate the Numerator from the 


Units Place of the Integer by a Comma or Point, and 


placing it at a due Diſtance to the right hand, thus 


01 3 = 3.15 7 5 =z 0,027 5 5 Ti == 


5.07; and 37 re 37. 27 Sc 

But in order to apprehend the proper Notation 
of Decimals, you muſt know, that as in Mole 
Nuinvers or Iniegers, the value of every Figure's 
Place from Unity towards the left hand, increaſes 
in a tenfold Proportion; ſo in Decimals, the value 
of aach Place from Unity towards the right hand, 
decreaſes in the ſame, VIZ. a ten- fold or Decithel 
Proportion, As in the Table adjoin'd. 


In 


N 8 gp 
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In Integers. . 
— ——— — — = 


In Decimals 


— 


DreINAL ARITHMETIC. 3 


Er One, or Uaity, 
10 = Ten, or ten Units, 
100 = One Hundred. 
11000 = One Thouſand, 
.z0000'= Ten Thouſand, 
-x00800 = One Hundred Thouſand. 
Vice _—_— .x = One tenth Part of an Unit. 
.01 = One hundredth Part. 
001 = One thouſandth Part. 
. 0001 = One ten thouſandth Part. 
£0000F:== One hund. thouſandth Part. 
OOO = OneMillionthP.of an Unit, Sc. 


A Vulxgar Fraction is eafily reduced to a Decimal 


one by dividing the Numerator by the Denomina- 
tor, for the Quotient will be the Decimal Number 


"_ to the ſaid Fraction ; thus : = 0.5; i = 0.25.3 


= 0.015625; Or thus 24 2.53 7 . .253 


95% =95. 015625. 
In dividing, it will ſometimes: happen, that the 


Quotient or Decimal will not terminate, but return 
and perpetually circulate or repeat one or more Fi- 
pres | as thus, 1 = 0.33333, Se. n infinitum. So 


= 0.090909, Ec. again  =©.0185185185, 


e e 5 = 0.012 3456790123,C&c. to Infinity. 
Theſe circulating Decimals are calPd Repetends, and 
*tis uſual to daſh the firſt and laſt of the repeating 


Figures, thus 0.3; O. 9; O. 0185; and. 0.912345 
679, Sc. there being no occaſion to write more. 

The Operation or Working of Decimals differs 
nothing from that of Integers, except in placing 
and forming the Decimal Part of the mix d Num- 
bers, which may be cafily underſtood from the Ex- 
amples of all Varieties in conjunction with the fol- 
n Rules and Precepts. 
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The Rudiments of 
Addition Decimals. 


Place the ſeveral Numbers fo that the 
Comma's or Points, diſtinguiſhing the Deci- 


Rule. mals from the Integers, may be all placed 
preciſely under one another; and then add 


as in W ole Numbers. 


Exam. I. 
9.034375 
2139383 

Add. o. 340625 
0.441657 


— — 


Sum. . 95625 


Exam. IV. 
23.2375 


0.734375 
Add. 42.58125 


0.930458 


Exam. II. 
0.183333 


0.229167 


2.325 h 
3-234375 


—— — 


5.771875 


——— 3 ¶»——üäd. —_——_ 


Exam. V. 


25. 
1.09025 


0.01255 


Exam. III. 


0.000001 
0.002756 
0.12575 


3. 


3.131507 


Exam. VI. 


372-5125 
14.5.266667 


769.1375 


938 037333 


172.7502 
198.763 2226. 


— — — — 


Sum. 67. 489583 
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Subſtraction of Decimals. 
From 74. . 75.0034 562. 
Tate 45. E 


— — — —— 


From 345.7578 0.547893 2 50. 
Take 157. 9.439758 0.997 543 0.000375 


— — — — — — — — 


Remains 188.7578 0.108135 0.002457 49.999625 


= 93.5784 
* 28 909 | 34 47. $43 I7.1284 468.4216 


| Multiplication 


eee EE EIS ; 
n 3 e 
1 5 N Ee 1 { 


; Prod. 6.74352 780.516 34246.056 


Prod. 0.032273 1446 0.0005758775 


DEciMAL ARITHMETIC 5 
| Multiplication of Decimals. 


Having placed the Multiplicand and Mul- 
| tiplier as in whole Numbers, multiply them; 
and from the Product cut off ſo many Fi- 

„„I gures (to the right Hand) for Decimals, as 
Rule. there are decimal Places, both in the Multi- 
plicand and Multiplier together. And if 
there be not fd many in the Product, make 
them as many by prefixing Cyphers. 


Kum 1 r as 


Mult. 3.024 32.12 78.546 
B 2293 a” 43 
1 9636 5 471276 
6048 12848 235638 
6048 __., 314184 


Exam. IV. Exam. V. Exam. VI. 


Mult. 5745 0.2365 57.056 
y 0.0675 0.2435 0.578 
28725 11825 32.978368 
„ __ = — — 
34470 9460 
3 4730 
Prod. 387.7875 —.— 
0.05758775 
Exam. VII. Exam. VIII. Exam. IX. 
Ault, 0.56879 0.02365 4.572000 
By 0.05674 0.02436 0.000001 


4-572 
Diviſion 
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De Rudiments of 


Di vi fon of Decimals. 


Exam. I. 


3.024)b. 24352(2.23 


6.048 


« % „ „ 


Exam. III. 


3745) 387.7875800. 0675 


34470 


43087 
40215 


28725 


— —— 


Cut off ſo many Figures (to the right 
Hand) in the Quotient for Decimals, as there 
are Decimal Places more in the Dividend 
than in the Diviſor; that ſo the Number 
Rule. of Decimal Places in the Diviſor and Quo- 
| tient together, may 

{thoſe in the Dividend. But if the Quo- 
tient has not Figures enough, prefix Cyphers 


equal the Number of 


Lto the left, as before directed. 


Exam. II. 
32. 12) 780.5 16024. 3 
ee 


— 


13811 
12848 


. 9636 
9636 


4 
"0: 


Exam. IV. 


'78-546)34246.056(436 


314184 
282766 
235638 


471276 
471276 


© 0's „ © 


228 


join'd a few Exam- 


DECINMA 


Exam. V. 


L ARITHMETIC 7 


/ 
- 


0.2365)0.05758775(0.2435 


4730 


Note, The Examples are the reverſe of thoſe in_ 


Multiplication. . 


I have here ſub- 


ples, which, with 


the foregoing, con-\ 


tain all Variety in 
Diviſion of Deci- 


Diviſor) Dividend) Quotient) 
' 0,0078, 4.368. 1 5. 60000 
9257, 7.25406 .o 
0.575, O. 0007475 o. 0013 

5-75» 0.7475 0.13 
10, 5784 * 578.4 
100, 5784 * 57.84. 

I000, 5784 * 5.784 


mals. | 


U 10000, 


5784 0.784 


Extraction of Roots in Decimals. 


* 


_— 


Note, This is perform'd as in Whole Numbers, by 
adding Cyphers to the Integers, and dotting 


them as in the Examples followi 


ng. The 


Decimal in the Root being always half the 
Number of thoſe in the Square, GC c. 


Exam. I 


LY 


The Rudiments f | 


Os, rn * re 5 
n 9 N | 


[ Exam. I. 
it Quære they. . . Noot. 
0 Sg. Root of $ 160.000000(12.049 
FAY I 5 | 
i | 22). 60 
lo 246)1600 
Mi 3 1476 
| 2324). 12400 
10096 
25289) . 230400 
227601 
 _ 
gr Exam, I, Exam. III. 
rr W 4 
. Root of, - 0,000375(0.01936 
"CE e 3 
$1). 150 _ 29)275 
_— -.. „ 
828)6900 2383). 1400 
„„ 1149 
8363). 27600 3866). 25100 
25089 e 
wach 1904 


Note, Thoſe who deſire to know more of Deci- 
mal Arithmetic, may conſult my new Syſtem there- 


of. 
The 


premiſe a few things. 
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Table for Indices 
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LoGARITHMS. 


The Rudiments of the Arithmetic of Logarithmt, 


H E Arithmetic of Logarithms being of uni- 
verſal Uſe in Geometrical Calculations, and 
particularly in Trigonometry, I thought *twas neceſ- 
ſary to initiate the Yung Geometer into the Practice 
of its Rules in this Place; in order to which I ſhall 

1. That in moſt Tables of Logarithms, the firſt 
Figure of the Logarithm is call'd the Index; as 3 


in 3.370143. 


2. Thoſe Tables which have not theſe Indices ex- 
preſs'd in them, muſt have them ſupplied by the 


Artiſt, when he uſes them, which he will eaſily 


know how to do, by obſerving, 
3. That thoſe Indices are always ſuch Numbers 


as expreſs one leſs than the Number of Places in 


the integral Number to which they belong. Alſo, 
4. That the Logarithm of a Decimal Number 
differs only in the Index from the LOGO of an 


integral Number, having the fame Figures; and 


therefore, | 

5. That it is uſual (at leaſt, my way) to make the 
Index of a Decimal Number, ſuch a Figure, as 
when ſubſtracted from 9, may leave a Remainder 


exprefling the Number of Cyphers prefix'd to the 


Decimal. This Decimal Index has a Dott or Point 
on each ſide; the Table ſubjoin'd will make all evi- 


dent. 
| a a 
Numb. 2345 = 3.370143] In this Table, the 
234.5 = 2.370143 | Reader may obſerve 


ang gi what is neceſlary at 
| e. 2 8 preſent to * 
345 = 0.370143 > reſpeCtingthe Loga- 


2345 & -9-370143 | rithm and it's Inder, 
02345 == .8.370143 | either for Integers, 
.002345 =.7.370143 | Mix'd Numbers, or 
0002345 = .0.3701434 Pure Decimal. 
C 6. In 


10 The Rudi ments of 

6. In like manner alſo, the Logarithms of the 
Natural Sines, Tangents and Secants, have their In- 
dices adjuſted. Thus, the Whole Sine or Radius 
being 10000000000, the Natural Sines, Cc. with 
their Logarithms and Indices will ſtand thus. 

Ind. Log. 

Radius 10000000.000 = 10.000000 

For 36 te) Tin .. 5924819,.000= 9.772675 


you find they Tangent 7354691.000 = 9.866564 
Natural. Secant . 12413359.000 = 10.093889 
7. But fince the 7 or 8 firſt Figures of thoſe na- 
tural Numbers are ſufficient, the reſt are not put 
into the Table, and I have here filFd up their Pla- 
ces with Cyphers ; but the Logarithms and their 
Indices anſwer the ſaid Numbers at large. . 
8. Again, the Logarithm of the Secant is not 
put into the common Tables, becauſe it is always 
readily found, thus, 
From Double Radws......... . . . 20.000000 
Subduct the Co- ſine of (ſuppoſe 36*20')= 9.906111 


There remains the Secant of 36 * 20' = 10.093889 
9. The Arithmetical Complement of a Logarithm 
is its Difference from 10.000000, ES 
— . W ˙ ò +> »»> 4» 10000000 
You ſubſtract the Logarithm ....... 5.728943 


cm 


there will remain its Arith. Comp. = 4.271057 
10. The Logarithm of a Vulgar Fraction, as J is 

found thus, 55 

From the Logar. of the Numerator 5 = 0.698970 

Subſtract the Logar. of the Denom. 7 = 0.845098 


there remains the Log, of the Frac. 5 = .9.853872 
1. The Tables furniſh Logarithms for no Num- 
ber greater than 10000 ; therefore if you would find 
the Logarithm of any Number exceeding that, ſup- 
ſe 542375, proceed by the following Rule and 
Example. | . J 
Rule 
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. Example. 
In the Table ſeek the Lo- I £45500 Log. 


4 * of the 4 firſt Fi- (542300 = 5.734240 
'2 gures, with Cyphers, 
2. Take the 22 IF 
AF the next greater Number 342400 = . 20 
in the Table with Cyphers, 8 IL 
. The Differences are . %% 5 8 
| 3 Then ſay, (per Ch. iv. 9.10. As 100: 80:: 75:60 
5. To this 4th Num. add the iſt Log. - 5. 734240 


0 he Numb. 
6. Th ook ey g. oft Zn 5.734300 
12. The Converſe of this Rule finds the Num- 
ber to any given Logarithm propoſed. 
3 13. In Addition of Logarithms obſerve the fol- 
3 lowing Rules; viz. 
I. If the Indices be Integral, add them, and you 
have the true Sum. 
2. If the Indices be all Decimal, add them; and if 
| the Sum be under 10, add 10 thereto; if juſt 10, 
add 1; if above 10, caſt 10 away; the Sum or 
Remainder will be Decimal. | 
3. If the Indices be ſome Integral and ſome Decimal, 
5 them alſo ; if the Sum be 10, or above, caſt 
away 10; the Remainder is Integral; if under 
10, Decimal. 
14. In Subſtracting Logarithms obſerve, 
1. If the Indices be all Integral, then ſubſtra& as u- 
I ſual, if the higher Index be the greater. 
2? 2, If one or both be Decimal, and the bigher ſmaller 
1 than the lower, add 10 to it; and if the higher be 
Integral, the Remainders are Integral; if not, 
they are Decimal. 
136. Thele things premiſed, nothing remains no 
A in order to a clear underſtanding of this curious and 
excellent Art, but to exemplify and illuſtrate all the 
4 Operations by pertinent Rules and ** 


here follow. | 
C2 Addition 


The Rudiments of 
Addition of Logarithms, 


— 


By the Addition of Logarithms, is performs the | 
Multiplication of their Numbers; by this 


$5 To the ; of the Multiplicand, 
Rule Add the Logarithm of the Multiplier. 
The Sum is the Log. of the Product. 


Numb. Log. 


Exam. I. Multiply . +. - 344 x2. 0757671 11 
. #2 ein 


The Product. 1728 = 3.237543 Sum 


Exam. II. Multiply . . 1358 = 3. 1414492 4d 
B)) 185 A 2.267172 ? 


— An nth hn atm nm en Sts, — — — —— — 


The Prod. 256225 = 5.408621 Sum 


Exam. IIl. Multiply - 2.4 = 1,0934227 
3 35 =0.550308 nd. 


DN ͤ — 


The Product 44.64 = 1.649724 Sum 


* Multiply , . . 36,5 = 1.562293 
By. * . oo019 = 62787541 add. 


Product. 0.006935 =. 7. 841047 Sum 


Exam, v. Multiply .. . 0.0762 = 8. beige 55 : 
BùůA . 470 4.76605 5} add. 


— — — 


Product. 43.434 =1 737830 Sum 


Exam. vI Multiply . . 0.0099 =. 7.986772 add 
EY. . . . 0.00021 ap 6.322498 ? 


Prod. 0.000002037 = 4 4.308991 Sum 
Subfr aftion 


* 
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Subſtraction of Logarithms. 


Subſtraction of Logarithms performs the Divi- 
58 of their Numbers by this 


From the Logarithm of the Dividend, 


Rule 4 Subſtract the Log arithm of the Diviſer, 


| there will remain the Log. of ne Quotient. 


nas * Divide 3 1728 = }, 237552 480 


A 12 = 1.079888 


— 


Quotient . . . 144 == 2.1 58362 Rem, 


Exam. II. Divide . . . . 256225 == 5.408622 Sabi 


8 185 2. 267172 


n 2 —— 222 — 


Quotient . . 1385 = 3.141450 Rem. 


| Exam, III. Divide 3 = 1.649724 Subſ 


nent” anne 


Quotient. 3.6 2 0.336302 Rem. 


Exam. IV. Divide... . 43. 434 — 1 .637830 
* . 0.076 2 =.8, 6879550 Subl 


Quotient . 570 = 2. 755875 Rem. 


Examp.V, Divide . . conkggy=s, 78410463. ad” 


By. 3.5 1.562293 


7 


Quotient 0.00019 = 6, 278753 Rem. 


Exam. VI. Divide 0.000002073=.4.308991 
„ 00207 3=-4:308991 fSubc 


** 


Quotient 0.0097 = 7.986772 Rem. 


Mute, Theſe Examples are the Converſe of thoſe 
in Addition. 


Mulliplicatian 


_—_ | The Rudiments of 


Multiplication of Logarithms: 
By this you find, or produce the Square, Cabe, 


Biquadrate, &c. Power of any Number. 


For the Square multiply the Logarithm of 
the given Number by 2 ; for the Cube by 33 


Rule for the Biquadrate by 4, &c. the Product will 


be the Logarithm of the Square, Cube, &c. 
required. 


Exam. I. Requir'd the — iS 5 * I 397940 
Multiply b 


© RET” 61 795880 


Exam. II. What is the Se A 1.01 — 0.000434 | 
Mult. by 7. 2 


— SO 
PI 


r 1.002001 =O. 000868 


Exam, II. What is the Cube of 0.25 =.9.397940 
Mate by... 3 


ä alt 
9 


Anſwer . SP 1 8.193820 


Exam. IV. Requir'd the Cube of 9.006 2 7. 778151 
1 > 2 


—_s 


Anſwer . . . . 0.000000216 = 3.334463 


In the ſame Manner you proceed for the Biqua- 
drate, Sc. Powers. 


Divifion of Logarithms, 
By this you extract the Square, Cube, &c. Roots 


out of any given Number, by the Converſe of the 
* Rule, thus: Exam 


* 
* 
. == 
2 
5 
7 75 5 
7 ; 
XA 
bes. 
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Exam. 1. | 


What is the Square Root of 625 = 2.795880 
Divide b ccs | = | 


— 


Anſwer, the Square Root. 25 1.397940 


Exam. II. 


Quære the Cube Root of 0.001 728 =,7.2 37543 


D oy 3. 


Anſwer, the Cube Root 0.12 . 9.079181 
Exam. III. 


Quzre the Biquadrate Root of 0.0016 .. 204 120 


FCC ͤ ˙ 2:s om i 


1— — > 


Anſwer, the Biquadrate Root . . 0.2 =.9. 301030 
And thus you extract the Root of any other 


Power; but Note, that as many 10's as you caſt 


away in Multiplying the Logarithm for the Square, 
Cube, Sc. ſo many 10's you, muſt here add in Di- 


vidin 1g * in order to have the true Decimal Index. 


Proportions by Logarithms. 


Exam. I. 
If 1 Gab oo « © „ „ I 


( RO 7.7.6 0.8808 142 
What coſt 661 Groſs? . . W 822824 5 448. 


2. 2.703636 


Anſwer 381. 175 64. 38. 8769 = 1.889693 


Note, Take the Arithmetical Complement of the 


firſt Term, and you perform all by Addition, thus; 


Exam. 


— ne R 


4 - 
5 w J * * 
- > 
« 1 2 — — — q-ay — — - . — 
5 5 — 2 * by —„-— e. — — 2 — 
— — 4 __ * * > . 4 . * 
* 1 7 * * . * 
Zee — "I a2 I c 
A PR — — — —— 
* 


_ = 
. re as 
4 - oy 2 * — 
* * — — * 
— 


— — 4 


— — 


een = — 


= rr 
5 
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. -, . « + + 


known) are now certainly known. 


Exam, II. 


. Ar. Cam. 
As the Sineof . . . . 39 15'= 0.198798 

Is to the Sine of . . . 63 50 '= 9.953042 

So is the Tangent of . . 53 09 = 10.125253 


To the Tangent of.. 62 09 = 10.277093 


2 a e * th. 1 —Y * * » F * 


— 1 2 


To find a Mean Proportional between any FAT 
Numbers, ſuppoſe 16 and 144. 


Add the Logar. of the 2 Num. 5 10 = 174129 


Is the Log. of the Mean Prop. viz. 48 = 1.68 I 241 


The Rudiments of AL GEBRA. 


LGEBRA is the Art or Method of ma- 
naging Arithmetical and Geometrical Compu- 
tations by Leiters or Species, which are ſuppoſed to 


repreſent Numbers, Lines, Meaſures, or any other 


Quantities indefinitely. 

The peculiar and excellent Artifice of Agebra is, 
that by aſſuming unknown Quantities as thoꝰ they 
were really known, and by a proper Management, 
at length either brings them to an Equality or Ana- 
logy, with thoſe that are really known or given, and 


fo the unknown Quantities (before only ſuppoſed 
© 


. 1 _ " - 85 2 rl WS e . 3 4 * a 
Fe 80 GL {a EE: F . ö by 
r FF 9 e rr RSS. . 8 IN \ 
F .. WEE 92 * * ESE ger. = A I Z EY: — * a 
5 3 ms Ln, 2 FS n IO A. ß nods” rant; ae or F - 


ey - SS * = Web W 4 2 CET IO r q TO hs, 39332) 
D A So 4 res HS red LA ERS 8 oc / I IAA Is * 2 
CS ne erg oO er dr NEON . SS 


e IN 
n 


o W on _ 


3 ALGEBRA, _ 
In order to this, *tis cuſtomary to repreſent known 
or given Quantities by the firſt Letters of the Al- 


phabet, as a, þ, c, &c. or A, B, C. &c. and thoſe 


uantities which are a e. and to be found, by 


the laſt Letters, as, W, &, y, , or, W, X, Y, 23 


but this is at pleaſure. 
For the more convenient Operating the Rules of 


this Art, there are certain Signs or Symbols made uſe 


of to repreſent ſome Words, Sc. which could not be 


ſo properly ad the chief of theſe are as follows; 


Signs. Significations. 
I. + 8 More; as, a+ b, is a more b. 
2 . Leſs 3 as, 4 —b, bs ket 


A" YN +.» V Multrplied into; as, ax 6, is 4 
1 multiplied into 5, or ab. 
4ͤ 8 Divided by; as, 4 b, is a di- 

vided by 5, or +. 


=... -. Equal to; as, a , is a equal to b. 
. . . « Greater than; as, a > b, is 4a 
greater than 5. 

EO as, 4 &, is a leſs 

| than 6. 
+4 Parallel to; as, a b, is a pacalle 
- 2 to 5. 


9 Il... - Equal and parallel to. 


10 of Ts to; Thus 4: 6: : c: d, We 
TECH .So 15; read RE 
"EN Ren As ais tob, fois c to d. 


12 85 .... . Iuxvolvd; as, 4 2, is a involv'd 


twice. 


13 W.. . Evolvd; as, a w2, is a evoly'd 


twice. 


Z 14 ** 55222 Wi 18 W 


Root of ab. 


15 2 e as, Ag, is A Square, 


or AA. 
16 c 100 90 00 Cube; as, Ac, is A cub'd, or AAA. 
D Theſe 
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Theſe Characters or Abbreviations are to be well 
underſtoed and imprinted in the Memory; for they | 
are notumly uſed continually through the following 

Book, but in all Mathematical Books whatever. 

8 Obſewe that when Quantities are ſet together 
with Signg the Sign always belongs to the Quantity 
which inne iately follows it; thus a + 5 - c the 
Sign + belongs to, and the Sign — to c. There- 
fore their Order may be varied, as a — c 3, or 
5 T2 — c, or — c +a, For if the firſt 
Quantity have not the negative Sign —, it is al- 
ways underſtood to have the Affirmative one , if 


not expreſs d. 3 = 

If Numbers be immediately prefix*'d to Letters, 
they are calPd the Co-efficients of thoſe Letters; as 
20a + 35de, the Numbers 20 and 35 are ſaid to 
be the Co-efficients of the Quantities ba and de. 3 


Addition of Whole Quantities. 
In Addition are three Caſes. 
Caſe I. If Quantities are alike, and have like Signs; 
add the Co-efficients (if any,) and to their Sum 
Join the Quantities with the ſame Sign. | 
Caſe II. If the Quantities are alike but have unlike | 
Signs ; ſubſtract the Co-efficients, and to their 
Difference join the Quantities with the Sign of 
- the Greater Quantity. 3 


Caſe III. If the Quantities are unlike, ſet them all 
down (for the Sum, ) without altering their Signs. 


Caſe l. „ 
— „ , A+. , 5. 
To a —b gab —6de ga—5gb+16 


add a —5 gab — 4d 2 4013 


—ů — — — 


Sum 22 —2þ gab —10ds $ga—gb+29. 


I __ Caſe 


e 


Sum- Tga —3a bbc 325 + 3ab—6 
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Caſe II. 


Exam. 6. Ex. 7. Ex. 8. Ex. 9. Exam. 10. 


To +54 —5 7c na—5b —gab—84ct10 
add —24 * —bbc -4a4-306 A 


= 


—— — N r — — 


| 8 Caſe III. 85 

Ex; 11. EA 2. % : Ex-n6 
To © a a+ ga—bd+2; 
add 6 — — 4 3b—4g 


Sum a+b a—d a a-+b-c-d 5a E36. 64-492 A 


— 


Ofall the three Caſes] 24b—3aa-þ4de—2abc—25 
promiſcuouſly. gdd 2a de 3abe—-1 


The Sum 2 aa4-3dd+ 3de—abc4-bb4-4 


Exam. I5. ſo 3aaÞ4abc—2dd—tb4-30 


Suhſtrackion of Whole Quantities. : 


Change all the Signs of the Subſtrabend (or 

| Yeonceive them to be chang'd ;) then add all 

Rule < the Quantities together as in Addition in e- 

very Caſe; and their Sum will be the true 
an or Difference of the Quantities. 


Caſe I. 


Exam. f Ne Ex. 3: E (. 8 
From 22 —2b 8ab —1odc l 


take a — 6 gab — Gade 34—50+16 


———— — coed m—————_—_ f —ꝛů— 


len @: ine # - gab — adc 24—4b413 


— — — — — » — 
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Caſe II. 5 
Exam.6. Ex. 7. Ex. 8. Ex. 9. Exam. 10. 
From--34 —34 bc 3a—2b 3ab—6 
take—2a +24 —b6bc -4a4-30 ab- gde 10 


— ——e, 


Rem. E32 54 be 756 12ab+8dc-16 


Caſe III. 
Sas. xr. Ex12. Ek:32. Exam. 14. 
From at a—d a+6-c-d $a+36-6d-4g +2 5 
take þ 4 "Coli 36-49 


Rem. 4 a a+b | — 425 


cuous a O | S729 . 


Promiſ- Ex. . Ex. 19. * 5 Exam. 18. 
5 5 2a—4b obo 428+ 58-90 


Examp. 


Note, the firſt 14 Examples are but the Converſe 
of thoſe f in Addition. 


— 


a—b 24 ＋45 10. LA. a-d+3b-59-5 


— — — 


Multiplication of Whole Quantities. 


| F Caſe I. When the Quantities have 
the /ame Signs, and no Co-efficients, join 
them together; and prefix the Sign 4- 
before them; and that will be their Pro- 

In this dull. 
Rule are Caſe II. If there be e. mul. 


alſo three I tiply them; and to their Produf? adjoin 


Caſes, viz. the Quantities ſet together, as before, 
| Caſe III. When the Signs of the Fac- 
| tors be different, join the Quantities to 
2 the Product of the Co- efficients as before, 
1 and profix the Sign — before them. ur 
e 
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Caſe J. 


Exam. 1. Ex. 2. Ex. 3. Ex. 4. Exam. 5. 
Mult. 2 —2 a+ —d—e 3 


by 3 — 4 — 
vod T Ib ad ru +bd+-be ee 


— — 


5 — _ 
EA 6. Ex.7. ECT Exam. 9. 
Mult. 54 —44 gcab+3d a+5b+15 
„„ ge © 8 5d 
Prod. i cab +124e 40ab 24d 5ad-T2 5db4-7 5d 


— 


4 Caſe III. 
Exam. 10. Ex. 11. Ex. 12. Exam. 13. 
Mult. 2 —6d a4a—bac 4a—bdc 
by -—#. , "4 .-: If — 


— — — — 


Prod. — ab —24de 12ag—1 Fed — 2494. I Bede 


—ͥͤ Dſ—ꝛ—ß3 ᷑ͤ Gͥ— n — — 


If the Muliplier conſiſts of 3 T; erms, they 
muſt each be multiplied into the Multiplicand; and 
the Sam of thoſe particular Products will be the 
Product of the Whole, as in common Arithmetic. 


Exam. 8 Exam. 15. 
Mult. a+b—d aa ba -C- 12 
by a—b 4b. C2 


—— op — — 124 
. -baa-abb1-bbb-126 
24a-2ba1-20b-24. 


Prod. — 3 wes 


8 aaa4-bbb4-200-124-12b— 
I [ 2baÞ20þ-24 


It 


uv al K 


\ , — — — , . — e 
5 * - A I 2 g * 
5 8 = 6s 0 ho SR. yr — = = 2 — — » — PO . "1 — » my * wats frees up a> . 
. = — — — 5 —— 1 * — * 
= i 8 2 by J & 
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It may ſeem ſomewhat myſterious to Learners, 


that + multiplied into —, or — into +, ſhould 
produce — but moſt of all, that — multiplied into 


, ſhould produce +, Yet theſe things are all 


true, and if the Learner defires a Demonſtration, I 


muſt refer him to thoſe Tracts which are wrote pur- 
poſely on this Art ; not having room for ſuch Mat- 
ters here. © ts 


— Y 


——_—_@ 8 


Diviſſon of WW hole Duantities. 


This is the Conver/e, or direct contrary to Multi- 
plication; and is therefore performed by Operations 


directly the Converſe of them. And admits of Caſes, 
VIZ. | 
Caſe I. If the Quantities of the Diviſor and Divi- 
dend have the ſame Signs, and no Co-efficients ; place 


_ thoſe Quantities in the Quotient, whereby the Divi- 


dend exceeds the Diviſor, and prefix to them the 


Sign + ; ſo ſhall you have the Quotient required. 


Caſe II. When their Signs are different or unlike, 
ſet down the Quotient Quantities as before; and pre- 
fix the Sign —, and you have the Quotient required. 

Caſe III. If there be Co- ęſſicients in the Diviſor 
and Dividend; divide them, and to their Quotients 
adjoin the Quotient Quantities, with their Signs, as 
before. 281 5 


Caſe IV. When the Quantities in the Diviſor | 


are not exactly contain'd in the Dividend, ſet them 
both down in the Quotient like a Vulgar Fraction; 
as in common Arithmetic. | 


Caie . 2 
1. Ex. 2. 1 


a) —a)—ab(+b De 


wy -" ——— 24 74 
54 
= Caſe 


— 
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1 . Caſe =—_— 

Exam. 4. 1 Exam. 6 
1 U +8)-ab-b1(-0-4 ne 
| ab -ab | _ 

75 . bed 
—32 ed 
J 1596 
1 
Caſe III. 
Exam. 7. Ex. 8. Exam. 9. 
36)15ab(5a 9d) de- 89) 1 5g0-45g0(34 ge 
Sab 6 gde 1 
— : 
—4.58e 
Caſe IV. 1 y 
Exam. 10. Ex. 11. Exam. 12. 


@) b (= —2bc)12de(<E | 200) lde 
More Vine at large. 


Ex. 13 72484) 2 1ba+1 5da-35bf- % eee, 
215 1¹5⁴⁴ 


3 2847 

Ex, . 2946 )6aata—g6(2000-+406+8a+1 6 
|  baagaa—12aaa 
| +12444a—96 

Note The Learner muſt Tl 2444 —24.44 
take particular care toob- 
ſerve that like Signs give 1 E 2 
+, and unlike Signs give — 
— in the Quotient; ſince +484—96 
the Neglect of this marrs. +484—96 6 


all the ork. | + +44 | EE Sh . © 
"FEY | Involution 
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— —— „ 


Involution of Whole Quantities. 


This is no other than the Squaring, Cubing, &c. 


any given Quantities, by the Rules of Multiplica- 
tion. 


Exam. I. EX. 2: 
i Power. = 4 —23 
1 . —26 
2 Power. = aa ＋ 456 
„ on _ 0 
3 Power. = aaa —8bbb 
= — 26 
4 Power. —aaaa + 164bbb 
„EU 
a+b calbd a Binomial Root. 
a+b 


eee „ Square 
a4-b he 
and - - - - The Cube 


ab 
„„ . The Biquad. 


Exam. 4. 
1 Power. = a—b call'd a Reſidual Root. 
a—b 
2 Power. =aa—2ab+db ..... The Square 
a—b 
3 Power. = aaa—3aab+ 3abb—bbb . . «The Cube 
- a—b 
4 Power. == . 


[The Biquadrate. 


Sul theſe Examples ſuffice z I have not here 


room to make thoſe Remarks which are uſual with 
Agebraiſts 


AL - at 
 Algebraiſts concerning the nature of the Unciz and 
Tudices of the Terms of the ſeveral Powers; nor 
indeed are they any ways neceſſary to my Def ign. 


« 
2 * 
——— 2 4 


_= — 


Ebbe or Errrcti, on of Roots. 


— his is juſt the contrary to Involution; and is 
perform'd (in fingle Quantities) thus; 

Cafe I. If the given Power have no Couoficient, 
and its Index can be divided by the Tadex of the 
| Root required, the Quotient will be the Index of the 
Root ſought. 

Caſe II. If the given Power have C o-efficients, 
their Roots muſt be extracted, as in common Arith- 
metic, and prefix d to the Root of the Power found 
as before. 

Caſe III. If the Root cannot be truely extracted 
out of the Co-efficient and Index of the Power given, 
then is that Quantity a Furd; and muſt have the 
Sign of the Root prefix'd to it, to denote.it ſuch. 


a Caſe J. 
i. BS SE 
The ſixth Power, 4 a aA ga5z":grt 
The Square Root, 3 4 u u, 
The Cube Not, a2 1 a wut 
The Simple Root, a ab add abbdad 


| Cafe II. 
Kx. 5. \ Mabe. 
Sixth Power 64 2d Pow. 36a**b** 
Square Root 8 het 64'46 
Cube Root 4a | 
Exam. * 


200g FP 4th Power. 
144aabbce Square Root. 
I2abc Biquad. Root. 


n Caſe 


— — — ——— —e⅛—ͤ — — ppc —cjꝙ⁰ðùi ß — — 
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3 Caſe III. 
Exam. 8. Ex. . Ex. 10. 
„ nc 
: Square Root y a* yY 434ad Y 2 gbbbcee | 


| 3 3 3 | 
Cube Root / Va y/ 29bbbece 


4 ———— 
y 2960uccc 


Thus much for extracting the Roots of Single 
Powers; as to thoſe of Compound Quantities or 
Powers, that is too tedious a Taſk for this Place, 
and is not often neceſſary. See Mr. Ward's Mats. 
Guide, pag. 162. | 


Of Fradtional Quantities. 


1. Theſe are ſet down or expreſs'd like Vulgar Frac- 


tions in common: Arithmetic, thus; 
- dc 2ab Numerators. 


— -- 


8, 4 Denominators. 


2. It is often requiſite to bring Fractions having dif- 


ferent Denominators, to ſuch as ſhall have all one 


this Sen | 
Multiply all the Denominators into each 0- 
Rule ther for a new and common Denominator ; 
and each Numerator into all the Denom:- 


nators, but its own, for New Numerators. 


bef, and the New Numerators will be acf, ary, 
and ebc, (as per Rule 5 therefore 70 5 15 
will be equal to 7 25 7 and conſequently the 


Fractions required. 


3. Mole 


and the ſame Denominator; and that is done by 


T .I Ae TOY n 0 I 
> og REES Se, n 5 N _ 
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3. * hole Quantities or mixt Fractions, are brought 


into pure Fraftions, by this 
Multiply the integral Quantity or Part of 
the Fraction by the given Denominator 


the given Denominator; and it is the Frac- 
L tion required. 


Thus the anjegral Quantity o+bad=ad4bd, 


and then — (ab FO the PT Fraction, 
with the given Denominator d. | 


Thus alſo the mixt or improper Fraction 24 
a> 


bees Ober Rule, ) the bom Frafion © A 3 thus 


—4 __a+bc—d b © 
ee” 4 eS 


218 205 221 —— 41 o . +a 4 ale; 22a 


Kc. 


4. Fractional Quantities are revista or reduced 


to 5 Denomination, by this 
Divide both the Numerator and Denomi- 


Rule 1 Vater, by thoſe Quantities which are e- 


qually contain'd in both; the Quotient 


will be the Fraction in its loweſt Term. 
a] be 


; abc ac | 
Thus 5 =>; and % = 7 alſo a+ K TY 
4A 1d. | 


In Compound Frafions, this is a matter of greater 


Difficulty z and is done by dividing the Numera- 


tor by the Denominator till nothing remains; or 


by finding their greateſt common Meaſure, as in 


_ vulgar rations. See Ward*s Algebra. 
. ADDITION and SUBSTRACTION of Fraftions 18 
Ferſorm d by —_— 


4 15 Rule 


Rule J for a Numerator; under which ſubſeribe 
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Reduce the given F rations to one com» 


mon Denomination (if they be not ſuch): 
Rule as taught above; then add or fubſtrat 
the Numerators; and under their Sum or 


D. ference, Meer the Common ewe 


Thus in Addition, 7, F added to 75 i 2 


＋ * —5* f 3 Ee 
and < added to =— 8 —— 3 and 


4— — 
1 i | ——— 
add Ade to L DN 7 


Ta Subſtraction, you perform the Converſe, and 
is too plain to need Examples. 

6. MuLTIPLICATION of Fractional Quantities is 
perform'd by this . | 

Make the given Quantities pure Fractions, 

. if they be 1 not ſuch ; then multiply the Nu- 

Rule 4 merators and Denominators together for a 

I Numerator and Denominator, as in vulgar 


L Fractions. 3 
2 5 4 a 5 A | - Y 

Thus — 9 into PF produces = || 

a alb e, gan: ix 3 
— - al 

my 7 7 12 — * 272 

a LX a 23:6 £ | 

f it likewiſe TXTET a, &c. 


7. Divis1oN 5 Fractional Quantities is thus per- 
form'd; 

q Prepare, orbring the given Quantities into 
pure Fraflions ;, then multiply the Nu- 
merator of the Dividend into the Deno- 

Rule“ minator of the D;viſor for a new Numera- 
tor; and multiply the other two together 
| for a new Denenunator, as in m_ Frac- 

. "<a 


Thus = — : divided . = gives 1 Quotient 72% 
or thus, =) = == == 3 again, 2 
a 72 Ph 3 ===, fo. 250 he 


— 
— 


— 7 8 


ann ot SHA «I ER; 
ee es 20 
. 
5 rennen 
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a ＋— e „ 27 ai +100b 4168 
PPE 34 3023 5 Page 
4244 4aa 3a — 34 a 
(== EE ET MZ” ens 7) Nah 
for it is the ſame as a) N &c. 
8. Ixvolur io of Fractions is thus performd; 
Involve the Numerator into its ſelf for 2 
Ruled 


new Numerator, and the Denominator for 
A n Den I 


= the 2d Power, and 


Thus 7 is 7 = — 
the 3d Power, &c. thus alſo, 37 ib ge = 


| the 2d Power, and = the 3d Power, &c. 


b4-4 2 Lale 

| laſtly = a—c Alx yes LE Bs 

Sc. 

Evolur io is in the Converſe, and needs 
no Example. 


= the 2d Power, 


of Equations ; and the Manner 97 Algtbraical 
Calculation. 


A N Equation is that State of Algebraic Quan- 
tities, wherein they are compared, and 
view'd in the Ratio of Equality ; or —— 
as equal to each other, by the pw r= 


| = 
2. Thus a=b, abc d fr 1 


calbd Equations, becauſe the Quantities on each 
ſide the Symbol =, are therein rep e- 
qual to one another. 5 

3. In all Algebraic Problems or Queſtions, the Thing 
ſought or required is always ſuppoſed to be known 
or done; and being repreſented by ſome Letter, 


(as x, 5, , 50 is, 7 the foregoing Rules of Al- 
gebra, 


3 Fr N 1 — 1h — 8 —— IE — er os. 5 vm. 
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gebra, brought at length to be equated, or to be 
in an Equation with thoſe Quantities which 


are given or propoſed as if known. Thus us 8 


=b> is an Equation that will (when duly or- 
derd) give the Value of the unknown Quantity 4, 


that is, we ſhall find x = =D c; and ſince 


the Quantities a, 5, c, d, are all known, there- 
fore of courſe æ muſt be known. 

4. But ſince tis not ſufficient to have gain'd an E- 

quation including the unknown Quantity with o- 
thers known; but we muſt ſo order and manage 
the Equation, till we can get the unknown Quan- 
_ tity, or ſome Power thereof! entirely and by its ſelf 
on one fide of the Equation ; therefore in order 
to that, you muſt obſerve the following Rules. 

5. Rule 1. If the Quantities be Integers, then the 
Unknown Quantity, or ſome Power of it, is extri- 


cated or clear'd from others, by the Rules of Ad- 


a +» 
5 

bo 
= - 
| . 

3 

: 
S 
| 

: 

; 1: 
$ 
{1 | 
: 
Þ 
: 
= 
1 
11 8 : 
. 1 
1 
L 4 


dition and Subſtraction. 
Exam. 1. 1 
Thus ſuppoſe x—b>=d gx—5=9—d 
then add panes 8 
1 So ſhall we have x—d+b Jx= I 4d | 
| | Ex. 3. | Ex. 4. 
ö X—2C—b==a Again ſuppoſe Lb 
2c+b==2c4bþ then ſubſtract b=b 


—  —_ 


x=8a+2c+b there remains . . .x=d—> 


1 Ex 5. Ex. 6. 
3x +5==9- #+2c+bz=a 
= wo 2c+b=2c+b. 
zr 4A — waned 


” ies 4 


— ns UMPIRES ps GP FEI 


3 : - AN 
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Note, This is call'd Tran/poſition of Terms; for 


tis only a tranſpoſing the known Quantities from 
one Side of the Equation to the other, with the 


contrary Sign. 
6. Rule 2. If the Unknown Quantity, or any Power 


_—_— be multiplied into known ones, divide the 
whole Equation by thoſe known Quantities. 


Thus if ax=bc, then dividing by a, we havex=- 
If xx gde, then xv 5de, and x de. If 


Ox} bx 1 20—d, then x= =" If axx+aax 


=b4 c, then xX ＋EaX = 1 » &c. 

7. Rule 3. If the Quantities of the Equation be 
Fractional, make them on each fide Pure Frac- 
tions; then multiply mutually and croſ5-wiſe the 
Numerators into the Denominators, and the Pro- 
ducts will make an integral Equation to be or- 


dered by the Rules above. 
Thus becomes xb 24; and therefore — 
per Rule 2. = a 
Again, 2 , makes 8 and then xc 


W per Rule 1. __ * = = —&, per 
Rule 2. Alfo, =. 4 becomes ax+x==ad 


— bd. 
8. Rule 4. If the fame Quantity (known or un- 
known) be found in each Member or Term of the 
Equation, expunge it; and the Equation ſhall be 
reduced to another of the ſame Value. 
Thus if ax==ba, then xb. If *. CB ue da, 
we ſhall have x+b=a—4d : 3 and x+b=a—d ; 
and a==4a—b—d, If 5axx—5ax=56:a then xx 
=. If gx=6 355 then x==76, &c. 


9. Rule 


, — — . 
Nr 5 * _ 
Op N * Us neg _s was rr 2. 


— O_o 


—— un Eine regen, 
CO 2 —— 5 ——— 4 


2 


** 


—— 


— —— 
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and Step 1, per Rule 1, 


The Rudiments of 


9. Rule 5. If any one Member of the Equation be 
a Surd Root, all the other muſt be raiſed to that 
Power, and the Equation order'd as before. 
Thus Var d, then (per Rule 1.) yax=d—b; 
and (per this Rule) ax=dd—24b+ 8s ; and then 


(per Rule 2) x= 


ro. Rule 6. When any ſingle Powers of the un- 
known Quantities are on one Side the Equation, | 
evolve each Side of the Rs to the Root of the 


ſaid Power. 


Thus * 144, then (per Rule) =/144=12. 


Let xxx=64 then x=y/" 64=4. Again if xx aa 
+ 24a-+bb, then x—a+b. Alſo if * cc — dd, 


then — 3 


4 245-35 
— , &c. 


11. Thus you ſee the Methods 2 Rules for clear. 
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ing Equations, and bringing the unknown Quan- 
tity (x) to an Equality with thoſe which are 


known; and this is anſwering an — Que- 


tion. 


Squares 
and ſince, by A L 
ſtion, 


therefore (by E. 6. 16.) 


Step 2, per Rule 1, 
os multiphed by 2, 


Step 6th and 7th ad- . 
; 


ded together, 


12. The promiſcuous Uſe of the foregoing Rules 
may be exemplified and illuſtrated in the Alpe- 
braical Calculation of the following Queſtion, 
Suppoſe three Numbers, x, y, 2, in continual Pro- 
portion; their Sum is 74, and the Sum of their 
Squares is 1924. What are thoſe Numbers? 


Let the Sum be. I 
and the Sum of the N 4 


2 


co N On > _ oG 


x by +2=5=745 
xx+yy+ ZZ = 1924. 


* : 1: %: . 


* 
-. 


* - 


2 = 2 


IX 2XZ 4 Z = +YY, 


Step 
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Conſequently 


 ALGEBR A. 
Step 5th ſquared . . + | 
Step 8 and 9, (by E 1 


Y. A 1.) 
Step 10, per Rule 1, 
Wherefore, Step 11, 0 
per Rule 2. 
Hence, per Step 5, 
and Step 9th gives 


Stepath multiplied by, 
Step- 14 and 15 ſub- 2 


ſtracted, 


Wherefore Step 16. ö 


per Rule 6, 
But per Step 13 
Therefore, adding 
Step 17 and 18, c 
Step : 


19, Rule 2, 


And laftly, Step 13, 8 


and 20. 


We have, per Step 8 


21, Rule 1, 


33 
XX4 232+ 2X F 
4 2 NN 


eee, 


29 —— 


$— 
= =24. 

XT 2$=—I=50, 

XXT-2XEF LY =3 ZOO, 
—+4XZ=4YY==2 304. 

xx—2xX2+ZZ=196. 


X—2=y/ 196=14, 
2X%—=£0+14=04. 


X—32, 


x+2Z==50==32F2& 


avs 


13. Thus it appears n at the 12th, 


2218. 


20th, and 


22d Steps, we have brought the unknown Quan- 
tities y, x, 2, to Equations which ſhew their Va- 
lue in Numbers; and ſo they are known, and 
the — anſwer'd. 


14. Queſtion 2, Four Men have each a Sum of 
Money, which being put all together makes 2 500. 
And if to the firſt Man's Money be added 8 J. 
it will be juſt as much as the 2d Man's Money 
decreaſed by 8 J. and as much as 8 times the 3d 
Man's Money, and but + Part of the 4th Man's 
Money; Quære, what Money each Man had? 


F 


i La 


then Step 6, 7, 8, added, 


S ES es EE a ro 
4 — pu — a — 


then, per Step 6, you) 
5 


and laſtly, per Step 8, 2 | 


11 
Let the 4 Men's Mo- : | 
— 

then the Sum of all is 
I 
then per Queſtion 

and alſo 
then ſtep 4, per Rule 1, 


and Step 3, per Rule 2. 


and Step 3, per Rule 3, 


Step 2, per Rule 1, 


conſequently (by E. 5 
1.) 


Step 11, multiplied by 4 
Step 12, and per Rule 1, 


Where Step 13, Py 
Rule 2, 


find 
and per Step 7, you find 


you find 
Thele ſeveral 
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I W, X, ), 2, 


2 
3 
4 
1 
6 


” 


IO 


14 


15 
16 
17 


- 


| 


| 


W- EX Þy+2=5==2 50!. 
a I. 9 


W -A = —4 


— for ya = 
+. 5 
(z π.Z Laa; for—= 


Wa, 


aa = 
wab2a8%+w af 
3 Daa -A a 
2wa waa b-w—sa 
} —4 —244—2. 
; n 5a —323 —=2aa—a. 


232 Taa +1. 
216.691, Cc. 


. Sc. =w | 


+24. 
y=3.086, &c. === 


2=197.5308,6c.= 


Wa + aa, 


uantities therefore, viz. 20, x, y, 2, 


are found equal to ſo many ſeveral Numbers, 
which added together will make the Sum pro- 
poſed, and fatisfy all other Parts of the Queſtion, 


as was required, 


15. By 
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15. By theſe two Queſtions (which perhaps have as 


great a variety as ſome 20 others afford) *tis eaſy 
to ſee and obſerve the Nature, Manner, and pe- 


culiar Advantages of an Algebraical Proceſs or Cal- 


culation; which, as to a ready and dexterous 


Management, depends more on the Ingenuiiy and 


Penetration of the Artiſt, than on any other Rules 
of Art, beſides thoſe above deliver'd. 


16. This ſmall Sketch muſt ſuffice for an Introduc- 


tion, and is more than enough to enable the 
Reader to underſtand the Nature and Manner of 


the following Demonſtrations; and this the young 


Student of Euclid may depend on for a Truth, 
that unleſs he has ſome tolerable Notion of Al- 
gebra (at leaſt as much as theſe Rudiments teach,) 
he will never be a Geometer in the modern way. 


17. And notwithſtanding the modern and beſt Me- 


thod of Geometry preſuppoſes the Learner to 
have ſome Strictures of Algebra in order to the 
Study thereof; yet this muſt be ſaid, that before 
a Perſon can pretend to make any conſiderable 


Proficiency in the Arithmetic of Species, or Alge- 


bra, *tis abſolutely neceſſary that he firſt very 
well underſtand the Euclidean Elements of Geo- 


metry, 
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ADVERTISEMENT. 


N the Regiſter of the following Demonſtrations, 
the Reader is defired to obſerve, that A denotes 
Axiom, C Conſtruction, D Definition, E Euclid's 
Elements, H Hypotheſis, P Poſtulatum, S Spherics, 
or Elements of Spherical Geometry. 
The Figure prefixed to any of theſe Letters de- 


notes the Bock, and that which is annexed, the 


Thing it ſelf; thus, 3 5. D. 7. refers to the 3th Book 
and the 7th Definition thereof. 

When there are only two Numbers againſt any 
Step, the firſt denotes the Book, the other the Pro- 
Poſition 5, as, 1. 47, is the 47th Propoſition of the 
firſt Book. 

If any ſingle Number ſtand againſt a Step, it de- 
notes a Step of the ſame Regiſter. 

J have alſo, in the Demonſtrations, defi igned "HE 
Right Angle by the Mark L; a Parallelogram by 
; and a Parallelopipedon by E; tho? but rarely 


the latter. I have ſometimes alſo repreſented the 


two laſt by only two Letters, Which nd at 9 
ſite Angles. 


EUCLIDs ELEMENTS 


O F 


PLAIN GEOMETRY. 


HOOK 1 DrrixITIOoNs. 


A . 
7 F as 
3 2 
ny . | 
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I. Point, 1s that which hath no Parts, or Mag- 
nitude. 

II. A Line, is Length without Breadth. 

III. The Ends or (Te erms) of a Line, are Points. 

IV. A Right Line, 1s that which lieth evenly be- 


= - tween its Points. 


and Breadth. 
VI. The Bounds of a Superficies are Lines. 


| between its Lines. 

VIII. A Plain Angle, is the Inclination of two Lines 
to one another in the ſame Plane, which touch 
each other, but do not lie both in the ſame 

. 
IX. If the Lines containing the Angle, be Right ones, 
then the Angle is calld a Regbe.- lied Angle. 

X. When a Right Eine LS 

2 ſtanding on another Right Line... . . . A B, 
. makes Angles on either Side 

z thereof equal between them- . .AGC=BGO, 
ſelves, | 
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each 


V. A Superficies, is that which has only Length 


VII. A Plain Superjicies, 18 that which lies evenly 
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each of theſe equal Angles i is a Right one; 
and that Right Line F 
Lat Hands on the other VVT 

is calPd a Perpendicular to that on which it 


ſtands. 


XI. An Obtuſe Angle is that which is * than a 


Right one, as ACB. 


XII. An Acute Angle, is that which i is leſs than a 


Right one, as ACD. 
XII. A Term (or Bound) is the Extreme of any 


Thing. 
XIV. A Figure, is that which is contaln'd under 


one, or more Terms. 


XV. A Circle, is a plain Figure contain d under one 


Line, calPd a Circumference; v:z. . . . ABCD. 
to which all Right Lines, drawn from a cer- 
tain Point within the Figure, are equal. 


XVI. And that Point is call'd the Center of the 


Circle, viz. the TUE... hs 


XVII. A Diameter of a Circle is a Right Line 


drawn thro? the Center, and terminated on both 
Sides by the Circumference, and divides the 
Circle into two equal Parts; as the Line A C. 

XVIII. A Semicircle, is a Figure contain'd under a 
Diameter, and that Part of the Circumference 
of a Circle cut off by that Diameter ; ; as the 

OR... .- - - 20. 

XIX. A Segment of a Circle, is a Figure contain'd 
under a Right Line, and part of the Circum- 


ference of a Circle cut off by that Line; ſuch 


is the Figure. . FDG. 


XX. Rigbi- lind Figures, are ſuch as are contain'd 


under Right Lines. 
XXI. Trilateral, or three- ſided Figu 
are contain'd under three Lines. 
XXII. Quadri lateral, or four-fided Figures are ſuch 
as are contain*d anda four. 
XXIII. Multilateral, or many-fided Figures are 
ſuch as are conte under more than four 


Right Lines. XXIV. 


res are ſuch as 


\ 
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of Plain Geometry. 39 


XXIV. Of Three-/ided Figures, that is, an Equilate- 


ral Triangle, which hath three equal Sides; as 
the Figure. . . . ABC. 

XXV. That an Tſoſceles or Equicrural one, which 
has only two equal Sides; as, . . . ABC. 


XXVI. And a Scalenous one, is that which hath 


three unequal Sides; as, . ABD. 


XXVII. Alſo of three-fided Figures, that is, a 


Right-angled Triangle .. .. . ABD, or CBD 
wjhich hath a Right Angle; as at. . . B. 
XXVIII. That an Oôtuſe-angled one, .... AC, 
which hath an obtuſe pn The ; Mat. 
XXIX. And that an Acuzte-angled one, . ADC 
which hath three acute Angles ; as, A D, C. 
XXX. Of Four-ſided Figures, that is a Square, whoſe 
four Sides are equal, and its Angles all Right 
—_ GE. ABCD. | 
XXXI. That a Rectangle, or Oblong, a Figure which 
is longer on one ſide than the other, which is 


„ N but not equilateral; as the Fi- 
3 ABCD. 


XXXII. That a Nane which hath four equal 


Sides, but not Right-angled ; as, . . . ABCD. 
XXXIII. That a Rhomboides, whoſe ppl Sides 
1 Angles only are equal; ass. ABCD. 
XXXIV. All Quadrilateral Figures beſides theſe are 

% + ABCD. 
XXXV. Parallels, are ſuch Right Lines in the fame 
Plane, which if infinitely produced both ways, 


would never meet; as the two Right Lines 
A, B. 


XXXVI. «A Parallelogram, i is a four-fided Fi igure, 


<< whoſe oppoſite Sides are parallel. 


POSTULATYERS 
I. Grant that a Right Line may be drawn from one 
Point to another. 
II. That a finite Right Line may be continued di- 
rectly for wards. 


5 | = mu 
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III. And that a Circle may be deſcrib'd about any 


Center with any Diſtance. 
AXIOMS. 


I. Things equal to one and the ſame Thing, are e- 


ual to one another. 

II. If to equal Things, are added equal Things, the 

Wholes (or Sums) will be equal. 

III. If from equal Things, equal Things are de- 

ducted, the Remainders will be equal. 

IV. If equal Things be added to unequal Things, 
the Wholes will be unequal. 

V. If equal Things be taken from unequal Things, 


the Remainders will be unequal. 


VI. Things which are Double, &c. to one and the 


ſame Thing, are equal to one another. 
VII. Things which are Half one and the ſame 
Thing, are equal to one another. 


VIII. Things which mutually agree together, are 


ce qual to one another. 

IX. The Whole is greater than its Part. 

X. Two Right Lines do not contain a Space. 

XI. All Right Angles are equal to each other. 

. 2 ¼v eds iD 
falling on two other Right Lines. . BE, AE, 
makes the inward Angles on the fame fide 
%%%%%CU . 
both together leſs than two Right Angles, 
thoſe two Right Lines.. . . BE, AE, 
infinitely produc*d, will meet each other in E, 


on that Side where the Angles are leſs than 


Right ones. 

XIII. E very Whole is equal to all its Parts taken 
© together. 

% XIV. Two Right Lines have not one and the 
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PLAIN GEOMETRY. 
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B O O K I. 


3 | 8 PRoPOSITIONT. PROBLEM I. | | 
To deſcribe an Equilateral Triangle ABC | 
On a given finite Right Line: . . . AB. | 
Practice. 
i On the Centers. . . A, B, | 
2 With the Diſtance. . AB BA, | 
3 |deſcribe the Circles . BCE, ACD, 
4 cutting each other in the Point C: ; 
5 
6 
7 


by” 


P. 3. 


from whence draw +; | 
the light Lines f. CA, CB 3 


Then it ſhall be } Ac AB. | 


1 


3 7 | Wherefore the Triangle . . Ach 
D. 24.1 {is Equilateral. 228 


— IN IN. r 
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PR Or. II. PROBLEM II. 


rn, <6 A 
to put a Right Line 48 
F 5 equal to a given Right Line. . BC 8 
Practice. | 

| On the Center. i; © 
with the Diſtance ..; .. . . CB, 
deſcribe the Circle GBE ; 
er 
1. 1. 


to 
wo 
+> GW NN mw 


r — 


4s EucL ID's Elements | 
3 | _|On which make the E- 5 ADC 


es quilateral Triangle 
F.2.+ 6 ee. 
- [On te Canter. ,.......D, 
8| with the Diſtancde . . . DE, 
P. z. 9|deſcribe the Circle DEH, 
2. 2.101 Produce + 6. 
11] Then it will be... AG=CB. 


5.12 For it is} — and DAT 


*A.3.+D.15 : g W herefore! * Exo: 
2215 14 LEE. F. 
PROP, III. 5 . PROBLEM III. 


Two Right Lines being given A, and BC, 

to cut off from the Greater . . . . BC 

« Part d c++ - BE 

which ſhall be equal to the leſſer . A. 
Practice. 


1. 2. 1 [Fut le.. DA 
2 lat the Point c++ . B 
3 fand on the Center . . . . . . B, 
| | 4 with the Diſtance... ..... BD. 
4. P.3. | % . DEF. 
Ni. C. 1. 8 $ BE*=BD+-- 
© +. | 6 and it will cut off At BE. 
F. 
PRO p. IV. Taro ENI. 


If there are two Triangles . . BAC, EDF, 
that have two Sides of the one BA, AC, 
equal to two Sides of the other ED, DE, | 
(chat is. BA=ED, and AC=DF. ) 
and the Angles contain'd under 3 , P. 
thoſe equal Right Lines, equal 1 5 
then have they equal Baſes .. , BC- EF, 


and * VVV 
ſhall 


Le SE IE ES ge 20s 
22 A ĩ bee e, 
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Ley 5 ITY P TTT ng Eee EN, * . 
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ſhall be equal to the Triangle . . EDE; 
and theremaining Angles of the one B, C, 
equal to the remaining 
Angles of the other ; ha 
each to each, which ſub- (/ 1 
tend the equal Sides BE, andc F. 
DEMONSTRATION, | 
Ihk!!! <6 96 
2| be applied to the Point A. 
3 and the Right Line. . . DE 
4| be placed on the Right Line AB, 
5\ then ſhall the Point ....... E 
| 61 fall on the Point ....... . . B3- 
7 
8 
9 
10 


4 
bh 


—·ů ‚ »  DE=BA. 
Alſo the Right Line. DF 
ſhall co-incide with ...... . . . AC, 
1 | 10| becauſe the Angle. . . A=D. 
= 11 wherefore alſo the Point. . F 
FJ [12| will co-incide with the Point.. C 
H. 13| becauſe the Right Line Ac DF; 
| 14 but he Put, . 
I 5 go - iucids bf ,.c.-+-- Þ 
16 and therefore the Baſe... . . EF 
A. 10.17 co-incides with the Baſe . . . . BC 
| 18|and is equal thereto, v/2.BC=EF 
and ſo the whole BAC. EDF; 
19 Triangles c Ss: l 
20 and the Angles B, E; and C, F, 
A. 8. 21 co- incide with each o-) 
22] ther, and are there- 2. E. D. 
fore . 5 


- gh * 
2 8 
Ss EY > eg 


PRO p. V. ruro nul. 


The Angles ABC, a5 
at the Baſe of an 1/o/celes Triangle . .ABC 
are equal between themſelves, { ABC 
VIZ, | ACB. 
and if the equa] Sides CV AC, 
G 2 | be 


— — os . 
re . 


— 


N 
* 


EU cLIp's Elements 


be produced; the Angles 
under the Baſe ſhall be ef CBD= BCE. 


qual to each other. 


D E 


N 


8.115 
A. 3. 16 


MONSTRAT ION. | 
Aſſume any Point . D 
in the Line 4 
and cut off the Line AF AD. 
3 CD and BF. 
Becauſe: ACD, 

ecauſe in the Triangles} ABE, 

AB* = AC, and AF+ 

there 1 is 1 


al the Angle common to both, 


V... 4 
There will be the 1 1.5 
and the Angle. . AEB = ADC, 
and the Baſe . . BF DC; 


ſalſo S FC=DB, 


BFC, 
Therefore in the Triangles | BD C. 
ſhall the Angle . . FCB, =DBC. 
Therefore alſo ſhall the 3} FBC 
Angle DB, 
but the Angle. . . ABF ACD 
Therefore 3 ABC ACB. 

E. D. 


PRO r. VI. TRTOREM III. 


In any 


Triangle... ABC 


if two Angles be equal, viz. ABC=ACB, 
then the two Sides ſubtend- 


ing the equal Angles, are AB=AC. 
alſo equal. 
DEMONSTRATION, 


L 3. 12 


If it be poſſible, let 


one Side 


F ABS AC. 


make therefore . .BD=AC |? 


and 
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3 


and draw 3 
Then, in the 13 
becauſe the Side . . . . BD=CA, 


and the Side common to 
and the Angle. 
The Triangle. 
a Part equal to the Whole, which 


P R 0 P. VII. 


On the ſame Right Line 
cannot be conſtituted two 
Right Lines 


DBC, 
ACB, 


5 BC: 


.. DBC=ACB, 
. DCBz=ABC 


both, viz. 


is abſurd. 


| Corollary. © Hence every equian- 


| 


oy — Triangle, is alſo Equi- 
& lateral. 


THrroREMUIV. 


: AD, BD, 


equal to two other Right Lines AC, BC, 
each to each, at different Points C and D, 


towards the ſame Parts . 


9 


and having the ſame Ends A, By 
Which the firſt Right Lines have. 


DEMONSTRATION. 


A. 9. 


1 


2 
3 
4 
2 
| 6 
5 
8 
9 
10 
11 
12 


1 


13 


Caſe J. If the Point . . 
be placed in the Line . 
tis manifeſt it cannot be ADAC. 


„ 


Caſe II. If the Point D 
be placed within the Tri- 


angle 5 8 
draw the Line... ... .. . . $3. 


and produce . , . BDF and BCE 
If now you ſay ......... APA 


then is the Angle ADC ACD; 


alſo becauſe 


ſhall the Angle. FDC ECP. 
Therefore the Angle FDC ACD 
thats is, the Angle. FDCœ ADC 


EN 


„„ 


„ 


: BD=BC, 
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14 | Caſe III. But if the Point. D 
15|fall without the Triangle. . ACB, 
16 join the Points... . . . . CD. 
1. 5. 17 Again the Angle ACD=ADC ; 
18 and the Angle BCD=BDC. 
*A.g9.|1 9 Therefore the Angle * 4 


20 that is, the Angle. AcDo-BCD 


5 *. F. N. 


PR O p. VIII. THE OR EM V. 


If two Triangles. . ABC, DEF, 
have two Sides of the one . . . AB, AC, 
equal to two Sides of the other DE, DE; 
each to each; and the Baſe .. . BCE: 
then ſhall the Angles contain'd 

under the equal Sides be e- deb 

qual. | 
DEMONSTRATION, 
| x For if the Triangle. . ABC 
be applied to the Triangle EDF, 
ſo that (becauſe . . . BC. EF,) 
the PRs ² . 
may co-incide with . , E, F; 
and becauſe AB*=DE, and 

| © ACmDF, 

the Fulton c= 5 A 
[muſt co-incide with n.. D; 
Wherefore the Sides of thoſe An | 
% gles will co-incide, and ſo are 


| | equal. 


H. 


WO o Cs = 


PAO. IX. PRNO BIE M. IV. 
To cut a given Right - lined Angle BAC 
into two equal Parts. 


Practice. 
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of Plain — 47 
Practice. | 

Aſſume any Point.....,.D 
in the Right Line „„ 
and cut ofl. . . AE AD; 
and draw the Line . . . E, 
on which make the Equi- 

lateral Triangle CDF E. 
draw the Lane 7; i... ; AF, 
—_— will biſect the given BAC. 
Angle 
For becauſe...... .AD=AE, 
and the. RE 
| 16 is common to both an EAF, 


Triangles 
5. II land the Baſe... . * . . DF=FE 
1. 8.12 Fan e era EA. 


— 
— 
\S& oo ww a vn 1 


Por. X. Pie 


To cut a given finite Right Line. . . AB 
into two equal Parts. 
Practice. | 
On the given Right Line.. AB 
make the Equilateral Tri- ö ABC 

angle 
and biſect the Angle . . ACB 
by the Right Line . 
I fay the Right Line . AB 
is biſected in the Point. , . D. 
For becauſe . . AC=BC 
and the Side .,..- .. .- _— 
is common; and the 3 ACD 
Angle c BCD, 
Therefore] it will be . . AD DB 
„ 


PRO r. XI. PROBLEM VI. 
To draw a Right Line . CF 


At 


| 


— 


* . 
1.95 


© ow O NO Þ 


os 
* 
— 
© 


48 Euc ID's Elements 
at Right Angles to a given * 1 AB 


Line 
from a given Point therein 5 

Practice. | 
Take on each Side. CD CE 
and on the Baſe . DE 
make the E uilateral Tri; 1 
angle , PFE. 
draw the Line FC 


I. 3. 1 
T3 0 

3 

4. 

z|and it is the Perpendicular re- 

6 

7 

8 


"24-4008 
1 4 


| quird. = 
For the Triangles . .DFC, EFC, 
are mutually Equilateral; 1 
and therefore the Angle | 
D. 10.] 9 Therefore the Right Line . FC 
[10{ is at Right Angles, Sc. Q; E. F. 


PR O p. XII. PROBLEM VII. 
To draw a Right Line .. . oY * 0 


erpendicular on a given infinite 
by Right Line 5 
from a Point given out of it.. . C 
Practice. - 
44 © a £5. oo G 
deſcribe a Cle. . . . FDE 
which may cut the given Line AB 
V. F. 
biſect the Line... . EF in G; 
WY... es, 5-06, 
and it is the Perpendicular re- 
med. 
For draw the Lines.. . CE, CF, 
The Triangles . . . EGC, FGC, 
I0|are mutually equilateral 3 


T.8.|11 ThereforetheAngleEGC=FGC, 


D. 10. 12 land conſequently are Right ones. 
"3 1 EE. F 
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PRO P. XIII. THzoREM VI. 


When a Right Line AB 
ſtanding on a Right Line . . CD 
maketh Angles ABC, ABD, | 


theſe ſhall be either twa Right Angles, 


D. 10. 


I, II. 


A. 
A. 
A. 


Pro. XIV. 


I 


or together equal to two Right Angles. 
DEMONSTRATION. 


If the Angle ABC=ABD 


Angles ; but if 12 draw 
from the Point . „ B 
at Right Angles 3 
Now becauſe. ABC-<L-LABE 
and the Angle ABD=<—ABE 


ABC+ABD==2 — 
Therefore PEE | 
ABE 


that is, to two Right Angles. 
SED. 


Da 


If to any Right W 
and at any Point therein . B 


3. 
3. 


d 


© © WJ O8 = 


two Right Lines CB, BD, 


be drawn from contrary Parts, 


making the adjacent Angles, ABC, ABE, 


both together, equal to two Right Angles, 


the ſaid two Right Lines.. . . CB, BD, 
w1ll make but one ftraight Line . . . . CD. 
DEMONSTRATION, 


1 If you deny, let. . CR BE, 


* PRO. 


they are each of them Right 5 BE 


2 make one ſtraight Line, therefore 
- | 2 -ABE=2 /_ 
*H. A. 9.1 4 | Which is abſurd, © | 


38 Ever ip Elements 
PR. XV. TRTOREM VIII. 


If two Right e AB, CD, 
mutually cut each E 
the oppoſite Angles CEB, AED, 


are equal. 
DEMONSTRATION. 


| AEC+CEB= 
1.13.] 1 | For the Angless 2/ —AEC+ 
AED. 


. 3.] 2 Therefore the Angle $ CEB= 


AED. 

| . 

| Corel]. Hence Right Lines mu- 
1 tually cutting each other in thge 
I ſame Point E, make Angles at 
the Section equal to four Right 
| Angles. 


PRO p. XVI. TRHEO REMIX. 
C — -+ AB 
if one Side be produced, as. . BC, 
the outward Angle ACD 
is greater than either of the; 
inward oppoſite Angies, c 9 
E MON ST RAT ION. 
1. 10.] 1 [Let the Right Lines . . AH, BE, 
2 {bite the Sides BC, AC, 
in which Lines Pa ke r 
3 produced, take 
4 and join the Points Fo. 16 
4 5 and produce e. 
6 
7 
8 


Then becauſe. 1 * andEF 
and the Angle IS EC=BEA, 
ECF= 

EAB 
| _ [by the like as.” ICH= 
|| the Angle ABH 
There- 


there ſhall be the Angle 


irs 15. 10 Angle 
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of Plain ** o 
Therefore the whole ! ACD(*< — 
BCG) Y 


is greater than ei- 
A. 9. 11, fer Ange $CABorABC. 


PRO r. XVII. TRNOR RMX. 
In any Triangle — . 
any two Angles together, any 61 an. 


how taken, are leſs than two e BA. ACB 
Right Angles, Biz. or AB. 
DEMONSTRATION. 
| I [Produce the Side BC 
Then becauſe the ACDLAGBE 
* Angles Te. 


1. 16. 3 and the Angle. . ACD A 


there ſhall he the ATCAC Be 

| Angles, F 2 | 

| _ |in the ſame manner, 28 

5 the Angles 

| 6 and laſtly, thus isprov'd, fal 
the Angles 2. 

9. E. D. 


PRO P. XVIII. TRHZOREM XI. 

In every Triangle „„ 

the Greater Side 58 

ſubtends the Greateſt Angle ABC. 
DEMONSTRATION. | 

In the Side 

let there be taken. . AD=AB, 


1 
= 
13; and join J. “8 
1 Therefore the Angle ADB ABD. 
58 
6 


But the Angle.. . . ADB ACB, 
and therefore the An- ABD. 

1 5 ACB; 
A. Therefore the Whole ABCœ. 
4.9. 7 Angle ACB. 


nr © In- 


3 FEvucr1v's Elements 


q l | 8 


In the ſame manner, 3 ABC 
the Angle BAC. 


PRO p. XIX. THEOREM XII. 
In every Triangle . . ABC 


the 


Greater Ale... BAC 


ſubtends the Greater Side . . BC 
DEMONSTRATION. 


I. 5, 


1. 18. 


For if you affirm... . . AB BC 
then ſhall the Angle. A=C 


contrary to the Hypoth. ) AB 
af F 95 c BC 
then ſhall the Angle. . . Cœ A, 
contrary to the Hypoth. 2 BC œ 
| .\V hence | AB 
and in the ſame manner 2 BCœ 
*tis proved AC 
D. 


O o tN m 


PA OPp. XX. THzoREM XIII. 


In every Traagle.......--- -.- ABC 
any two Sides (however taken) AB, AC, 
are together greater than the 3d Side BC. 

DEMONSTRATION. 


E 


: 85 
A. 9. 


% PN. 
4 Then the Angle. . DAC. 
Therefore the whole An- BCD 
. D 


1. 19. C. 


| 6 and therefore 3 
f | N C 


PROr. XI. TrxzoREM XIV. 
I two Right Lines ..... .. BD, CD, 
„ *% 


JJC ĩðͤ e EE, 268 
IIA Ae TIP na 9 re Bono * — 


1 [Produce the Side . BA 
| 2 in which ADA, 


=BAAC) 
BC. | 
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of Plain Geometry. . 7x 3 


be drawn from the Extremes B, Mz 
| of one SIE, coo: . BC 
5 of any Triangle . . . ABC, 
to any Point within the ſ ame. . . D; 
Theſe two Sides ſhall be leſs 
than the other two Sides of f BA, CA, 
the Triangle, 
but contain a greater Angle BDC. 
DEMONSTRATION. &- 
| x |For produce. . BD to E. 
and there will be CE4+EDaaCD 
add the common Side. . BD 
and there will be} . A e 
Again. , BA+AE*=BE 
Therefore alſo} hs" en 
Wherefore BA＋-ACœ BD TDC. 
Secondly ; becauſe 2BDCœ DEC 
the Angle aA, 
| Therefore the Angle . . BDC A 


* 1. 20. 


44 


4 and 6. 
1. 16. 


G. A WAW N 00 nm 


Paor. XXII. ProBLEM VIII. 


To deſcribe a Triangle . . . . . . . . FGK 
of three Right Lines F K,FG, GK, 
equal to three others given . . . A,B, C, 
But it is requiſite that any two of the 
I Right Lines taken together be greater 
= than the third; becauſe two Sides of a 
= Triangle, howevet taken, are together 
greater than the third Side. 
PRACTICE. 


In the infinite Right TS . DH 

1. 3. 2 [take DF=A, FG=B, GH= . 

3 | Then on the Centers . . F and G, 

4 |with the Diſtances. . . .FD, GH, 

| P. 3.! 5 ldeſcribe two Circles DKL, 'HKT, 


TT. EE 
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J | 6 cutting each other in.. . . K. 
7 join the Points... . KF, KG, 
| [gd then the Triangle FRG 
9 W is made with three } FK, FG, 
[iſ e GK, 
—_ ꝛ0ſequal to the three 1 DF, FG, 
| a Lines GH, 
| a „ |.. ithatis, equal to the 
| A. . 11e giren Lines ] A, B, C. 
it PRO P. XXIII. PROBLEMIX. 
: With a given Right 1 


and at a given Point therein A 
to make a Right - lined Angle. . . BAH 
i Equal to a Right-lined Angle, Cp 
Ll e } CDF. 
A PRACTICE. L 
1 | Affume at pleaſure the Points C, F, 
2 in the Lines ........ .DC, DF, 
. 
1 | | then, of three Lines / CD, DF, 
il! 4 equal to 1 
[ 5 
6 
7 | 


| 


make a Triangle AGH, 


| — ſhall the An- BAH 
gle pre | = CF... 


Prxoe. XXIV. THrzroREM XV. 


have two Sides of the one . . . . AB, AC, 
equal to two Sides of the other DE, DF, 
each to each, and the Angle..... A 
greater than the A EDF. 
contain'd under equal Right Lines; 


Then the Baſe of the one TS 
_ ſhall 


$AH=DF, SG=DC, 


1 
1 


TH 


| 
Wl If two Triangles...... . ABC, DEF, 
| 


ſhall be greater than the Baſe of 
_ the other. 


of 


Plain Geometry. I : = 
11 EF. 


DemonsTRATION, 


1. 23. 
* | 
H. f C. 1. 
15 
23 
1. g. 
A. 9. 


a 


"0 
8 


17 


18 


A. 5. 19 


PR . XXV. 
If two Tri 


Make the EDG A, and DG# 
Angle 3 =DF*=AC; 
and connect... EG, and FG. 
Caſe I. Ferkink....... EG 
fall above the Baſe....... . EF, 
Then be- AB = DE, AC t= 
cauſe 1 DG, and LAt-EDG, 
it ſhall bee. . . BC=EG 
But becauſe - +», .  DF=DG 
7 ſhall be the 5 DEG=DGF. 
ngle 
ThereforetheAn gle D FGœEGF, 
and . the } EF GCN 
Angle EGE, 
Wherefore 3 EG(=BC)<<EF. 
EE. D. 
Caſe II. If the Baſe _— 
co-incide with the Baſe . . . EG, 
tis evident eg EG(=BC)<=EF. 
9. E. D. 
Caſe UI. J 
fall below the MIE........ EF. 


then beca "I t- DGGEe=DF-+- 


if you ſubduct on 
both fides } DG=DF 


there will remain GE(=BC)aaEF, 
VED. 


THEO R E M XVI. 
. . . ABC, DEF, 


angles 


have two - Sides of the one AB, AC, 
equal to two Sides of the other DE, DEF, 
each to each, and the Baſe of the one BC 


greater than the Baſe of the other . . EF, 


32 61 


Greater 


56 | Ev c LI D' Elements 
Greater than the Angle . D, 
contain'd under the equal Sides reſpec. 


tiyely. 
DzMoNSTRATION. 


1. 4. 


„ 


2 
3 
4 
5 
6 


If it be ſaid, the Angle. A=D 
the Baſe. . . ns EF, 
contrary to the Hypoth. 
but if it be ſaid che ap 
Angle 


then ſhall the Baſe . . . BCa-EF, 
contrary to the Hypotheſis ; 


— Therefore ſince the Baſe BCœ EF, 
g it neceſſarily follows, the 4 1 


1 | 
2 E. D. 


PRO P. XVI. TrHzoREM XVIL. 


If two Triangles. . . . BAC, EDG, 
have two Angles of the C, 
equal to two Angles of the other E, DGE, 
each to each, and one Side 1n%one equal to 
one Side af the other, either the Side 


lying between the equal Angles, or the 
Side ſubtending one of the equal An- 


gles; the remaining Sides of the one 
Triangle ſhall be equa] to. the remain- 
ing correſpondent . Sides of the other ; 

and the remaining Angle of the one e- 
qual to the remaining Angle of the o- 


ther. 


DEMONSTRATION. 


| | 


"2. 3; 


* 


3 8 


— 


Hypoth. I. Let ts. BC=EG, 
Vt and ASEDG. | 
For if Mr that . EDœaBA, 
Let there be made . . EH=BA, 
and dap CI. 

Now 


I 


of Plain Geometry. 57 

H. TC. 2. ; Now be-] AB*=HE, and BC} 
| cauſe ECG, and B*=E 

*:.4. TH. 7| Therefore ſhall } OT =O 

3 | the Angle DGE. 

3 A. 9. 8|which is abſurd® os 

Y - | therefore 2 ED. 

9 In the ſame Manner AC DG; 

1. 4. 10 and therefore alſo the 

© | * Angle c A=EDG 

'Y I Hypoth. IT. Let. 4 

Y BC=EG, and AC 

12 Iſay that DG, and A=EDG. 

13 For if it be faid that . .EGa=BC, 

[ 14 let there be ʒỹ .. . El8C 


[15 and join the Points.. . . DI 
| — 

H. 11. C. 14. 16 becauſe 2 

11. 4. H. 17 therefore ſhall the) EIDt C/ 

5 Angle EG. 

1. 16. 18 wich is abſurd. BC 

I Therefore BC=EG. 

19 Therefore, as 3 . AC=DG 

; prong the Angle .A=EDG. 

A 


Prov. XXVII. Ta ZOR EM XVIII. 


If a Right Line EE, 

falling upon two Right Lines AB, CD, 

make the alternate Angles . AEE, DFE, 

equal between themſelves ; the two 

Right Lines ſhall be parallel. 
DEMONSTRATION. 

If the two Right Lines AB, CD, 
2| be not parallel, let them be 

| 3] ing produced, meet in 

| 4|then the outward Angle. . AE, 
zl of the 1 „ 

is 


n 
"SY 
"> 


2 » IS PAL? IS En An IRECIRTIE „ Ace I IHR N „ _ . 
S Senn os Ages e CITI OT WI uNog Tay Ore 8 8 ; 

A F 8 5 5 ccc c ( Ef << 2 : 
FCC oe es „ ES OE EROS oh PAEDS Se "77 3 
* "En 4 1 wok 2 __ n PTT mg . > hy 
n e 2 ; 
7 n PROS +, 
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16.] 6]is greater than the 
in ward Angle ; EFG, 


H. 7 to which it is ſuppoſed equal; & 
8 which is therefore abſurd. QE. D. 


PRO P. XXVIII. TREOREM XIX. 


If a Right Line E 
falling on two Ric ht Lines. . . AB, CD, 
make the outward Angle AGE | 4 
equal to the internal and oppolite | 
Angle on the ſame Side, 1 3 
or the inward Angles, BZ 
on the ſame Side Ad. CHG z 
equal to two Right Angles ; the two | 
Right Lines ſhall be en Joon | 
themſelves. : 
DEMONSTRATION. 3 
H.j 1 Hypoth. I. Becauſe 2 
4 the Angle CH, 
1. 13. 2 therefore the alternate BGH= | 4 
4.4: Ange : CHG, 8 
7. 17. 3 conſequently the Line AB c 3 
Z TED 
H. 4 Hypoth, II. Becauſe . 3 
| the Angle TT: "x 
I. 13. 5 which are alſo =AGHBGH, 
. . 6,it will be. . . CHG=BGH, 
1. 17. 7:and therefore . ABCD 
E. D. 
PRO P. XXIX. TRHREOREM XX. 4 
In Rig Lie. EF i 
falls on two Parallels. AB, CD, 


it will make the alternate 
Angles 8 IG, AGH, 


3 
2 

*. 5 

E 

e ual £1 
4 _ 
Ms; 
WH. 

JE 

hp 

5 
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equal between themſelves, and 

ihe outward Angle 5 F - 

equal to the inward and oppoſite [ DHE 

Angle 

on the ſame Side, and the} 

inward Angles on the (AGH, CHG 

ſame Side together 

equal to two Right Angles. 
DEMONSTRATION. 

3 1 1 Tis evident AGHCHG=2L, 

1.13. 2 elſe it could not be... AB || CD, 

3 3 contrary to the 8 

But the Angles þ " 

5 | therefore Ie 

2 E. D. 


PRO p. . N XXI. 


Thoſe Right Lines. . . AB, CD, 
which are parallel to the ſame EF, 
Right Line | 
are alſo parallel between ches 

= DEMONSTRATION. 

. = iind 
5 2 | fall on the three Right AB, E, 
= | „ CD, 
then, becauſee . AB EF, 
ſhall the Angle. . . AGI=EHI, 
alſo becauſe . CD EF, 
ſhall the Angle . . EHIF=DIG, 


therefore ſhall the 
2 $ AGI=DIG, 


and conſequently the 
i Right Line 8 4 W 
E 


1 
x - Ho 


* 
hu + 
wo 
+ 


| 


S 
© WV O N 


1 SE ER ef un EE TEE, ide TE I Le 
* = 8 - FX i rann ir 4th +4 CET 
„ oh. ar tae TRL 


1 12 r 
zal : 


1. 23. 
1. 27, 


gles. 


L234 
1. 29. 


OOO DB - 


22. 1A. 13. 


EU cLIPD's Elements 


PR OP. XXXI. 


To draw a Right — AE 


1 thro? any given Point. 4 
„ Parallel to a given Right Lins . . . BC, 


POI IM X. 


PRACTICE, 


| 


I 
2 


3 


From the given Point. . A 

any how draw a Right Line. AD 

to the given Right Line .. . . BC. 

Then at the Point 5 „ 

make Angle. DAE—ADC, 

ſo ſhall the Line. . AF || BC. 
| „ 


PRO. XXXII. THEOREM XXII. 


JJV ĩͤ oo oo 

T. 3 
be produced, the outward Angle... ACD 
is equal to both the inward and 


oppolite Angles 
and the three internal Angles A> B, ACB, 


of a Triangle are equal to two Right An- 


ABC 


A, B. 


DZMONSTRATION. 


T hro* the Point. # hy 
draw the Line.. . . CE || BA 
Then ſhall the A AC. and B 


6 


PRO P. XXXIII. 


Two Right Lines. VF 
which 


Angle ECD. 
ATR ACE 
and therefore 1 ECD+— = 

. 
Moreover the ACD+ACB= 
Angle 0 > 
therefore. . . A+B4-ACB—2 J. 


THEOREM XXIII. 


— 


WW 


21.7 
H. 


595 


A 


of Plain Geometry. 

which join two 
rallel Right Lines, cowards AB, CD, 
the ſame Parts, | 

are alſo equal and parallel. 


61 


equal and 


DEMONSTRATION, 


2.2.2 On þÞ © ID: 


1 
3 24 


[the Angle. 


3 


Jean de 
then becauſe the Side . . AB || CD 
„ „„ ABC=BCDND 
and, by the Suppoſition, AB=CD, 
Hd me See”. EE „ 
is common, then ſhall AC=BD 
and the Angle... . ACBF=DBC. 
therefore ſhall the Side AC=BD. 
SE. 


. CB, 


Proy. XXXIV. Y iis ond XXIV. 


The oppoſite Sides AB, CD; AC, BD; 
and oppolite 
_ Angles 

are equal in any Farallelegram ABDC. 
and the Diameter SY OP 
divides 1t into two equal 
Parts, 

DzMoONSTRA TION. 


H 


A, D; and ABD, AcDb; 


> 
L ACB=CBD. 


Becauſe the Side. . . . AB || CD, 
.. ABC=BCD, 
alio-becanle.. .. .« . AC|| BD; 
the Angle. . ACBF=CBD 
therefore the whole 7 ACD 
Angle ABD. 
In like manner the Angle A=D, 
moreover ſince 5 ABC(=BCD) 
the Angles J ACB(=CBD) 
are ad} Cn to the com- BC 
mon Side + he 
we ſhall have the } AC=BD, 
Sides AB=CD, 
- and 


62 Euc LI D's Elements 
10 | and therefore alſo the ABC 
Triangle CBD. 


PRO P. XXXV. THEOREM XXV. 
Parallelograms . . . . . . ABCD, BCFE, 
conſtituted on the ſame Baſe... . BC 
and between the ſame Parallels AF, BC, 
are equal between themſelves. 

DEMONSTRATION. 
. 34:1: For. , 
add the common Side. . . . DE, 
A. 2. and there will be. .AE= DEF, 

But alſo the Side AB. De, 

and the Angle A=CDF' 


Therefore the Triangle = | 


I. 29. 
1. 4. 


— the common Tri- DoE 
there remains the Tra- ABG D 
| | pezium EGCF, 
| 9]add the common Triangle BGC, 
A. 2.|10|and there will be the) ABCD= 
I Parallelogram EBCE. 


2 2 2 8 


PR or. XXXVI. THEOREM XXVI. 


Parallelograms . . . . . . BEDA, GH FEE. 
conſtituted on equal Baſes. . . BC, GH, 
and between the ſame Parallels AF, BH, 3 
are equal between themſelves. 2 
DEMONSTRATION, 
l 1 Draw the Lines.. . . BE, CF, 
H. +1. 34. 2|then becauſe . BC*= =GH+=EF, 
I. 33.] 3ithe Figure . . BCEF, 
| | 13 
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4'is a Parallelogram.  BCDA= 
Therefore the BCFE*= 
5 Parallelograms GHFE. 
2. . 


Pa XXXVII. THEOREM XXVII. 


Triangles ....... . - - - - BCA, MAIL 
conſtituted on the ſame Baſe . . . BC 
and between the ſame Parallels BC, EF, 
are equal between themſelves, 
DzMONSTRATION, 


1.31. 1]Draw..BE|| CA, and CF||BD, 
YZ *1. 34. | 2|thenſhall the} bre E 
+1.3 5. 3 | Triangle *—BCD, | 
A, 7. 2 2. D. 


Pop. XXXV III. 1 XXVII. 


Triang les. HEEL 
conſtituted on equal Baſes. . . BC, EF, 


and between the ſame Parallels GH, BE, 
are equal between themſelves, 
DEMONSTRATION, 


Y 1.31. 1 Draw BGU CA, and FH || ED, 
*1. 34. 2 then ſhall 9045 Ee 
1. the Triangle EFD | * 
11.34. os n 


PRO p. XXXIX. Tu kOREM XXIX. 


Equal Triangles . . .. . . . ABC, BCD, 
conſtituted on the ſame Baſe BC: 


on the ſame Side, are between 
the ſame Parallels Ab, CB. 


——— 


Is 37. 
1.34. TA. 6. 3 therefore the } ABCD*—=2BCA) 


EvcL1dD's Elements 
DEMONSTRATION. 


1. 31. If not, let there be 


2 I AHBC 


Triangle CBD. 
A. 9.] 4 | | Q. E. A. 


PROF. KL. rasen — 


Equal Triangles. . .. . . BCA, EFD, 


_ conſtituted on equal Baſes'....BC, EF, 


on the ſame Side, are between 
the ſame Parallels 8 AD, BF. 


o 


15 3¹¹ If not, draw . „„. 


2 |and let there be drawn . . . 


nd 38. HH. 3 therefore the Tri- EFH*—BCA | 


' angle t=EFD. 


Pror. XII. TSO EN XXXI. 


If a Parallelog ram . ABCD 
J ²—1¹ouéi 456+ - - DEE 
have the ſame 3 a 355 . 
and are between the ſame Pa- 
rallels J AE, BC, 
The Parallelogram will be double to the 
Triangle. 
DEMONSTRATION, 
— i, SS +. AC 
2 then the Triangle. BCABCE 


1. Parallelogr. T=2BCE. 


PR Op. 


4 ebe e ere 
1. 37. TH. 3 therefore the 2 CBF CBA T= 


PPC * e See 8 2 r e e 85 
N EAR FFP 1 rad ge AL Weng eat 8 PERS 8 RIOTS . 


3 
_ 


of Plain Geometry, 65 
PR oe. XLII. ProBL EM XI. 
To conſtitute a Parallelogram . . . ECGF 
equal to a given Triangle... . ABC 
in an Angle equal toa given Right- D. 
Lined Angle 0 7 
PRAC TTF. . 
| Thro' the Point.. . . A 
drr ANC 
and make the Angle . .BCG=D; 
biſect the Baſe ...... . BC in E. 
and draw ....... ..EF || CG; 
[ fay it is done. | 
For draw ß. AE. 
and, by Conſtruction; EE 
the Angle FECG=D, 


1.1. 
I. 23. 
1.10 


1. 31. 


O O 8 = 


=. BAC 
1 1.38.1. 41. 9 and ſo the rande — 3 


1 


PRO p. XLIII. Tarox M XXXII. 
In every Parallelog ram ABCD 

the Complements thereof . . . . DG, GB, 
which ſtand about the — 5 AC, 
are equal between themſelves. 

1 : DEMONSTRATION. 

4 921.7 | For the Triangle . ACD=ACB, 

| land the Triangle AGH“ AGE 

and the Triangle. GCF*=GCIT; 

therefore the Paralle- DG= GB: 


logram 5 
Ke EE. . 
PR OP. XLIV. PROBLEM XII. 


To apply a Parallelogram . ix a . FI. 
20 & geen TT 


KF 
8 
5 K equal 
3 8 
2 5080 Fw 


s 


A. 3. 


"OY 
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equal to a given Triangle B 
in a given Right-Lined . 3 G 
PRACTICE. 

1. 42.| x| Make the Parallelog. FD= AB, 
ſo that the Angle ER ©} LanC. 
and to the Side E, 
place in a {trait Line . © . 
thro? the. Pin. . iS, 
Hans. #5 il. BF, 
which ſhall meet. DE 
Pohl I 
Bw, os bt er i K 
where it may meet. DG 
produces ar X 
draw. . . . . KL HSH 
and produce EF 1H. to Mand L; 
e .. 
be the Parallelogram ſought. 
For the Parallelog. FL=FD=B, 
and the MF H=GFE=C. 


Por. XLV. a en 


To make a Parallelogram „X. 
equal to a Right-Lined 1 „0 
in a given Right - Lined Angle... . . E. 
e 
I Nene the Right- Lined ABCD © 
Figure | = 
2 [into the Triangles . BAD, BCD, 
3 | make the Parallelog. F H—BAD, 
4 jſo that the Angle. . .F=E, 1 
r! ² . k, 
2 
8 


* 
— 
02 
= 

bog 8 =, 

OO ow 8 8 — 


— 
— 


183. 
. 


bj hag — — — bay 
— eto 


MM 


7; 


i. 44. 


and , 5, HH 
appiy the Parallelog. r 
then ſhall the Pa- J FL*— 
rallelogram 3 3 
r. 


A. 1 3. C. 1. 3. 7. 
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Proy. XLVI. P ROB LEM XIV. 


To defribe a Sownre:.....-. -. a0 
on a given Right Line ......... AD. 
PRACTICE 
| Erect two Perpendiculars AB, DC, 
each equal to the given Line AD, 
and Join 50 
I fay it is done. 
For ſince the Angles A+D=2/ , 
therefore ſhall the Side AB || DC, 
but they are * equal; ADT 
therefore BC, 
Therefore the Figure... . . AC 
is an equilateral Parallelo- 
gram, but it is equian- fa. D, 

gular, for the Angles 
1. 34.|11|are both Right ones, 
1 | theteforeth are 1 8 

D. 30. 12 Therefore it follows. . AC 
= | is a Square. 2, E. F. 


Proe. XLVII. THxzorzM XXXIIL 


In any Right-angled Triangle . . . BAC 
— eo + + +50 + + + » 20 
deſcribed on the de... ... 
ſubtending the Right Angle . . . . BAC 
is equal to both the Squares .. BG, CH, 
deſcribed on the Sides. . AB, AC 
; containing the Right Angle. 
5 DEMONSTRATION. 
_ = IEM a 
1 EEE 
A. 11. 3| then becauſe the | DBC=FBA, 

4 


— 
1 
— 


— 
to 
O0 

0 | 

OO © . 


Angle 
= b__ | 4| add the common Angle . . ABC 
: "SG _ 


—ů eee —U— 
A 
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j and there will be the? ABD 
F FBC. 
. 30. 6, But alſo AB FR, and BD=bC. 
I. 4. 7| Therefore the 
1 Triangle | ABD=FBC ; 
*1.41.| 8|and the Paral- * 
| | lelogram C BM= >ABD ? 
9 and alſo the Pa-; 2 
| rallelogram BG"==2F BG, 
H, an! 1. 14. 10|(For the Baſe . ....... GAC 
A. 6. 1 Iſis one ſtraight Lin 
II therefore the ©) {DBM B G 
12 By the like Argu- PE] 
| - nent. - $ PCMECH 
A. 2. 13 The whole Square F 
| therefore, CH. 


PRO PP. XLVIII. THEOREM XXXIV. 


If a Square deſcribed on one Side . . BC, 
fs Trang 3rd dt ++ ABC 
be equal to the Squares de- 
ſcrib'd on the other began. AC, 


- es . 
of the ſaid Triangle ; ; then the 
Angle : . AC, 
contain'd by theſe other two Sides, is 2 
Right Angle. 
"DEMONSTRATION. | 
[4 FOI I. ns te AC 
12 draw the Perpendicular AD==AB, 
3 and j OL rw Cas CD. 
| CDqz=ADq+ACqa= _ 
4%. % Now] ABG TAC n 
2 1 q 9 
See Schol. be- 6 Therefore . - . CD=BC 
iow, | 7 and therefore the Tri- } CAB, 
| FLY angles 4 CAD, 


are 


a - Fr . 
. 
— - * 0 
PI 2 
* 
5 . 
* 

1 
* 
& * 
* * 
* 

* 


Corallarie BO ok ; I 
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are mutually equilateral; 


1. 9. H.] 80 Wheretore the 3 CAD 
| Angle 5 
5 77 E. D. 


SCHOLIU Mu. 


& Euclid, and his Tranſlators, take it for 
er granted that if the Squares of any Quan- 
ce tities be equal, the Quantities themſelves 
<« are equal. Which may be thus made ap- 
ee pear, 

I. Suppoſe the Quantity . A=B, 
Multiply by .. .. AB; 
The Product is. AAS BB. 
II. But ſuppoſe the 

3 8 F AG, e-, 
5| then multiply by Ac, B; 
6] The Product will? AAcs, 

| be &-BB. 


+» v3 S — 


" From whence it appears, the Squares of 
* any two Quantities can then only be e- 
qual, when the Quantities themſelves are 
equal, and therefore, vice verſa. & E. D. 
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BOOK II. DEYINITIONS. 


9 * * — — 
. 


= 
_ 


bs VERY Rigbt-angled Parallelogram ABCD 


is faid to be contained under 5 
two Right Lines | AB, AD, 


comprehending a Right Angle . 


II. In every Parallelog ran.. . FHIK 
either of thoſe Parallelograms . . . . . . . . FB, BI, 
that are about the Diameter. HK, 
together with the Complements. . . GA, or EM, 
:— dlled «G 1 EAA or EHM, 

nennen or GKA, 
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EUCLID's ELEMENTS' 


O F 
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— IS 7 "us > n 


BOOK 3 


PRO p. I. THE OR EMI. 


io 11. 


F there be two Right Lines AB, AF, 
and one of then AB 


be divided into any num- | 
birt Nn } AD,DE,EB, 


te Reno... ... 1... a6 


comprehended under the Whole. AF 


and the divided Line AB 
ſhall be equal to all | 
the Recungles 5 AHFDIFEG, 
contain'd under the Whole Line. .AF 
and the ſeveral Segments. AD, DE, EB 
of the divided Line . AB. 
DEMONSTRATION. 
Place the Line. AE 
perpendicular to AB; in A, 
TTT. 
draw the infinite Right Line FG 
perpendicular to AF 
_ from the Points .. . D, E, B, 
erect the Pe 
| diculars rk 5 DI, EI, BG, 
then l A 
be the — under AF, "0 
Al 


;— o On +> wy 


72 | EvcrL1 D's Elements 


A. 13. 10 and is equal to the AH—+DI-- 
, Rectangles : EG 
1. 34.'11|that is (becauſe . DH=EI=AF) 
| AF, AD; 
12 [equal to the Rect- AF, DE 
: angles under s 
AF. EB. 
. D. 


Pao r. . THEOREM II, 


Ifa Right Line fp 24 «Al 
Frs, y I 

the Rectangles contain'd 5 ar AR 

the Whole Line . 
and each of the Segments or Parts AD, DB, 
are equal to the Square of the ; AB 


= 
> 
Kg 
25 
8. 
255M 
5 5 
1 
2 7 
r 
25 21 
SF — 
© HP 
2 
Fas - 
3 
5 
* 
F * 


Whole Line 
DEMONSTRATION. 
11 Make the Right Line AF —AB, 
and ry 3 BPB 
X „DB 
then mall A A 
| (becauſe . . AFF=AB) 
That is 5 ABN AD AB 
| xDB=—=ABq. 
EE. D. 


2 
3 
2 

5 


| } 


Prop. III. Tu OEM III. 
n DPDSEDS ... AB 


be Wen Te 
the Rectangle contain'd under the AB 
whole Line 8 
and one of its Parte 4A 
is equal to the Rectangle under AD, DB, 
the two Segments and the Sq — } AD. 
of the ſaid firſt Part 

DEMONSTRAT ION. 

j| I | Make the Right Line AF=AD, 

| 2 land perpendicular thereto in. . 

Shs ' and 


I. 


made on the Segments there- 


2, 


2, 


"EW. 
882 
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Book II 
3 and compleat the Pa- FD, FB, 
rallelograms 1 
8 5 BXAF=AFx 
2. 1. 4|Then it ſhall be? PB LAFLAD. 
0 (becauſe . . AFF=AD.) 
pI py : That 1 ABAD = AD x 
r Abg. 
2 


Por. Iv. TRHEOREMIV. 


Ifa Right Line 1 
brioy how cat in... mo 2; D 
the Square made on the Whole Line AB 
will be equal to the Squares) 

ab DB, 
of 


together with twice the Rectangles con- 


tain*d under the Segments. 


DEMONSTRATION. 


2. 2. 1 |For. . ABqz=ABxAD+AB; DB. 


Since then 1 ABXAD=ADxBD 


3 +ADg, 


2ADxDB. 


Otherwiſe 
Let the given Line be. AB 
divided in the Point.. C 
on the ſaid Line make the 
Square 5 AD 


whoſe Diameter is 


E 
it will be Alq=ADq.+ Day 


46. 


and thro' the Point „ 
draw the Line .  . . HII AB 
Becauſe the Angle EHG=A—/ 
and the Angle... . . .AEB=z/ 
ſhall the remainin PI 
Angle 5 I HGE*= 


OO c08W OM D 


— 


— 
—— 
— 


3. 3 And. ApxDB=ADxDB--DBq, 
A. 1. 4 


EB 
Erect the 8 CF on C 


L 17 Theres | 


nm 
oO 4 8 


| 
1 
| 
F 
9 


Eucr1dD's Elements 


*::& +1094, 11 Therefore . - a\be EF 


D. 3o.|12{and conſequently ...... HF 
13 is the Square of the Right Line AC. 
14 and thus 'tis proved „ 
5 is the Square-of . CB 
hen .... oj... A, GD Þ 
17 are Rectangles under .. AC, CS, 


| Wherefore the FEST 1 
Bo oh 1 ase _—_— 


Thx D. 


Radar. . Tuson EM V. 


If a Right Line... . 8 
be cut into two equal Parts. . . AC, CB, 
and into two unequal ones . . . AD, DB, 
the Rectangle under the unequal Parts to 
gether with the Square made of the inter- 
mediate Part is equal to the — made 
of half the Line. : 
DEMONSTRATION 1 
1. 46. 1 Eor . CEFB 4 
IT TE EN > - J 
„ LUI obs 4 ei. DE 
4 D, DG || CE 
7. 31.5 And draw chro JH, KO |] AB 
6 A, AK CL. 
1. 43. 7 Now the Complement CH—HF, 
| 8, add the common Square. DO 
| 9 2 and the whole RectangleCO=DEF, 
| 10 But (becauſe... . . . AC=CÞ) 
*1. 43. 11 the Rectangle . . COSAL 
12 and therefore. . AL=DF 
13 and adding the common CH 
Rectangle „„ 
14 the whole Rect- 7 AH=ED+ 
J { angle . 
] 13 But becauſe 3 DH“ = DB, 
| There- 


wy: 
FSY 


. o 4 > ye - 
Wee Sams” we AT e n 1 5 
A TOO AB ˙ A Pa PI I EC EI, RF Tak Ys 


74 N pay * 
%%% oe TT 22g 
1 „ „„ 
EY RE Res a ul pa ug nd lh Fa Fs 
3 


8 
5 
8 > ws 8 
FFF 


2 = —_——_— wW 


-2 + 
ps. 
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16, Therefore the Rectangle. . . AH 

17 is that contain, d under AD, DB, 

18 Therefore the) „ 

{| | Gnomon Amun 
19 add the common Square. . . LG 


A, 2. 20 There will } AH+-LG=MNX 


be -© + LG=CF, 
. E. D. 


Aer. YI. 
If a Ri ght Line „ WE .AB 


THEOR EM VI. 


be divided into two equal Parts At „ 


and another Right Line be added, Tn 

1 

directly tothe fame; the 

Rectangle contain d un- g AB TBD AP. 
der the Whole | 
and the added Line BD 
together with the Square of half | CB 
the Line | 
is equal to the Square of the Line 
compounded of half the Line, and (CD. 
the added Line, taken as one Line 
DEMONSTRATION. 

I. 46.1 1 For deſcribe the 3 CFon CD, 


and join + LIE; 
B, BG T CE 


A, AK || CL 
| then becauſe. , . . . +, ACa=CH 
the Rectangle. .AL=CH=HE. 
and adding the common 
Rectangle F Jon 


| *Gnomon, | 9 The whole z AM(=ADxDB)*= 


Rectangle 5 NXO. 
ä add 


of Plain Geometry, | ä 


121 That is .ADxDB+CDq=CBq. 


Then draw thro? 1 KM || AD 


—_—— _ 


| 
| 
| 
| 
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A, 2. 


[5018 
: | There il 


Prop. VII. 


11 


1 


6 


7 


Ev cL1D's Elements 
add the common 


That is ta 


1 Let the whole Line be. 
2 and the Line added be. 
3 then the Whole will be. 
4 Which multiply by ....... 
5 the Product is.. . . 2AE+EE 


(0 of CB) LG, 


} AM-LG="NXO 
LGS CF. 
DxDB+BCq(=LG) 


an 
"_ 2 E. D. 


Square 


be 


Or thus. 
2 
2A+E 


add the Square of half the 


Line AA 


7 The Sum is. AA+2AELEFE ; 
8 which is the Square of MEE. | 


9.E.D 
THreEoREmM VII. 


If a Right Line Cee ljU! dM 
be any . cane 5 * . 0 
The Square of the whole Line.. . AB 
with the Square of one Segment . . . . BC 
is equal to double the Rectangle 


contain'd finder the ſaid . . 
together with the Square of the 
other Segment 


1. 46. 
N. 


e. 
5 AC 


DEMONSTRATION, 


I 
2 


— 


4 
4 


Deſcribe the Square. .AE on AB 
and conftruct* the Fi- 
gure. Then becauſe FAG=GE 
it you add the common CE 
Rectangle 5 


The whole Rectangle AF CE, 
AF+CE=—2AF= 


and ſo the 


| 


Rectangles ? KLMA-CEF. 


But 


_ 
1 


n * P : Pee: x 7 x N 3 
8 C ͤÜuwd 8 = * ; 885 23 . : 
W FCC Pg YE iris 7 33.03 ; 
))) ĩ ĩðùZ̃ç SN a Te Te Pao RT 3 3 
* . e 3 . 2 Ar . $ . 9 8 S 2 of 
ELSE OB V STE EI IE 0 ; 75 x . 
eee, e e Er GL e * 0 


R 
3 2 KO hs 
LEAs 


8 MW 
I 

35 
2 

. 

5 2 


* 
5 
a 

* 

2 . 
CS 
EL A 
PE | 
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| 6| But. . 2AF=2ABxCB(=BF. ) 
* Therefore the KLM ACF 
Gnomon J 2 AB] CB. 


8 add the common Square 

| 5 (of AC) ö HE, 

= | KLM+CF+HE 

|; | A. 2, and the TY 3 ABxCB TB 

I mon HE, 

10, But the Gno- Hom + CF4 HF 
mon =AE4- CF, 

3 11| which are the Squares of AB, CB, 

f = 12 Therefore . =2 ABxCB 

EE 


„ a tit. ih. 
* 


= | 5 

1 Let the two Parts of the 1 1 + 

)J FA, E, 

2 The Square of the ark” 
Whole is IEE; 

L z to which add the Square of 

39 | | the leſſer Part : EE 


ſand the Sum is La 


Which i is equal to the 
Whole, AE 
b 
(which produces. 2AE+2EE) 
more the Square of the AA 
other Part | 


The Sum is they AA TAE 
ſame as before, 5 2 EE. 


2, E. D. 


Por. VIII. Tu OEM VII. 


If a Right Line f 
be cut any how iu ꝗ 0 | 
Four 


e 


oy 
＋ͤ— 


—— , ᷣðͤ c ĩ ( e 
_ A EP EEO TIE ET . NEE EK ab e 
> ö 8 Wi Cont LE CIS M5. 2 RC F Bo YO I Sr ent 3 Co are 
n F COST RT red be ITS 1158 i ß  e EENNS LOS nt ge BROS 
* 8 1 7 CESS) 3 LOW e EE OB ROLE EH MEI LE LE OW att . . - 9 
2 8 wo F "4p? 2 FCC 1 NS 4 N N * * 


1.43.9 But the Rectangle 


KH. 2.19 


Eu cLI D' Elements 


Four times the Rectangle contain: d AB 
under the whole Line wi L 
and one of the Parts... ..... .. . CB, 
with the Square of the other Part, . . AC 4 


is equal to the Square of : 
the whole Line and the AB+CB= AD. 


firſt Part, taken as one 


Line, 5 

DEMONSTRATION, 
1 [Let the Right Line . .. AS 
2 |be produced to WW: 
ſo that . 55 BD=BC 
deſcribe the Square . AF on AD. 
and conſtruct the double Figure, 


CB(*=BD+=)GK= 
Now it is KN 


3 
4 
5 þ< 
6 
7 
alſo 
8 


Rectangle) RN. 


„, 

10 therefore „„ NAR 
1 and ſo it r 

nets BN KC=GR=RN 


12 |and there- BN+KC+GR+ 
| fore c RN=4KC. 


ſoning —RF 
14 tis alſo proved, AG+MP+PL 
„ +REF=4AG 


Therefore W G=4AK 


17 and ſo the 
Gnomon 0 
1s add the common Sq 


. . STY=4ABxBC. 
uare , . . XH 


Then Pe I 
BU 


16 But the Rectangle AK = A BBC 


and thus ; CB(=BD)=PR=RO. 
therefore the CK BN, GR= |" 


13 by a like Rea- AG MP Pl. ; 


2 Book II. of Plain Geometry. ” 79 
20|But . .STY+XH(=ACq)=AF. 


Therefore f C++! a 


3, Bi 


A. I. 


* 


Or thus aten: 
1| Let the whole Line "oY . . A+E 
Multiply by one Part. E 


2 

| 3|and four times that 

Product is bong 
4 


- = b: 70, the other Nt... 8. 

, 23 AA+4AEF4EE 
3 | | 5 the * 3 AT2Eq. 

= . — _—_— 


| PRor. IX. THtroREmM IX. 


Ifs:Richt Eian .. .. 135550; AB 
becut any how into two equal 
1 Ac, CB, 
and into two unequal Parts . AD, DB, 
then the Squares of the un- 
equal Parts 34D, DB, 
are together double to the "I 
Square of the half Line. AC; 
and the Square of the middle Part. CD 
DEMONSTRATION, 
"ROE, 0·⁰0⁰vü C 
erect the W CE AC. 
„„ EA, FB 
alſo draw Wing . 8 j . 


and dw ..... on. AF. 


1. II, 


the Angle. . EAC AEC. 
and ſince the Angle. . C 

; the Avgles. . .EAC+AEC=L 
= 8 3 | | ; for 


O 02 8 ID - — 


Jar} 
WD 
0 
— 


8 


KHK. ˙¹Ä w. es ne Or 


2 
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f 
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— 
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2 I ore am ron apart — —— 
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80 Eu T1 D's Elements 


11 for the — 1 


Reaſon 
AECECEB— 
12 and therefore? AEB—</ 


x. 29. 13 and fince the ns * 
I aand the Angle EGF = 
A the Angle 1 , EFOG=IL 


*. 6. 15 and therefore I GEF=EFG, and 


| the Angle EG = GF, 
1. 29.16 alſo becauſe . . DBF=: / =BFD 
17 therefore the Side. . DF *—DB. 


C. +1.47.|18 Rs becauſe} 1 Ae, 
1 1% and allo 3 er 


Fa —2CDq 
118. and 19. 20 Where⸗ 1 81 IEA - 
fore TCD A Pg. 
IAD DFF AF 
$7 woot i 24002050 MF 
22. T n (=DFq) = 
1 r 


2E . 


Or thus Syachetinidly' - 
| 1 Let the whole Line be bs.» 2 
2 and the Difference of 5 B 
I ce qual and unequal Parts ** 
3 then the greater Part will be ANB 
4 and the leſſer Part. A—B 


5 But the Sum of the 
7 Squares of each a 


will be 
SE, D. 


nt te... i. tht. yo * 


PRO P. X. THEOREM X. 


Hai“ 2 

be cut into two equal Parts AC, CB, 

and thereto be ad ed TRE another BD 
the 


$M 


© Ik 1% 8 n 1 ; m2 2 33 Ceo 
3 I on EL Rea Rats 5 0 hs RA 2 i Sr AS ONS es ot 
S dd / ðͤ v 3 . 


. 2 2 * 
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of Plain Geometry, 81 
the Square made on the "Os | 

and added Line FAD 
together with the Square of the BD 
added Line 5 
ſhall be double to the Square of I 1 © 


the half Line 
and the Square of the half and CD. 


| the added Line 


DEMONSTRATION. 3 
1 For on the Point C 
erect the Perpendicular CEA * 
and draw ... .. . .. . AE, EB, 
E, EF AD 
alſo draw thro' D, DF EC. 


produce . BD _ 
till they meet, as in 

| Now the CAELAECECER 
Angle F EBC / 

9 |and therefore alſo . - AEB 
10 But, . . DBG (=CBE) BOD, 


* 1. 6.11 and therefore BD=DG 


12 | again becauſe the FEG—EGF 
| j* Angle 24 
- | x3 | therefore the g;de . . . EE. FG 


| AC +ECq— 
Now becauſe * Ac AEq 


! EF ITO EGqft=2FEq 
16 Therefore py Aba e -le 


= Ad- AE g- H ESG 
7 But 3 +ADq+DGq 


15 and alſo 


1 A 1.16 _ Nr A 


=2ACq-+2DCq 
9, ED. 


e or 


PPPm EY Io re ee 


E ves Elements | 
Or thus Synthetically. _ 3 
| x Let the whole Line be + © E 
2 and the added Part.....-... B |= 
then the whole Line! in- 43 
1 10 creaſed is 3 FA 
4 and the half Line andq , 3 
42 added Part FAB - 
| | 5 j The Sum of the FP A 
| Squares - ATB, and B 4 
| 7 which 3 18 abb to Aqt+A+Bq. | 
Por. XI. ProdDLaMI. 4 
To cut a given Right Line . AB 
VA HON G, 

1 ſio that the Rectangle contain'd un- AR | 
der the whole Line c - 
and one Segment 6 


may be equal to the Square of the 5 AG 


other Segment 
P 


; . Upon the Line AB 
1. 46. 2 deſcribe the Square AC 
1. 10. ] 3 biſect the Side "AH in E 
0 „ 
I 5|produce the Side.. DA to F. 
1. 3. 6 and therein take . . . . EFS EB 
Na ee AF | 
1. 46.] 8|deſcribe the "Yr „„ 
| „ . AH=ABxBG. 
10 For produce....... HG bY 
VS DH+EAq*=EFq 
Then the 
4 amy * 
A. 3. 120 Therefore DH*=BAqFf= AC; 
13 Subduct the common Rect- A 
| | angle ; 


there 


3 k A414 


Wes II. 
A. 3. 4 TR 7 GC, or AG 
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remain 6 
Q; Z. F. 


PRO p. XII. 7 


In the obtuſe · angled Triangle . 
the Square of the Side.. . BC 


ſubtending the obtuſe Angle. . BAC 


z ĩ greater than the Square of 
| the Sides $84, 2 


containing the obtuſe Angle . . Bac 
by twice the Rectangle under one 2 AC 


of the ſaid Sides 


__ , tween the Perpendicular and 
. obtuſe Angle 


and the Line taken without be- z | 
3 AD 


DEMONSTRATION. 
Let the Side CA 
be produced towards 9 
on which from the N » 
let fall the 9 BD. 
"Ban 19 CD 1 
2CAxDA. 
Add the 501 B. . of . De 
42CAxDA-BD . 
But ... . . CB = CD Wah 


PRO p. XIII. TRPOREM XII. 


In acute-angled. Triangles . . .. . . ABC 
the Square of the Side AC 
ſubtending the acute Angle. . ABC 

M 2 18 


84 EVU cLIpPD's Elements 
as, leſs than the Squares of the) L 
Sides containing the acute (AB, BC 

Angle | F 

by twice the Rectangle under one 1 > 

of the ſaid Sides 3 

and the Line from the Perpe . DB, 1 

dicular to the acute Fi lets VIZ. 1 
DEMONSTRATION. 3 

I x |From the angular Point AF 

1. 12. 2 let fall a Perpendicular . . . . AD,, 

Naw (on COLTS CBxBD+ [3 


add the common Square. ADq Þ © 
Then <q 7 4 
A... AB B54. ADq 
ä AC qT= =CDqt-ADq | £ 
T herefore = 117 CB4BD. 
Bq+ABq—2CBx 
Wherefore | Cf BD= A Ga. 


o A N O 


Wl + 


PRO p. XIV. PROBLEM II. 
Tone ee. ML 
equal to a given Right-lined Figure. A. 
ner 1 1 
I. 45. 1 |Make the Rectangle. . DB=4 
12 ſand produce its greater} De 5 J 


Side C 
0000 CF=Cb i 
6 ſt... - 75755 DF in G 
5 lon which with the Diſtance . GF 
6 [deſcribe the Circle 3 HD 
7[produce,...../..... CB to H 
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10 


11 
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8 | Then ſhall . . . . CHqzML=—A 


TT 

8 DBS DCx CF 

and there 1 
wilthe Gr os Ms 


© eee 
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PLAIN GEOMETRY. 
oK Mm "Du FIOTTIONs. 5 


I. DUAL Cittles are ſuch whoſe Diameters 
are equalzies.o. 5c „. ABC, DEF. 
or from whoſe Centers the Right Lines that are 
drawn, are equal; ass. - - » AG=HD, Ce. 
ELIAS... Tee 259, AG 
—_—_ aac. Cir... . hol 
when touching the ſame, and being produced, 
does not cut it. 

HL Sacks .....-:; +- AF, ADC, BGF, 
are ſaid to touch each other, when touching, they 
do not cut one another. 5 

„„ e ooo oo ESL, 
On ROI me Se - | ak 
are ſaid to be equally diſtant from the Center. G 

when Perpendiculars .. . . . . . .» . . GN, GH, 
dran from the Center to them, be equal. 

TT ma Lin, onde nx pe > 
is faid to be farther from the Center. . G 

on which the greater Perpendicular falls; . . GI. 

VI. A Segment of a Circle. . ABC, 

is a Figure contain'd under a Right Line . . . AC 
and part of the Circumferen . . . . . . . . ABC 
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VII. An Angle of a Seg 666 
is that which is contain'd by a Right Line . AC 

and the Circumference of a Circle. . . CB. 

VIII. An Angle. . „ ABC 
is ſaid to bein a Segment +.» do hook . ACBA, 
when the angular Point. ++ <+ +4 + 
is taken in the thereof, viz. ABC 

and from it Right Lines + . BA, BC, 
are drawn to the Ends of that Right Line . AC 
which is the Baſe of the Segment.. . . . ABC, 
Then the Angle contain'd under the Lines drawn 
is faid to be an Angle in the Segment. 

IX. But when the Right Lines. . . AB, BC, 
containing the Angle. ABC 
do receive any Circumferen gte ADC 
of the Circle, then the Angle. . ABC 
is ſaid to ftand on that Ci rcumference. 

X. ASeforof aGirce,............. . ADB 
is that Figure comprehended between 
the two Right Lines F DA, BY, 
drawn from the Centre . —** . 
and the Circumferendte . AB 
contain*d between them. | 

XI. Similar Segments of Circles. . . . ABC, DEF, 

are thoſe which include equal Angles. . . BE; ; 
or whereof the Angles! in them are _ 
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PLAIN GEOMETRY. 
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| 
| 


' BOO K II. 


PR Op. I. PROBI ZM I. 


To find the Center of a Circle — ABC. 
PRACTICE. 
Draw therein any how .... AC 
F o-:...;x 
| thro? which draw the Per- 5D 
| pendicular 
which biſetin...i......E 
nd that is the Center required. 
If you deny it, let the Center be G 


4 
| 5] 
| 7| taken out of the Right Line BD 
8 
9 
10 


ND ww 


Sl 
Sad , 
oO.) 


and draw. . . . . GA, GC, GF. 


* 1. D. 15. 44. 9 Then . . GAF=GC, AF +=F C 
- Jrofand the Side ..........-. GF 
1. 8.11 is common; there- } GFA=GFC 
Ti. D. 10. fore the Angle 3 T=. 
A. 11.12 therefore the Angle GFC=EFC. 
A. 9.01 3 „ 


PRO pP. II. THEOREM I. 
If any two Points............A, B, 
be aſſum'd 1 in the Per iphery of AEB 
a Circle F 
The 


A 
8 
* [2 
* 
2 
SAL 
"4 
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The Right Line e 
joining thoſe Points, ſhall fall within the 


Circle. . 
DzMonsTRATION, 
In the Right Line wg 


I 
2 |take any Point 23 #208 D 
3|and from the Center e 
| | 44 Ww CA, CD, CB 
1. D. 15.] 5|then becauſee . CAB. 
1. 3. 6|ſhall the Angle ASB 
1. 16. 7 But the Angle . CBæA 
8 Therefore the Angle . . CDB B 
I. 19. 9 and therefore the Side CBœ CD 
1 10| But the I - 8 


| 11 |comes to the Periphery , 
12] of theCince $ AEB 
13|and therefore theLine. . . CD 
does not extend ſo far 


15| falls within the Circle. Q. E. D. 


1 


I THEOREM IL 


If in a Circle. . . ABED 


F io cn BD 
. - drawn thro' the Center „ E 
cuts any other Right Line. . . AC 


1 
5 *H.tt.D.15.| 2 | Hypoth. I. Be-; AFF=FC, and 


not drawn thro? the Center, ) , - 
into equal Parts g AF, FC 


it ſnall cut it at Right Angles; and if it 


cuts it at Right Angles, it ſhall biſect it. 
DEMONSTRATION. 
I | From the Center, draw EA, EC 


cauſe EA+=EC. 
gland the Side. 


1. 8. 4J common; therefore ) EFA 


the ð˙ 3 "BG 
7: and 


14 jand fo the — 8 D 


90 


E u 
6 


. 


CL1D's Elements 


13 and contequently Right ones. 


9. E. D. 


Hypoth. II. Becauſe? EFA*— 


the Angle EFC 


and the Angle . . . .LAF=ECF, Þ* 
and the Side, which 1s com- 2 = 3 


mon 


P Ro r. IV. 
e ... AQ 


two Ri 


therefore . . . . 
| .. 


16 III. 


. ²⁰¹ < ++ AB, CD. 


not being drawn thro? the Center . . . E 


cut each other, they will not . each 


other. 


DEMONSTRATION. 


I 


3. 3. 
A. 9. 8 


A OO 


PRO P. V. 


If two 


| From the Center 7 


were biſected in 


L. E. A. 


THEOREM IV. 


„ ABC, BCD, 


cut one another, they ſhall not agg 
the ſame Center. 
DEMONSTRATION. 


3 
| 2 
„ 


. 9.4 
PROP, VI. 


If two Gn. ;. ; ABC, BOY 


Line 


THEOREM V. 


touch 


8 8 3 ae 
2 BS 2 ae CHE 
i Ee TI... 1x £2 
V 8 * * 8 


. 8 . yr 
Ae ES A INE OT NG 
=. SEAN 


draw the Right Line... . . . EF z 
If both the Right Lines AB, CD, 


The Angle. EFB - EFD 


For if they have, join .. . . . BB 
and draw * © © © © „ „ „ „ „EDA 5 
Then would the 3 LED= —FB—AFE 5 


Dar 


* 
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| touch each other inwardly in . B 


they will not have the ſame Come: .- 
DEMONSTRATION. 


5 I | For if they have, join . . . . . EB 
| 2 op 2|and draw . EDA 
1. D. 15.| 3| Then would the } ED=EB= 
"By Line EA. 

—_ F. N. 
PR OP. VII. TREOREM VI. 

75 If in the Diameter of a . 
D be taken any Point which L =O 
) 18 5 the Center, 1 1 
= | and thence certain Right 7 | 
: = 8" GC, GD, GE 

2 fall on the Peripheryin..... C, D, E, 

the greateſt of theſe Lines 
: Bs MN DE TRE ĩ Ä ĩͤ es * „ A 
nl. which paſſeth thro? the Center 2 F; 
D.. the leaſt, the Remainder ö 
r of thi fube Line .. OE . GB. 
. and of all the other Lines CG, DG, EG 
= the neareſt to that drawn 

theo? the G --- = 
is always greater than 
that more remote . DG 


and only two equal Lines. GE, GH, 
can fall from the ſaid Point G 


to the Circumference on each Side 2 GA 


the greateſt Line 
CAR Lat; cor ( . . GB. 
DEMONSTRATION. —- 
1 From the Center. F 

[ | 2|draw the Lines . . FC, FD, FE 
oP 3 1. 23. 3]and make the Angle BFH BEE. 

BS; 1. 20. 4|I. There is4 K 3 (1.6. GA) 
DE : "52 1 II. 


92 Eu c Ip's Elements 
II. Becauſe of the 2 and FC 


| common Side F == Fd. 
And the Angle. GFCœ OFD 
therefore the Baſe GCœ GD. 
III. Again be- FB (FE) *e. 
cauſe GE+GF 


Side 
being ſubducted, 


there remains 
mon Side 
therefore 


15] drawn from the 


Line 


11|TIV. Becauſe the com- 


9| therefore, the common ? FG 


_ BG. EG. 
FG, and 


| FE—=FH 
and the Angle. BFH=BFE 
.. . GE=GH 
144 Now that no other Line GD 


Point... G 


116] can be equal to the GE, or 


GH 


8 Pile ES Fey? - £ 
OE DOE A CERES oe A ER CRE . 


4 J .* 
Fr LSE TY LY e 
EC T 


\F * ir 3 D. 


PRO r. VIII. TH EOREM VII. 


If ſome Point 5 „ 
be aſſum' d without a Circle LFI 
and from it certain Right AI, AH, AG, 
Lines | AF, I 
be drawn to the Circle, . | 
one of which RL Al 
paſſes tn X 
but the other any how; 
the greateſt is that 1 
paſſing thro* the Center . . 
and falling on the Concave | 
Part of the Circle &Z ae 
and of the others, hae 
which is neareſt the Line Al 
petting thro” ²ͤ A X 
is greater than that which 48 
is more remote IE 5 
Bat 


is already ſhewn. 
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But the leaſt of the Lines | 
that fall on the Convex Part. . BCDE 
LE oo ͤ *— 0 „ AB 
which lies between the Point. A 
and the Diameter <= 
and of the others, that .......... AC 
which is nigheſt to the leaſt. AB 
is leſs than that more diſtant,  . AD 
and from N co cs» «xd A 
there can be drawn | 
only two equal Lines AC, AL, 

which ſhall fall on the a ach Side 
AB 


rence of the Circle, on each Side 


the leaſt Line 
DEMONSTRATION. 
I | From the Center, KH, KG, KF; 
"4. a KC, KD. KE, 


1. 23. 2 and make * AKL=AKC 


| Angle 
| AI(=AK+ KH) 
ET 
| here 1s 5 «A 
IT. Becauſe of 2 np and KH 


common Side —KG 
and the Angle AKHaAKG, 


3 
4 
5 
1.24. 6] Therefore the Baſe AHaAG 
7 
8 
9 


7 1085 J ag n 2 MX a WEE Jo S . IE EIS 2 i j! ĩ ͤ̃ͤ K re 
2 W S 2 S r o Ws Bo OY PBs ones Eats ITE A We oh F 0 
N e e er 9 - : e a ä , a , 


III. Becauſe . . KA«&-KC+CA 
ſubduct on each Side KC=KB, 
1. 5. 9 and there will be . . AB. AC. 
1.21,|10|IV, Laſt yp} AC4-CRaADE 


[11] fſubdu@on each Side CK DK | 
E A. g. 12] there remains . . . ACe-AD | 
12] V. Becauſe of the) AK, and KL 1 
common Side 5 —KC, 43 
2.14] and the Angle AKL=AKC, = 
I. 4.13] therefore the Baſe LA=CA. 

| 16 | But that no other can be equal to 

7 to 12.17] theſe, is already ſhewn. QE. D. 


PROP. 


3. 7. 


Oi UW 8 


PR O p. X. 


4 94 E u CL D's Elements | 
| | Pror. DX 
Wt -4 , oA 
1 | be afſumed in « Circle. . ...... . . . BCE 
{010 and from 1t more than | 
two equal Right Lines . . AB, AC, AK 
be drawn to the eum ce; then 


that Point is the Center of the Circle. 
DEMONSTRATION. 


THEOREM VIII. 


F or from no other Point D 
taken out of the Center, 5 


can more than two e- LDC,DK. 


qual Right Lines 
be drawn to the Circumference ; 
But from the Point. . A 
are drawn to the Cir- } AB=AC 
cumference 3 AK 
Therefore that Point is the Center. 
Q; E. D. 


Tu In 10 Tx 


W I 7 4 ff 


cannot cut another Circle . — IFLH 


in more than two Points. 
DEMONSTRATION. 


_ 
7 


3. 1. Cor. 


) 2 
TH: 5 | | 
the ; p o o 


I 


© © 


1 


o ON > Wo Þ 
— 


For if it can, let it cut it 
in the three Points c I, K, L. 


Both theſe Circles ABL D, IFLH 
ſhall have their Center. . . . O 
in the common Inter- 
ſection of the erf vic, 
ndiculars 
Therefore two Circles 
cutting each other, 
have Ts Cen F. N. 


ter = 
' PROP. 


WT CAL, 
and biſet them in... . . M, N, 


— Re rr 9 PI LT Cr n 5 0 if wy K * a x 
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If two Circles . ABC, ADE 
touch each other CET er inn 4A 
and the Centers . F, pu 
be found in the Ri ght 188 3 


then that Line will all in the Point 5 
Df Contact of thoſe Circles = ; 


DANSALE STING 

1 |For if poſſible, let the 

«4: þ Right Line h FO 

J 2 produced cut the 
1 * 22 
3 in ſome other Points. . . . D, B, 
4 ¾ / ĩ ci 3 GA 
5 | then be- } GD*=GA, and AG 
| cauſe 3 GFTeaAF. 

6 take away the common Side GF, 
7 ſand there remains, . . AG B 
„„ . AF—GF=GB ) 
9 n „„ „ 


Prop, XII. THEOREM XI. 


If two Circles 2 * 
touch each other outwardly in.. A 


a2 Right Line FG, 


Joining the Centers .......... F, G, 

will paſs thro? the Point of Contact. A 
DEMONSTRATION. 

x | For if it does not, let .. FG, 

| 2|ifpoſlible, fall n FA, AG; 

and join Foz 

But becauſe AF=FC, AG=GD 

therefore AF +AG=F CD, 

And ſo the whole) FGœ AF+ 
Line AG. 

But it is alſo lefs, . E. A. 


2 


96 


PRO p. XIII. 


E vc LID 's Elements 


Ci e nr 
One Cid . fo 


cannot touch another. . . AH 
in more Points than one . A 


whether inwardly or outwardly. 
DEMONSTRATION, 

| x. I. If poſſible, let it touch 

2; inwardly in the of a. H, H, 


Points 


3. 11. 3 and therefore the Right Line BC 


4 joining their Centers . . . . B, C, 
5 ſhall fall on both... . . A, and H, 


Fx.D. 15.] 6 if produced; CH*= CA, 


Z | and becauſe BH. CH , 


7 therefore it W 25 
ſhall be BAC BTH) sCA. 


A. 9. 8 Q. E. A. 


10 touch outwardly in 
I the two Points 
II and draw the Right Line.. EF; 


9 II. Suppoſe they could 
FE, F, 


3.2.|12| This Line will be in } AOEF, 


both the Circles EFG. 


13 Theſe Circles therefore 
144 mutually cut each o- | C. H. 
| ther. 


PRO f. XIV. TrzorREM XIII. 


Equal Right — . 
C 7 „, 


are equally diſtant from the Center . E 


And Right Lines. . . AC, DB, 


which are equally diſtant from. E 


the Center, are equal to each other. 


D E- 


2 > +. 
2 4 48 
PTV oor oe Rr  oocxE[ﬀCFﬀT7_9 \ 
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DEMONSTRATION. | 
5 From the Center . E 
2 draw the Perpendiculars EF, EG 
3. 3-| 3 which ſhall biſect . . AC, and DB 
| 4 land join AE, BE. 
5 I. Hypoth. Becauſe. . . AC 
A. y. 6] bee . AF=BG 
- | But BANG .... . EA=zEB 
-4/-| 8] there-zF EqzAEq—AFq 
1 9 fore j =EBq—BGqzEGq. 
10] And therefore. FE=EG. 
= 3 "KEW 
11]II. Hypoth. Becauſe . EF=EG 
1. 47. 12 there- } AFqzAEq—EFq 
| $37 "mas ; —EBq—EGqzGBq. 
114] and ſo there will be. AF=GB 
A. 6. 15 and conſequently .. AC=BD. 
| 2 . 
PRO P. XV. THEOREM XIV. 
ie,, i, AD 
is the greateſt Line in a Circle ... ABC, 


and of all the other Lo" therein F E, BC, 


| that Line 


is greater than that more remote 


FE 


DEMONSTRATION. 


I 


dd 


W GB, GC, 
the Dia- E 
meter BC 
II. Let the Diane: .. GIeGH, 
mee, GNS GH, 
and draw (thro* N,)KL || AD. 
ant Rout. ;.. .- Q GK, GL, 
G SGB, and 
then 1 GL=GC.. 
and the Angle. KGLa2BGC, 
0 there- 


98 Eucri D's Elements 
. therefore it r EN. 
25 % ſhall be KL( FEVR 
9, E. D. 


Sp 


PRO p. XVI. TRHEZOREM XV. 


„„ ͤĩ ðͥyd a ic. 8 1 CD 
drawn ſrom the extreme 4 
of the Diameter of a Circle... . . . AH 


> 8 f 8 „5 
2 2 83 S CRE S 
4 2 2 ; 7 NK PT c 8 
25 5 II ER ST no a oe TT 
7777 ͤ LI, 07. 8d of FA IE Os DROOL AI n , 
wel 2 1 4 2.5 bl EY * n N 8 * £ 3 ä fi 
A e e rand et Cn WA "Bt. N 


and at Right Angles thereto 

{ſhall fall without the Circle; . ALH; 
and between the ſaid Right Line.. CD 
and the Circumference .... . . . . . GAIL 
no other Right Line can be drawn ; 

and the Angle of a Semicircle . .', . BAl 
is greater than any Right-lined q 
acute Angle mY F —_ 
and the remaining Angle. „„ AL 
is leſs than any Right-lined Angle. 


DEMONSTRATION. 


ee ee 


1H. From the — ðͤ 
2 \draw the Right Line . BF 
3% FPFs᷑ ein AC. 
I. 19. 4 but becauſe the Side . . BFœ BA 
....  - 4-5 heron [RE .-; BA(—BG) 
6 [reaches to the Periphery, L pF 
the Line 


7 [ſhall extend beyond to the Point F 
8 ſand ſo all Points in the Line. AC 
9 [ſhall fall without the Circle. 
10 II. Draw the Line. „ 
11 perpendicular to the Line. AL 
1. 19.| 12 [then ſhall the Side . . . BAo-BE 
1:3-|\wherice the itte. E 
14 ſand ſo the whole Line . . . ; . AE 
15 [ſhall fall within the Circle, Q. E. D. 
|:6 IH. Hence it alſo follows} EAP 
| thatany acute Angle 5 
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* 
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1 
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19 


17 is greater than the Angle 


of Contact | Dal. 


18 and every acute Angle . . » BAL 


is leſs than the Angle of a Jp AT 
Semicircle 5 : 


9. ZE. D. 


Coroll. From hence 'tis manifeſt, that a Right 


l ne drawn at Right Angles on the End of a Dia- 
meter of a Circle, touches the Circle, and that in one 
Point only; becauſe if it ſhould meet it in two 


Points, it would fall within the Circle, as is demon- 


ſtrated Prop. 2. of this. 


PR O p. XVII. | PROBLEM II. 


Ta diwi a Right Linß ...\.....- AC 
{from given inter A 
that ſhall touch a given Circle . . . BCF. 


— 


O M a A 8 


PRACTICE. 


From . ....... © 
draw the Right Line. . AD 
to the given Font A 
cutting the Periphery of the 1 
Circle in 5 l 2 
on the ſaid Center, with 
the © F DA 
deſcribe another Circle... AEG 
and from the Point B 
draw the Perpendicular BE to AD. 
which ſhall cut the : 
Circle 5 1 in E. 
Wc DE 
cutting the Circle . . . . BCF in C. 
join the Points......... 2 


and the Line is drawn as requir'd. 
For the DB DC, and DE 
Side 3 DA, 


land the Angle. ....... © 


O 2 is 


TOO EUcLI D's Elements 
I. 4. 16 is common, and there- ACD 

fore the Angle ED 
17 therefore the Right Line... . AC 


TEE 


PRO p. XVIII. THEOREM XVI. 


— — cc. AB 
( 3. ᷣ v BCD 
and from the Center... coo wc F 
to the Point of Conatt. C 
be drawn a Right Line ; 1 FE 
that Line will be Perpendicular to AB 
the Tangent 75 


DEMONSTRATION. 

If you deny it; from the; F 
F on © 
let there be drawn 
perpendicular to hs Tan- Vai AB 


gent 


2 

3 

4 i Now becauſe the Angle... FCE 
5 | 

6 


*7, 32.| 5 is a Right one, the Angle *FEG 
1. 19, | 6 |ſhallbeacute. There- FE( FD) 
| | fore c oa G. 
A. 9.7 4 


PRO P. XIX. rn. 


„%% ⁰BÄ ˙ ³Wd 
—. it...  CDE 
and from the Point of Contacte . . C 

u. oo oa ra doo co on 


Tangent 
the Center of the Circle thall 
be in the ſaid Line ew + ee ons 


D F- 


3. 16. Cor. 18 | touches the Circle in. . . C. 


be drawn perpendicular to ik AB 


Pars, + 
' 3 = 
7 CES 


1 If you deny it, „ „ 
2 be the Center, if poſlible, CF 
| 2 d join b; E 
z and join 
2. 18. FA. | 3 then is the mw} 
8 5 [. | | Angle ; ere 
329 4 'A E. A. 
PRO P. XX. Taxzor xm XVIII. 
Y . .onwno 0 BDC 
” at the Center of a Circle . ABC 
A double tothe Anti... . 35 BAC 
at the Circumference, when | 
the ſame . „ \ +» 
is the Baſe of the Angles. EY 
DEMONSTRATION. 
Draw the Diameter ADE 
*7. 33. | 2 | The external BDE*=DBA- «< 
„ Angle DAB T= 2 DAB 
| 2 [in like manner, 
en the Angle  $EPC=2DAC, | 


g Ig 
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DEMONSTRATION. 


A. 2. 4 | Therefore in the firſt j BDC= 


Caſe whole Angle 2BAC 
{ 5 | But in the 2d Caſe the) BDC 

| remaining Angle F 2BAC. 
4 _ | 9. E. D. 


PROF. XI. TRHEORERM XIX. 


The Angles .......... DAC, DBC 
that are in the ſame Segment . . . DABC 


of a Circle, are equal to D AC=DBC. 


each other 


DEMONSTRATION. | 
I Caſe J. If the Segment . . DABC 
2 | be greater than a Semi- : ED EC. 


circle, 


102 EucL1D's Elements 
85  _ 1.:34draw from the Center 


3. 20.| 4 And it ſhall be. . 24=E—2B 


5 Caſe II. If the Segment be leſs 
than a Semicircle ; then 
' {the Sum of the Angles of 
| the Triangle 

1. 32.| 6 is equal to the Sum of the 


| 


al | 
- - 3 
| BY: 


Subduct Ar oy and 
then 5  ADBF=ACB 
on each Side, and there) DAC 


PR or. XXII. TEHEORE MXX. 


The oppoſite Angles . . . ADC, ABC, 
of any quadrilateral Fi igure ABCD 
deſcribed in a Circle, are equal 
to two Right Angles. 
DEMONSTRATION. _ 

Oo. + AC, DB, 
1. 32. 2| Then the ABC-+BCA-+BAC 
1 Angles c „ 

3. 21. 3 But the BDA BCA, and * 

1 Angle) BAC 

A. 1. 4 Therefore. ABCE ADC=2 "7 


Proy. XXIII. TR NORM XXI. 


Two ſimilar and unequal ABC, ADC, 
Segments 5 
of two Circles, cannot be ſet 


on the ſame Right Line „ 


and on the ſame Side thereof. 
DE- 


Abr 


| Angles of the Triang. {BCE 


will remain 5 ICC 


. 1 5 * * n ö N 8 o 9 1 TY 4 Jos SY Ty vie * n 9 
4 +4 —— 8 28 he ec c A 8. PR” 7 YET? BOSTON S 7 T 28 OS Ly 9 9 $ " 1 55 I LOS 220 
* WWW et an Ro CEL 2 1 8 A - 5 * * Rs tk * { * * Me : | 25 PROG n "Rs _— - 4 
n EO n N . 2 o CIT 3 1 BY» WY Sv Ea EE Tn OL Ng A Ee > Bc ES et A 7 en — ET a EOS A 
/ / c as „ IT Fee TRACES, . FAY YR UE PEAR 1248 "OTC IG on RE Bp EIA "nn. es * N . : 
* c * 52 3 77 ð vd ̃ęñ.wd Tnffßßß : . 5 
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DEMONSTRATION. 


1 For if they be ſimilar, draw. CB 
2g cutting the Peripheries in . D, B, 
„ 4. A AB, 
3. D. 10.] 4 oo ſhall the 0 ADC ARC. 
ngle 
2287 5 1 E 


PRO r. XXIV. TRTOREMXXII. 
Similar Segments of Circles ABC, DEF, 
being on equal Right Lines . . AC, DF, 
are equal to one another. 
DzMONSTRATION. 
Apply the Baſe . .. . AC to DF, 
and becauſe they a are e equal, they 
will coincide, and there- 
fore the Segment FABC 
will coincide with the Seg- L DEE, 
ment 
For if the Baſes... . AC, DF. 
coincide, and the Segment. ABC 
{ſhould not coincide with.. DEF 


but fall otherwiſe, as. . ABGF, 
then a Circle ..:.. „„ ABGEF. 


S UV 899 — 


in more than two a L 
Points, viz. in 5 . A, G, F. 
Which cannot be; ) ABC 
| | therefore the Sem, 5 DEF. 
2 B. 1 


[—_ — 


S OS A 


3.10. *A.8. 


jan 
N 


PR Or. XXV. PROBLEM III. 


The Segment of a Circle given . . ABC, 
to deſcribe the Circle of which 
it is the Segment. 


Pr Ac- 


EvcrL 1d's Elements 


PRACTICE. | 
Draw any how the 4 - 
two Subtenſes FAB, CB, 
from any Point in the Peri- B 
pher c . 


E. 

biſect thoſe Lines in . . . E, D, 
whence draw the Per- 

pendiculars F DEF, 
meeting each other in . F 
that Point ſhall be the Center of 
the Circle ; for that 
"will bein both. DH end EF, 
and therefore in the _\ F 


| mon Point 


9. E. D. 


Paor. XXVI. Tu ROAZM XXIII. 


In equal Circles .... . . . . . ABC, DEF, 
equal Angles at the Periphery . . . B, E, 
EB 2 OS Rp 0 On 
| fiend on equal Peripheries . . . AC, DE. 
DEMONSTRATION. 


Becauſe the Circle ABC DEE, 
ther efore HF, 


Alſo the Angle . . AGC=DHF. 


Therefore the Side.. AC=DF, 


But alſo the 23 2 


Angle 2 


therefore the Seg- 5 ABC, DEF, 


ments 
are ſimilar, and * equal; whence 


* 

2 

3 

1.8 4 

3. 20. TH. 5 

3. D. 10. 6 
3 

„„ 

—_ 7 


the remaining Seg- 5 
ments p FAC=DF. 
2. E. D. 


PRO. 


8 TY 44 x x 
. v - TJ's G J +» AAS n N e S 
ES 3 WW r 3 ** 
eee ee e e ee 


GA=HD, and C= 
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13. 26. TH.] 3 then ſhall * DFT = 


110 11 


P.x 0p; XXVIL THEOREM XXIV. 


Angles ſtanding on equal 
Peripheries 1 AG, DF, 


in equal Circles. . . ABC, DEF, 
whether at the Periphery, as. . B, 1 
or at the Center, as me, 
are equal to each other. | 
DEMONSTRATION, . 
= For if poſlible let one AGCo 
| of them 4 DHF 5 Y 


| Y, 


2| and make the A Apele . 3 


T An AC; 
| A. 9. 4] | 2. E. FA 
5 PRO p. XXVIII. THEOREM XXV. 
In equal Circles . . ABC, DEF, 
equal Right Lines AD, DF, 


cut off equal Parts of the Circumference, 
the Greater to the Greater, } ABC= 


VIZ. DEF 
and the Leſſer to the * AIC= 
MK -: DEF. 


DEMONSTRATION, 
| From the Centers. . . . G, H, 


1 
2 draw GA, GC; and HD, HE, 
1. GA HD, GC 
* H. 3 Becauſe ron, HF, 
4 ny =" the 5 AGC=DHF, 
3.26. Therefore the Arch AIC=DKF, 
A, 3. 6 and the Remainder ABC=DEF. 


N 
„ 


P PRO pP. 


— — — . — — 
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PROP. XXIX. TREORE M XXVI 


In equal Circles IABC, DEFK, 
equal Right Lines „„. 
ſubtend equal Peripheries. . ABC, DEF 

DEMONSTRATION. | 

x From the Cen- } GA, GC; and 
5 ters, draw | HD, HF, | 
2 then becauſe * GO=HF, and 

3|[(and the Arch. . AIC=DKF ) 

3. 27. 4jalſo the Angle . AGC=DHF 
1.4.1 5 therefore ſhall the Baſe AC=DF 

„. D. 


| as: XXX. ProBLEM IV. 


To cut a given Circumference . . . . ABC . 
into two equal PartTss AB, B. 
{Op PRACTICE. £ 
Ir TR... +>. - - A 


which biſect in the Point. ..D 
from whence erect mo m 3 
Perpendicular Ep 
meeting the Circumference in 3 
and it is done. For join AB, CB, 
and becauſe of the DB, and Al : 
common Side F Dc, 
and the Angle . . ADB CDI 
therefore the Side . . . . AB=B| 
land therefore the Arch AB=BC| 


2. E. F. 
PROP, XXXI. TrxzorzMXXVI. 


dr " $44 , 4 o 


ms REES 


. 
1. 4. 
8 


So 


\© 


In a Circle, the Angle. . 5 
that is in a Semicir cle . ABFUR 
is a Right one. But that. 5 BAC . 
in a greater Segment. . . . BAG 

x 
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is leſs than a Right Angle; = 
"and the M - BFC 
in the leſſer Segment BFC 
greater than a Right Angle: Moreover 
the Angle of a greater Segment is greater 
than a Right Angle ; and the Angle of a 
leſſer Segment leſs than a Right Angle. 


DzMONSTRATION. 


1 {From the D 
2140 0-4. 1 DB 
| 3 and becauſe 5 BD DA 
1. 81 4 HO age « +... + . A DBA 
510 allo IN [l the 0. RE 
| Ange. F mom =DBC 
*1.32.7A.2.] 6| Therefore the 5 
| | Angle ACB*=EBC 


1. D. 10.| 7| and conſequently TC, 9 | 
I. 17. 8| therefore the Angle . . BAC. . 
© | -g and BME .5.. BAC+BFC—2 J 
3. 22.10 therefore the Angle BFC. 
III Laſtly, the Angle under Side CB 
12 and the Arch.. . BAC 
13 is greater than the Right ABC 
a 3 ; 


IS 1 under by 

A. 9.15 the Arch of the leſſer Seg- 
ment 1s leſs than the Phe. 

Right Angle 


2. E. D. 
Corel]. I. Hence *tis manifeſt, that if one Angle 


of a Triangle be equal to the other two, it is a Right 
one; becauſe the Angle adjacent to it, is equal to 


them both; but when the adjacent Angieh are equal, 
they are Right ones. By 1. D. 10. 
Coroll. II. Hence the Hypothenuſe of a Right- 
2 angled Triangle is 5 in that Point D which 
: 2 vo 18 ; 
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* js the Center of a Circle paſſing thro the 4 
& Angles thereof, 


PRO P. XXII. THEOREM XXVIII. 


If any Right 8 . AB 

.. AA r 
and a Right Line. os 

be Shes. from the Point of Contact C 
cutting the Circle ; the LECB, ECA, 

Angles 

which it makes with the Tangent . AB 

are equal to thoſe Angles, EDC, EF Go 

which are made in the alternate Segments 

of the Circle. 

DEMONSTRATION. | 

1 | From the Point of Conta&,..C 
draw the Perpendicular CD * AB 


2 
«$9, which is therefore a 
PRE | ; 7 r ue oh ; Jour c ED, EF 
3. 31.| 4| therefore the Angle in 3 
, the "bear ag CED. 
*. 32. TC. 2. 5 and ſo the DDCE “LT 
A ECB DCE 
A. 3.} 6] Therefore the Angle D=ECR, 
21.13. 3.22. 7 Again ſince the } ECB+ECA*=— 
Angles F 24.+—D+F, 
8] ſubduct on each Side. ECB 
A. 3.! gland there will remain ECA=F. 
fs 2E. 5 
PRO P. XXXIII. PROBLEM V. 
Upon a given Right Line . . .AB 
to deſcribe the Segment of a Circle AIEB 
which ſhall contain an Angle . . . . AI 


a to _ given e Angle C. 
P R A Cy 
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5 PRACTICE. | 


Make an Angle . . BAD=C. 


1.23.| 1 
* — tage 3 
3 draw the Perpendicular A E toHD 
4 at the other End of 21 AB 
7 2h iven Line 
| 5 make the Angle . . ABF=BAF, 
6| biſect the _ age 5 AE in F, 
| 7]on which deſcribe the 
i Circle SALEB 
8| which ſhall paſs thro? A and B 
1. 6. 9|(becauſe the Side.. FB FA) 
10|the Segment ſought is 2 AIEB 
I made : 8 5 
11% ( . HD 
12 | is perpendicular to the Di- 2 AE 
| 1] {| ameter 
3. 16. Cor, | 13 it touches the Circle, which AB 
*2.32, TC. 1. 14 cutteth; therefore } ATBX=BAD 
A - the Angle F=C. 
PRO P. XXXIV. PROBLEM VI. 
From a given , cc. -- +. AC 
to cut off a Segment . . . BCA 
that ſhall contain an Angle B 
equal to a given Angle 1 


PrzACTIER. 
Draw the Right Line . . AF 
to touch the Circle in.. A 
n ß i AC 
making the Angle. . . F AC=D 
this ſhal] cutoff the Segment BCA 


[Ange the I B*=CAF}=D 
EE. E 


F 


1. 


: OO > W ÞD m 


| $3.32, +C.4. 


- © ww Wow Wo 


PROP. 


110 


Pr or. XXXV. 
If two Right Lines 


Evcr1D's Elements © 


TRHEOREM XXIX. 
| AB, DC, 


in a Circle, mutually cut each otherin E ; 


the Rectangle contain'd un- 
der the Segments of the one 
is equal to the Rectangle un- 

2 the Segments of the other 
DEMONSTRATION. 


I. If the Right Lines. 


*2.5.43.D.15.| 


$1.47.+H.5. 


. . Fr. DB; 15. 


17. 47. 


A. 3. 15 and 17. 


* 


| 


land cuts the other un- 


biſect the latter 


Then ſhall the( 


AE, EB 
Ick, ED. 


AB, DC 
cut each other in the Center . * 
the Matter is evident. 

II. If one paſs thro* the Center F, 
and biſects the other 1 in 
draw 


ES £0 CT a SE SS DD @ © D © & 


JAEXEB+F Eq 
"ED 28955 Da 

t=EDq-+FE 

Rectangle (CEEP. 

FEg. 

AEX EBS CE 
Rectangle n 

III. If one be a Diameter . . AB 


}DCinE 


DC in G 


by a Perpendicular from 
the Center _ow . 
Fang 


Therefore the 


equally 


Then the 
Rectangles 


Therefore the Rec. AExEB= 


CExED. 
IV. 


angle 
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19 IV. If neither of the 
Right Lines 
20 paſs thro? the Center „ F 
21 then thro? the Point of Inter- F 
224 draw the Diameter . GH 

23| Then, by what 1s 
| { demonſtrated a- 
—_ there = CEXED. 


$- 1 


PROP. XXXVI. THEOREM XXX. 


e,, OE D 
be taken without a Circle EBC 
and from that Point two Right 

Lines A 
fall to the Circle, one of which. . DA 
cuts the Circle, the other DB 
touches it: The Rectangle | 


under the whole Secant Line DA 


and that Part without the Circle. DC 


will be equal to the Square 1 
of the Tangent Line DB. 


DEMONSTRATION. 
II Caſe I. If the Secant. . AD 
4 paſs thro? the Chan” E 


„ P 
Then ſhall the Angle. EBD. 


3 
1 4 
1. 47. 4. 6. : wine bas (1. e. EC) 


| ED AD DCA 
fore \ E 


Caſe II. But if „ AD 
paſs not thro? the EC EB ED 


Center, draw 
10 alſo draw the Per- 0 EF to AD 
which 


O 00 


I | pendicular 


Therefore . . ADxDC= DBq. 


PRoe. XXXVII. TAHEOR EM XXXI. 


EUcL i D's Elements. 


23. 3. [III which biſect /. AC in F. 
*1. 47.12 1 DBc q+EBq* =DEgq 
*=EFq--FDg 


42.6.|13 | Wherefore t=EFq+ADxDC 

| FF boos. | + FC Cq= 

114 | 1 

3 (1. e. EB 

A. 3.115! Therefore Shall BDg— Dee. 
5. 


11 Coroll. Hence if from any 3 4 
Point f c 
| 2jtaken without the Circle . DEC, 
| 3|there be drawn ſeveral 
| |} Right Lines curing þ AB AC, 
| 4] the Circle; 
| 
ö 


the Rectangle com- 

prehended under che (AB, AC, 

whole Lines 

5|and their external Parts AE, AF; 

b are equal between themſelves. 
7|for draw the Tangent. . AD, 

3. 36.} 8{and there CAAF D 
3 $3 wand BAx AE. 

1 5 


If ſome Point 8 | 
be taken without a Circle. . ABE 
and from it two Right Lines . DA, DB 
fall to the Circle, ſo that one. DA 
cuts the Circle, and the her. „ 
falls on it; and if the Rectangle 
under the whole Secant Line DA 
and its Part without the Circle. . . DC 
be equal to the Square of the Line DB 
falling on the Circle | 5 


. 
>a > 64 


5 Bo¹=‚ N Fra 8 
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hes 


of Plain Geometry. 113 
then this aſt Line . . 
ſhall touch the Circle. 
DEMONSTRATION. 


From the Point D 
draw the Tangent. . DF, 
and draw from the? E, ED, EB, 


Center - "BE. 


then becauſe SES: mis 


+ will he . © .. - DB DF. 


But becauſe . . .EBeaF 
and the common Side.. . ED 
there ſhall be the) EBD=EFD 


Angle =& _ 
therefore ſhall .. . . . - . . BS 
touch the Circle. Z. . 
I | Coroll. Hence the 7 EDB= 

—— 

3%. 
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PLAIN GEOMETRY. 


BOOK IV. DeFinirTIions. 


J. Right lin'd Figure is ſaid to be inſcrib'd 
in a Right-lin'd Figure, whenever one 
of the Angles of the inſcrib'd Figure touches 
every one of the Sides of the Figure wherein it 
is inſcrib'd. 2 
Thus the Triangle. DEE 
is inſcribed in the Triangle „„ ABC. 
II. In like manner a Figure is faid to be deſcribed 
about a Figure when every one of the Sides of the 
Figure circumſcribed touches every Angle of the 
Figure, about which it is circumſcribed; as the 
Triangle 3 
is circumſcribed about the Triangle . 
III. A Right-lin'd Figure is ſaid to be inſcribed in a 
Circle, when every Angle of that Figure inſcribed 
touches the Circumference of the Circle ; as the 
A ES . ABC 
is inſcribed in the Circle. . Laws, + « CBA, 


Definitions. | 115 


Boox IV. 

IV. A Right-lin'd Figure is ſaid to be deſcribed a- 

bout a Circle, when every Side thereof touches 
the Circumference of the Circle; thus the Tri- 
angle VVV „„ DEF 
is deſcribed about the Circle GHl. 


V. So likewiſe a Circle is ſaid to be inſcribed in a 
Right- lin d Figure, when the Circumference of 
the Circles touches all the Sides of that Fi * in 
which it is inſcribed. Thus the Circle . . . GHI 

ian. det ...c..--o; DEF. 

VI. A Circle is ſaid to be deſcribed about a Figure, 
when its Circumference touches all the Angles of 
| the Figure, which it circumſcribes. 

VII. A Right Line is ſaid to be applied in a 

Circle, when its Extremes are in the Circumfe- 
rence of the Circle. Thus the Right Line . . AB 
is applied in the Circle 3 ADB. 


— If 


I ed — ⁴ EINE TOTS GE ACER 


e 


g D 


z 
4 
; 
V f 
[ : 
1 
i 
1386 
N U 
1 
i 
4399 i 
111 + 
45 
17 | 
Wt; 
& 4 
1 
74 
4 
1 
Li 
[1 
[$4 
| 
bl 
17 oy 
$ * 
* 
i 
N 


85 


Qz 1 


EUCLID's ELEMENTS 
O F 


PLAIN GEOMETRY. 


BOOK IV. 


PRO p. I. PROBLEM I. 
To apply a Right Line AB 
in a given Circle . 0 6 AMC 
equal to a given Right Line . D 
whoſe Length does not exceed 9 1 
Diameter of the Circle R 


PRACTICE. 
—S ., i eo 6A 


3 


EY 
6jJll,Ll co Cs 04 ac "AB 
1. D. 15. C. 2. 6] Then it will be AB. AED. 


8 . #: 


SA 8 mw 
So 
— IT 
£8 
3: 
or 
* 
my 
c 
08 
os 
= 
Ma 
1 
Q 
6 
— 
c 
— 
ka 
=> 


lf „ +  PrRoBLEmM ll, 


— . Ie ABC 
to deſcribe a Triangle BAC 
equianguiar to a given Triangle. . DEF. 


30 
\C 


LIE". A 
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1 Let the Right Line GH 
3. 17. 2 touch the given Circle ABC in A 
1. 23.| 3 |and make the } HAC=E, and 
| | Angle | GAB, | 
4 [and j join eise BC. 
43. 32. C. 3. 5 I ſay *tis 1 For B*=HAC 
| {| the Angle E 
6 ſalſo the Angle. C=GAB=F, 
1. 32.7 | Wherefore the Angle . BAC D 
Is ſconſequently the Triangle. . BAC 
9 [is equiangular to the Tri- DEP 5 
angle N 
PR o p. III. PROBLEM III. 
About a given o + ++ =. —_ 
to deſcribe a Triangle . . . LMN 
equiangular to a given Triangle . . DEF. 
FRACTEIACR. 
| I| Produce on each Side.. . EF, 
| 2|]and make at the Center A 
4. 29.5 the Angle 9 
| 4 |then in the Points.. . . A, B, C, 
3. 17. 5 let three Right LN. LM. MN 
Lines „ a 
| 6] touch the Circle, and it is done. 
*2.18.| 7|Forthe Angles LAT*=LBI*f=/7_ 
+1. 13. 8 and becauſe 4 b. dc 
| | the Angles} DEG+DEF 
3.] 9 — the ; — . AIBEDEG, 
A. 3. Io therefore the Angle. . Lo= DRE. 
171 _ *tis proved te PMeDEE. 
ngle 
1. 32.12 therefore alſo the 
. 5 N=EDE. 


PRACTICE. 


The re- 


1 and oc I 
— —— — — 
eee 


N n 
— pe: 
Wile" —— 


r 
e 
* mn 2 
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13 


14 


16 


| 


'EvcrL1vd's Elements 


Therefore the Triangle. . LMN 
is equiangular to the ? DEF 


Triangle 


and is deſcribed about 
the Chile FABC. 
Ms Q, Z. F. 


„ 7 


To deſcribe a 3 EFG 
in a given Triangle . . » ABC 


. 9. 


; & . 


O AIDE, 


PRACTICE. 
Biſect any two Angles ....B, C, 
with the Right Lines. .BD, CD, 
interſecting each other in.. D 
thence draw the Per- DE, DF . 
pendiculars DG, 
A Circle deſcribed on D 
_ the Diane DF 
all alſo paſs thro the 
Points 2 Fan F and & 
and ſo ſhall wth the Sides of the 
Triangle. 
For the) DBE. DBF, and DEB 
Angle 4+=DEB, 
Dene,, i... DB 


Therefore . DE=DF 


By a like Argument. DGS DF 
Therefore a Circle deſcribed on D 
doth paſs thro? the Points E, F, G, 
and (becauſe the Angles at E, F, G, 
are Right) touches the three 


Sides of the given Triangle ABC 


2E. F. 


PRO r. V. Pen. 
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PRACTICE. 

Biſe& any two Sides. AB, AC, 
with the Perpendiculars DF, EF, 
theſe ſhall cut each other in. F 
the Center of the Circle. 

For draw the Right 2 FB, 


1. 11. 


Lines | 
U 1 AD=DB 
and the common Side is.. DF 
and the Angle. . FDAF=FDB 
there ſhall bee . . . FB=FA 
| By the like Reaſoning FC=FA 
Therefore the Circledeſcrib'd on F 


ſhall paſs thro? the three 
Angles ; A, B. C. 


Am +» US ND M 


0 OW 


— — 


Corall, Hence if the Center of a Circle falls within 


the Triangle, it is acute-angled ; if it falls without 


the Triangle it 1s obtuſe-angled 3 but if the Tri- 
angle be right-angled, the Center will fall on the 
Side 8 to the Right Angle. 


PRO P. VI Pins VI. 


To inſcribe a Square: £24, $4 ABCD 
in a given Circle +++ . » ADCB. 


FRACTICE, 

1. II.] II Draw two Diameters . 'AC, BD, 

| 2|cutting each other at —_ E 
| Angles in 5 

| 31join their Ex- | 
Pm. J an dc nc. CD, 

ſand it is done. 
5 4 For becauſe all the Angles at E 
3.26. 13.29. 5 are Right, the *Arches ) AB, BC, 
6 


| and ꝓ Subtenſes CD, DA, 
are equal; and there- 
Þ1 fore the Figure 5 


: ABCD 


is 


* 


| [of the given Triangle. Q, E. F. 


—— 
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3.17. 


3.18. 11.28. 


34 11. D. 15. 


11 and 12. 


EvucL1dD's Wide, 


3 


10 


is equilateral, and all 

1 its Angles F AB,D, C, 
being in Semicircles, muſt be 
Right ones. Therefore ABCD 


1 


Por. VII. 
I To deſcribe a Square 


about a given Circle 
FRACTICS, 


| 


is a Square inſcribed 
in the Circle * ADCE. 


e VII. 


Draw the Diameters . . AC, BD, 
cutting each other at Right g E 
Angles in 
thro? their Extremes A, B, C, D, 
draw the Tan- FG, FH, Hl, 
gents IG, 
concurring in the PointsF, H, G, I. 
I fay tis done. 
For becauſe the Angles at A and C 
are Right; the Side FGt || HI, 
in the ſame Manner . . FH || GI, 
therefore the Figure . . . . FHIG 
is a Parallelo- 4 FGF=HI*F—=BD 
gram, and t= CA FH 
becauſe GI. 
it is Equilateral, but it 
is alſo Rectangular ; FHIG 
therefore 


is a Square, deſcr * ABCD. 


| 


Coroll. & The Square 
hs circumſcrib'd about the Circle, | 
©. is double of the 
“ inſeribed in the ſame Circle. 


about the Circle 


uare 


R 


A 333 N 
R . 28 2 


| Book IV. 


I. 47+ 


PRO F. VIII. 


of Plain Geometry, mn 


c DEMONSTRATION. 


I 


3 


For the Rectangle HBS HE, 

2 and alſo . . HD*=2HGEF. 
Therefore the? ABCD 
Square 2E FGH. 
9. E. D. 


PROBLEM VIII. 


| To deſeribe a Circle... . . . EFGH, 
in a given Square ......' . ABCD. 


1 A. 7 ＋ 1.28. 


. 


3 


12 
13 


PI 
Biſect the Sides of the 1 F, G, 
Square, in 


and join 45 T7 3 IF, EG, 


on which with the Diſtance H 
deſeribe the Circle re- 
quired ; EFGH 
For becauſe ........ . AH, BF, 
are equal and + pa- 2ABE || HF 
rallel, ieh A 
in the ſame Man- 3 ADB EG [| 
BC. 


ner 


Therefore. . . . TA, ID, IB, IC, 

AHf= AE 
t=HI_ 

—EI=IF— 
IG. 


are Pen 
therefore 


with the FÄ . 


14 will paſs thro? the f E. F. G 
| 6 


Points 


and ſhall touch the Sides of 


| the Square, ſince the 
_ Angles at ., E,F,G, 


are all Right ones. E. F. 
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r K 


"T0 dcn ER. i. ABCH 
abaut a given Square. . . BADC 


PRACTION, 

1 Draw the Diagonals .. AC, BD 
2|cutting each other in . E 
3 on which, throo A 

4 | deſcribe the Circle as 
| required jay 
5 For the Angle ABD=ABC= 
1.6. . —  - 15 EA 
Juin the ſame Man- = N 
ner 
8 therefore the Circle . IE 
| - 
9] paſſing thro' the Points 3 A, B, C. 
or Angles * D, 
10|of the given Square . . BAD 
111 fis the Circle deſcribed about it, 


| 2E. F. 
e PROBLEM X. 


To make an Iſoſceles * ABD 
having each Angle at the Baſe. . . B, D, 
double to the TW A 


PRACTICE. 


; I Take any Right Line... . . AB 
2. 11,' 2 which ©. Gaiden... ....- C 
3 that it may be. Acad 
4 and on the . 
5 deſcribe 4 5 
1. 4. 6 in which accommo- ) RH 4 
date the Line FBD=AC 
„„ „4 
8 ſo ſhall the Triangle 33 


] be * required. 
For 


1 


_ 


S "AO. 


1 


f Book IV. 


4. 5. 


10 


412 
4113 
14 
15 
16 


/ Plain Geometry. 


11 


17 
18 
19 


20 


„ 

deſcribe a Circle. Be-) ABxBC= 
cauſe 

tis manifeſt that 


; 


| CD 
therefore the Angle . . BDC A 
and therefore BDC CDA®—A 
the Angle $+CDA+=BCD. 
But BDC+CDA=BDAt=CBD 
therefore the Angle BCED==CBD 
and therefore DCY=DBF=AC 
Wherefore the) CDA=A= 
Angle BDC. 


21 


PRO p. XI. 


Therefore the? ADB=2A— 
Angle ABD. 


PROBLEM XI. 


To deſcribe an equilateral and LABCDE 


equianguiar Pentagon 


in a given Circle 


4. 10. 


4. 2. 


PRAer ITE 


4 


Ga > Wwe 0H 


| 


\O 008 


Deſcribe the Iſoſceles Tri- 


angle 


FOE 


having the Angles at Baſe G, H, 


each double to the other Angle F; 
in the Circle, equiangular to this 
inſcribe the Triangle. . CAD 


biſect the Angles at) , 
the Biſs- fenen 


| with the Right Lines . . DB, CE 


cutting the Circumference in B, E, 


Connect the 0 CB, BA, AE, ED, 


Points 


- 


and it is done, 


R 2 For 
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10 For by Conſtruc- j CAD=CDB= 
11; tion the five BDA=—=DCE 
13 Angles | ECA, 
. 22 DC=CB 
| ; Wherefore the Arches} AB 
3. 29.1 3 and Subtenſes —AE> 
| SK 
| :4 Therefore the Pentagon ABCDE | 
[5 is equilateral 3 and becauſe 
3. 27.16 its Angles . . . BAE, AED, &: 
A. 2.117 ftand on equal BCDE, ABCD, 
| Arches | Se. 
18 therefore it ĩs alſo T 
PAS KH aide nn XI. To 
To 


and equiangular 1 


about a given Circle. ABCD E. 


4. 11. 1 In cribe the equila- 


3 And to them, ee HBI, 


diculars LEG. 

4 [concurring in the _ 

J Points N : H,I,K,L,G 
| {and it is done. 

5 [For becaſe GA, GE 

o from one Point G 
7 |touch the Circle, there- G 
. F GE 

8 therefore the Angle GFA=GFE 

9 therefore the Angle. AF 26 . A 


cecribe an equilateral 1 


KACTICK 


teral and equian- . BAE. DC 
gular Pentagon 15 

2 land draw from the) FA, FB, 

J Center the Right { FC, FD, 

| Lines 5 FE. 


many Perpen- & ICK, KDL, 


BoOK IV. 


1. 9. 


of 


TT 


| But its Angles are AGF*= 


of Plain Geometry. 12% 
in like manner. . . AFB=2 AFH 
But the Angle . . . AFE=AFB 


therefore the Angle GFA AFH, 


but alſo the Angle F AH=F AG. 
and the FA, 
is common, HAS AG OE 
therefore S EL, 


2. 16 Conſequently the) 77 
I Sides of the GL=LK= 


Pentagon are — 8 


equal, viz. 


alſo equal, as be- 


ing double of 


AHF, 
Se. 


1 


therefore, Sc. | E. R 


PRO r. XIII. PROBLE M XIII. 


1 inſcribe a Circle . GIRL. 
in an equilateral and equi 0 ABCDE 


angular Pentagon 


PRACTICN; 
_ two Angles of the ba, A,B, 
entagon 

with the Right Lines , AF, BF, 

CORCRITIAg I erent nm 

whence draw the EG. FH, FI, 
Perpendiculars 5 FK, FL, 

on the Center 400 

with the Diſtancde . . FG 

deſcribe the Circle . ' GHIKL 


land it is done. 


For dmaw ... «++ FC, FD, FE 
and becauſe of the bY and AB 
common Side * BC, 

and the Angle EBA F BC 
there will be.. . AF=FC 


and the Angle . . . . FAB=FCB. 


but 


126 EVU II DV Elements 


Angle BCD. 


Angles 


H. 13 but alſo the } FAB BAE 


14] therefore the Angle FCB=iBCD 
15 in like manner all the Ic, D, E, 


A. t1.| 161 are bifefted 5; and } FGB=FHB 


ſince the Angle 


Id and the common Side . 
1. 26,119 there ee 


the reſt 1 G 


3. 16. Cor. 24 and touches the Sides 
1 I of the Pentagon, 


thoſe Points are 
Right 


17 and the Angle . . . . FRH—FBG 
FG=PFH 
20l ſo likewiſe } FH = FI FR = F L 
21 therefore a Circle deſcribed on F 


22 throꝰ the Point 
23 paſſeth thro” the Points H, . L, K, 


ſince the Angles at Y; E. F. 


PRO P. XV. PROBLEM XIV. 
To deſcribe a Circle . 
about a given —_— A BCDE 


and equiangular Pentagon 
PTACTIET.- 
1. 9.| 1|Biſe&t two Angles of the 
Pentagon 
Y 


the Angles 


V 


1 


Angles 


with the Right Lines . . AF, BP, 


— oo» 


2 
3 

| 4|on which deſcribe a Circle thro A 
and it ſhall paſs thro? {B,C, D.E, 


of the Pentagon, as required. 
For draw'.. -. . FC, FD, FE, 
theſe ſhall biſect *} © C, D, E, 


Book IV. 
e 
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1 

91 
10 
11 


— 112 


FA FB = F Cc 
| therefore FD FE. 
therefore the Circle deſcribed on F 


ſhall paſs thro? the 
Angles F A, B. C, P, E 


of the Pentagon given, 9. E. F. 


PR O p. XV. PROBLEM XV. 


To inſcribe an equilateral 


and equiangular Hexagon 


LABCDEF, | 


Ina given Cot... coco on ACE, 


I fn 

$4 
þ 3; ' 
| 4]and draw the Diame- 3 CF, and 


1 


9] therefore of 


j +Subtenſes 
| therefore the Hexagon ABCDEF 


PRACTICK 


| Draw the Diameter . 3 
and on the Center D 


deſcribe a Circle thro ..... G 


ters | EZB. 
AB, BC, CD 


: 54 join e DE, EF, FA 


and it is done. 


CGD 22.2 
DGE 
For the Angle +—AGFi= 
AGB. 
Therefore the BG C=22 = 
Angle FCE 


* Arches and | DE=EF | 


is equilateral ; but it is alſo 
equiangular, becauſe ) ABC BCD. 
| *allits Angles Sc. 

ſtand on equal 


| Arches q FEA, DEB, Se. 


E. F. 
Coroll, 


* 4 A — — we 
— . T_T” 
* — \ — 
n — 0 5 * | 
mand... 4 0 lies WI . - — a 
3a e N ate 
— 8 — . 


. ho ne Li rt 


"M2 _ — a 
SERA, - 

— — § Fu—r nl eee 4 2 * * Sgr.. 25 — 
- * 5 M E Ek — — 22 pn a 2 — * re a 
— anne * F 9 p 8 x 2 9 * 

— * 1 #0 * fs. LICE 5 Fa — 2 2 1 7 — 5 


ö —— 
332 N fs 
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128 
Coroll. Hence it 18 3 "OR the Side of 


a Hexagon is equal to the Semidiameter of the 


Circle. 
And if you draw thro the Points A, B, C, D, E, F, 


Tangents to the Circle, an equilateral and equian- 
_ gular Hexagon will be deſcrib'd about the Circle, as 

is evident "from what has been ſaid concerning 
the Pentagon. And ſo likewiſe may a Circle 
be inſcrib'd and circumſcrib'd about a given Hex - a 


agen. 


PRO p. XVI. PROBLEM XVI. 
To deſcribe an equilateral 


and equiangular Quindecagon 
ina given Circle. . AEBC. 


PRACTICE. 


4. 11.| I Inſcribe the equilateral 2 AEFGH 


Pentagon | 
4. 3. 2|alſo the equilateral Triangle ABC 
n 3|m the given Circle AEBC 
4 join the —A BF, 
and that is the Side of the Quin- 
diecagon. 
- For the Arch . „ 
1 is 3 or r of che Periphery, AF 
nnd 


\ 7118 Bor x; thereof; therefore 4 
8 the Difference, is , Part of 

the Periphery, Which being con- 
tinually applied in the Circle, 
there ſhall be form'd an equilate- 
fral and equiangular Quindecagon 3 
* which was to be _ 


Sc Ho- 
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ScHoOLIUM. 


«A Circle IS 4, 8. I6, Sc.) = EE 6. &1.9. 


« Geometri- ) 3, 6, 12, Cc. (Parts J4.15. 61.9. 
« cally di-) 5, 10, 20, Sc. ( by 14.1 r.&1.9. 
« vided into (15, 30, 60, &c.) (4-16. &1,9. 


All other Geometrical Diviſions of the Circle are 


yet unknown. 
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i * || 
= 
1 
14 
* 
; 
17 
ULF 
11 
1ST 
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17. 
þ 
= 
a 
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$L 
1 
41 


A r =: - oa. At b 
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« a — — ao gs 


EUCLID's ELEMENT; 
OF 


PLAIN GEOMETRY. 


B OO R V. DREFINITIONSò. | 
Ca 5 . SE, 3 — 


I. Part, is a Magnitude of a Magnitude 
the Leſs of the” Greater, when the Leſſer 
meaſures the Greater. 
II. But a Multiple is a Magnitude of a Magnitude, 
the Greater of the Leſter, when the Leſſer mea- 
ſures the Greater. 5 
II. Ratio, is a certain — Habitude of the 
| Magnitudes of the fame Kind, according to 
uantit 

IV. Magnitudes are ſaid to have Proportion to each 

| other, which being multiplied, can exceed one 
another. 

V. Magnitudes are ſaid to be in the ſame Ratio, 
the Firſt to the Second, and the Third to the 
Fourth, when the Equimultiples of the firſt and 

third, compared with the Equimultiples of the 
ſecond and fourth, are either both together great. 


er, equal to, or leſs than the — 
the 


| 3 V. Definitions. | I 3 r 


the ſecond and fourth; (and this according to any 


Multiplication whatſoever) it thoſe be taken that 
anſwer each other. 


« Thatis, if there be four Magnitudes A, B, C, D, 
« and ſuppoſe the Equimultiples E. F. 


of the firſt and third be 2 
| « and of the ſecond and fourth be.. . G, H, 


« ing to any Multiplication $ orE=G and F=H, . 
« whatſoever) that | or Ee 
„Then theſe four Magnitudes 

« are proportional, viz. 


And if it happen dae Ec and F 11 


A: B: C: D. 


| YI. Magnitudes that have the ſame Ratio are called 


Proportionals; as thoſe A: B:: C: D. 


VII. When of Equimultiples, the Multiple of the 


Firſt exceeds the Multiple of the Second, but the 
Multiple of the Third does not exceed the Mul- 
tiple of the Fourth; then the firſt to the ſecond 
is faid to have a greater Ratio than the third to 
the fourth, 


| + Thus let there be four q A, 6. B, 4. 05 2. D, 9. 


Magnitudes 
* and let there be taken 
the Equimultiples of (E, 30. F, 60. 


| *theiſtand 3d, and 2d G, 28. H, 63 
and 4th. 
Nov becauſe E, 30. ſe 28. but F, 60. H, 6g. 
„„ —B 1 C, 12, 9. 


VIII. Analogy, is a Similitude of Proportions. 


IX. Analogy conſiſts of three Terms at leaſt. 

X. When three Magnitudes are Proportionals, the 
firſt is ſaid to have to the third, a Duplicate Ratio 
to what it has to the ſecond. 

TRENT ... - mn foot ts A:B::B:D 
«then it will be. „ n 


e 2 


rr a - — 
wo 3 3 
e — 
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132 Definitions. „ 
of what it has to the ſecond; and ſo always one 
more in Order as the Proportionals ſhall be ex. 
tended. FED 


| © Thus if the Magnitudes.. . . . . A:B::C:D 


COL BS | 3 ed ol A: D:: Ac: Bc; 
T .. A=-D==Ac=Bc, 
XII. Homologous Magnitudes, or Magnitudes of a 
like Ratio, are, in any Analogy, the Antecedent 
to the Antecedents, and Conſequents to the Con- 
ſequents. | eg 8 
As if the Magnitudes ne: d. 
then the Homologous ones are A, C and B, D. 


XIII. Alternate Ratio, is the comparing of the An- 


tecedent with the Antecedent, and Conſequent 
with the Conſequent. 
XIV. Inverſe Ratio, is when the Conſequent is taken 
as the Antecedent, and ſo compar'd with the An- 
tecedent as the Conſequent. 555 


XV. Compound Ratio, is when the Antecedent and 


Conſequent taken both as one, is compar'd to the 
Conſequent it ſelf _ 
XVI. Divided Ratio, is when the Exceſs whereby 
the Antecedent exceeds the Conſequent, is com- 
rd with the Conſequent. 


XVII. Converſe Ratio, is when the Antecedent is 


compar'd with the Exceſs by which the Antece- 
dent exceeds the Conſequent. 
XVIII. Ratio of Equality, is where there are taken 
more than two Magnitudes in one Order, and a 
like number of Magnitudes in another Order, 
comparing two to two being in the ſame Propor- 
tion; and it ſhall be in the firſt Order of ** 
nitudes, as the Firſt is to the Laſt, ſo in the ſe- 
cond Order of Magnitudes, is the Firſt to the 
Laſt: Or otherwiſe, it is the Compariſon of the 
Extremes together, the Means being omitted. 
XIX. Ordinate Proportion, is when as one Antece- 


dent is to its Conſequent, ſo is another Antecedent 
2 to 


Book V. | Definit ions. | 13 3 
to its Conſequent; and as the firſt Conſequent is 
to any other, ſo is the ſecond Conſequent to an 


other. 


Magnitudes, and others alſo, equal to them in 
Multitude, as in the firſt Magnitudes the An- 
tecedent is to the Conſequent, ſo in the ſecond 
Magnitudes is the Antecedent to the Conſequent: 
and as in the firſt Magnitudes the Conſequent 

is to ſome other, ſo in the ſecond Me 
is ſome other to the Antecedent. 


_ < Suppoſe the A:B::C:D fee. 4:3 135; 


Fo theſe Definitions of Euclid may be added, 

« XXI. In any number of Magnitudes given in 
« Order, the Ratio of the Firſt to the Laſt is 
e compounded of the Ratio's of the Firſt to the 
„Second, of the Second to the Third, of the 
Third to the Fourth, and fo on to the End. 
Let there be the Magnitudes a 
Then it will be A DA BWB CCD. 


AX IOMS. | 
I. Equimultiples of the ſame, or of equal Magni- 
_ tudes, are equal to each other. 
II. Thoſe Magnitudes that have the fame Equi- 
multiple, or whoſe Equimultiples are equal, are 
equal to each other, a, 


EUCLID 


| XX. Perturbate Proportion, is when there are three 


ce —— 2 3 
Alternate) . A: C:: B: D316: 12: : 4: 3 
5 \ Inverſely....... B:A::D:CSE4 4:16::; 3: 12 
F A Compounded AB: B:: CA. D: DZ | 20: 4::15: 3 
» | Divided . . A- B: B: c=: D = | 12: 4:: 9: 3. 
Converſly . . :A—B::C: D-DJ 16: 12::12: 9 


— , 
2 
nn — 
5 0 1 — . 00 * 
1 lane PR 


5 
er 
e NN 
4 - - — 
r CARING 6 — — Y 
2 | 2 


2 FROGS 


* when; 


rr . 2" 
W * 4 » _ 
* 2 Oe —— — —— — 
rn * — q - - * 
= —— 
N — 


5 


— — 
— 
— ei 4 —— agy——e— ee a GE 4 - — tas =o 
8 — nt, 4 9. Ge gr Ir RS — 


EUCLID's ELEMENT 
OF 


PLAIN GEOMETRY. 


_ 
— „ rt Sh 
— a _ — 

— — 


8 — — 2 2 
. —— 
2 7 
— * 82 ME 67% 
— — 
2 en 
— * E. Firgy 


BOOK V. 


PRO p. I. THEOREM I. 


If there be any number of 
Magnitudes l F «> Mills CD 
Equimultiples of a like number E, F. 

of Magnitudes F 

each to each; whatever Multiple AB. 
any one $ 
is 5 its correſpondent Magnitude . . E 
the ſame Multiples are all 
the former g . „Arc 
of all the latter Magnitudes . 

DEM ONSTRATION. 
a/ , HB 
be Parts of the Quantity „ 

each of them equal to . E 

OR . - CD 

into an equal Number q CI, IK, 

of Parts | KD, 

each eqn to...... . . . Þ 

| mee 
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| 7 Since then... . AG+CI=E+F, 
A. 2. 8 and alſo . . GH4IK=E+F 
19 and again SC: 
10 Therefore as often ass 
11 is contain d in by 
12: fn E+F 
3 i ON AB CD. 
PR o p. II. TRHEOREM II. 
% ²˙¹·¹ ⅛˙ʃꝛTn. com i. AB 
be the ſame Multiple of the Second. . C 
— 0 nd, DE 
e, „ 
. ̃ ᷣͤ , ̃ n. BG 
be the ſame Multiple of the Second . a 
/ ne arts. EH 
r „„ F 
Then ſhall the Aggregate 
of the Firſt and Fi ick. *. AB 50 | 
be the ſame . of the Second, . C 
as the Aggregate of the 
Third nd Seth 73 DEFEH 
„%% œùͥWN»Ñ—T—᷑̃ͥ ĩ ß... F 
Din 
Foo C3: V AB 
2 [1s the ſame Multiple o C 
3 as the Magnitude... . . DE of F 
4 | there are as many Magni 2. 
tudes equal = , | zin AS 
gas there are Magnitudes ? +. 
| f equal to 48 | : Fin DE 
{ 6|So hikewilſe there as man | 
| | Magnitudesequal to * Cin BG 
I Jas there are equal to. . F in EH 
A. 2. 8 Therefore the r. C in AB 
1 | Magnitudes equal to 5 BG=AG 


Eucr i' Elements 


| 4 to the number of} F inD E- 
Magnitudes equal to e 


10 Wherefore the Whole .  mEG 
11 is the ſame Multip leof . . „ 
gase ᷣ K 
: 13 is of its Part. . ee = HOP F - 
r. III. een 
E io A 
be the fame Multiple of the Second. . B 
as the Third „ nt > Cos Y 
ofthe Font co datos D 
and there be taken Equimultiples EI, FM, 
of the Firſt and Third. A 1 C 


Then will each of the Magni- ELN 


tudes taken 


be Equimultiples of the Second 1 B. D 


and Fourth 


DPMONSTRAT ION. 
1 Of the Multi . EI 


| 2|letthere be ken che E GH, 
1 | Parts 
3 each equal to the . A 
4 Alſo of the Multiple... . . . . FM 
5 let be taken the Parts FK, KL, LM 
6ſeach equal to the Third . © 
7 Then the number of EG, GH, 
Magnitudes _ HI, 
8 will be equal to the num- FR, KIL, 


| berof agnitudes J LM, 
| 9 And becauſe the A(=EG=GH= 
| Firſt ; HI) 


? 10 is the ſame Multiple of the Second B 
11 As the Third C(=F K=KL=LM) 


12 po FETT none {ec + D 


3 Therefore EG- GN 


is the ſame Multi pe of the Second Þ 
as 


R FM (= FLI-EM) 
is ofthe Fourth. .... ... © D 
PR Or. V. Tazorzm IV. 
An e ate; „ 
have the ſame Ratio to the Second . B 
he Third: cot . C 
2 hath to the Rai... ,...-7 D 
5 Then alſo ſhall the Ee ; hs 
1 of the Firſt and Third. 4 0 % MC 
have the ſame Ratio to G, H, 
the Equimultiples of the Fand n p, 
and Fourth 
1 according to any Multi- —— 
: lication whatſoever, if 
they be taken ſo as to (E: G: Ft H. 
7 anſwer one another; WY * 
* VIS. 
We Dr uote Swi | 
2 Take the Magnitudes 3 
1 2 Equĩmultiples o. E, F 
„ „ 
| 2|Equimultiples of.. „ 
5. 3 r 1 
6 be the ſame E Equimul- A. as K 
ape F of C, 
7 Alſo the ſame Equi- L of B, as M 
5 0 multiple ies 7 of D: 
-; #1 59 And ſo ſince „ A: B:: C: D 
3. t . Ja, =, Ouks 
|10}it will likewiſe be. . G ab; 
11] Therefore as . . I, K, and L, M, 


| L ES #8 _— . FK+KL 
16 i8 afoha Fodth:. i; 5 12% © 108 
Thus tis prov'd, _—_— 
is igt 
is the fame Multiple of the Second B 


„ are 


— !“ — :ü ZU[Uü«•)vn ; 


F 2 2 
—— 4 n 2 — 0 b 
5 — 5 2 ——_ wy 
6 as ut Bodo.” WAS ; * - = 
G mY —_— * - of E 1 * * 1 2 2 — — 
M 1 3 * 1 FIVE? 5 — * 1 0 5 Pr 
b er * wr _ / RE 7 7 - a 228 5 . r A . 8 — wb a - * * 
R 3 3 e P ne F * . ne . . 2 8 aL PW ©, 
— — -" Þ 3 — £35 A * 
1 1 2 "or —— —2** ä » » 4—＋—è ——— — by: Gr > —. Oe fone 04 a + — * 9 = LS * 
- A of 8 A —— — — FOOL 1 1 m — 22 * 8 TB 4 — 
— —— —— — 85 _ 
4 CES « * irn oy , J * wo Vs 1 AC * Py — fn "4 
_ . * r 1 Nn, - 20 — —— ads — 4 3 * — 
Lal . _ 4 
8 W - * — —_— =" * * — — 
, m . _ ” A o Nr >= — — 72 —— — 
aw 4 — at . N h 2 DC: =” SCI * 
2 a; . . 8 SS 4 oe nd 9 A 
1 


— 
3 pon — 1h 23" "i 2 

Q "= l 
4 1 „ 


== 
wy 
Mo wet oe Tee ̃ éͤ2— — — IE ——— 3 — - 
" — 24 — 2 \ — — - a _—_ => % 


—_ 


- CA 
* ———— —a—k— — — —— 2 — L. 
q . — » EY — — 
3 * Lt 
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6. D. . 5.13 it ſhall be. 18 


Coroll. Hence tis evident that if four nde 
be 8 they will alſo be inverſely oper: 
tional. 


D. 5. 


Pas. Y, 
If one Magnitude . . 


is of a Part taken from the other . . . CF, 


Roni Elements 


12 fare e of E, F, and G, H. 
E: G:: F: H. 


E E. 


DEMONSTRATION. | 
For becauſe ....... A:: C: D, 
TT Ec, =, 65 
we ſhall W have F — 
Whence'tisplain, that if G, , -E, 
there will alſo be... oF 
| Conſequently i ::. 


2 E. D. 


THE OR EMV. 


e 
be the ſame Multiple of another CD, 
Magnitude 


as a Part taken from one .. AE 


2 th ade — 


Then the Reſidue of the one... EB 
ſhall be the ſame Multiple of the 

"FED 
Reſidue of the other, 


as the Whole of the Whole. 
DE MONSTRATTION. 


| T| Take any Magnitude ...... G4 
24 ſuch a Multiple of the Reſidue FD 
3] As the whole Magnitude ... . AB 
4 is of the Whole 2 
6 or the Part taken away AF. 
6 of the Part taken away CF, 
Therefore the Whole. GA+AE 
81is the ſame Multiple of : 
the Whole F FCF+FD 
C 
ͤ;sↄç 00 8 


that 


-  w — 2 


— Bo 


10 ” FT” 4” DI 


D 


BY [74 


of Plain Geometry. =. 


/ ( AB of CD. 
A. 6. |12|therefore.........- GE=AB, 
Ig ſubduct the common Part . . . AE 
A. 3. |14|there will remain. . GA=EB. 

' } © ng [theretors, Te - WS 1h 

PRO F. VI. TREORE M VI. 

If two Magnitudes . . . AB, CD, 

be Equimultiples of two Magnitudes E, F, 

and ſome Magnitudes . .. . . AG, CH, 

Equimultiples of the ſame .. .. . E, F, 

- then the Reſiduees GB, HD, 


ON FS 0 


are either equal to, or E. quimul- 
tiples of the ſame Magnitudes E, F. 


DEMONSTRATION. | 

.. MS 
I ay alſo + a x > HDF; 
For lee. IG 


is the ſame Multiple of E, as C Hof F, 
and there is. GB E, and CK—F 
therefore the ſame ) AB of E, as KH 
Multiple is 1 , 
Dt. ñʃ 
are put Equimultiples of . .E and F, 
therefore the ſame KH of F, as 
Equimultiple 1s CD of F. 
and therefore . . KH=,CD 
deduct the common Magnitude CH 
and there will remain KC HDF. 
In like manner we prove, if. . GB 
be Mui E 
that the ſame Multiple 1s Hb of F. 


NE. P. 


” 
OO © W OO ww unHp w 


„ „ „ 
ON þÞ 0G 0D mw 


—— 
* 
— — 


* i PRO p. 


W * 
Wool. . — ...44 


EUC LI D's Elements | 
Por. VII, TORE M VII. 
Equal Magnitudes . A, B, 
have the ſame Ratio to the ſame 0 
Magnitude 5 i 
and one and the ſame Magnitude . es 
has the ſame Ratio to Mag- 
nitudes | i. La, B, 
Di 
i 1 Let there DE Ken D, E 
2 |Equimultiples ol... A,B 
THEM oro ft 
4 be any Multiple _::.: » 
STO EE. cob - LD 
6 Wherefore if. Daz, =, F, 
then likewiſe ſhall .. E, , F, 
„. (( i. + x A: C:: B. C. 
5 4: Jr. { 97 Thiveins, BEMES oo. 
| verkoan 0 et: 
2. E. D 
PRO P. VIII. THEOREM VIII. 
Aren » ; ki. . AB 


140 


of any two unequal Magnitudes AB, AC, 
has a greater Ratio to ſome third... D 


than the leſs has; and that Third .. D 


has a greater Ratio to the Leſs... . . AC 

than it has tothe k AB 

of any two unequal Magnitudes AB, AC. 
Dam. 


1 Take the Magnitudes . . EF, EG 
2 Equimultiples off. AB, AC. 
38 ble: ch 0525 EDIT +» + EH 
4 |taken a Multiple of.. D 
5 | may be greater tan. . EG 
6|but leſs than IR EF. 
7 | (which may eaſily be, if both EG, GE, 

be taken greater than ...... . . D) 


9 


| 9 * „ 4 


Book V. 
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5.D :7-1 9 Tis evident that AB-DezAC=D 

110 Alſo that... D>AB« DAC. 
2 2. E. D. 

5. 114 becauſe... . . EHM EG 

.. 6. 121 Thus... 25.1 EHe-EF 

5. D. 7. 13 l we ſhall have.. DAC DAB. 


PRO. X. Tahtortm IX. 


Magnitudess . , 


which have the ſame Ratio to one ol 
and the ſame Magnitude Y 


are equal to one another. 


And if a Magnitude e 
has the ſame Ratio to 
other Magnitudes cine 23} RS 


theſe Magnitudes are equal to one ano- 
ther. 
DEMONSTRATION. 


1 Hypoth. I. Let. : 
21 ſay then chat «SA 
zj aan Ad, or BB 
5. 8. 4. then it will be A C, or B= C. 
1. 8 D.C. K 
5 Hypoth. II. Let... C: B:: C: A 
7 IL fay tha’ e... A 
Doe Kit be .. AB 
5.8.| 9|thenit would be.. CBS CA. 
6.110 5-1 ES 
PROP.X THEOREM X. 
Of Magnatudes'. 5 fone Þ A, 


having Proportion to the fame Mag. C 
that which has the greater Ratio. A 
is the greater Magnitude ; and 
that Magnitude . 5 223 
to which the ſame Magnitude . Li 


Ev CL ID's Elements 


bears a greater Proportion, is the leſſer 
Magnitude. 
DEMONSTRATION. 


Hypoth. I. Let . . AS 
2|Ifay.. 
3|for elſe let it be; 
4 | then it will be 
5 | Contrary to the Hyp. If "i p 
you ſay Ace- 
6 then it will be. . . A Cœ-B -C. 
7| 1 
8 Hypoth. II. Let . . C BSC A 
Ʒy j AA Be. A 
10 for if you rg. . B=A 
5. 7. III then it will bee. e: A 
II 2ſcontrary to the Hyp. 11 BA 
you ſay 
5. 8.]13|then will it be.. . CA C= B. 
8.114 : 9. C. H. 
PRO r. XI. THEOREM XI. 
——A -..:.- > «> nx AB, CD, 


that are the ſame to any Third .. EF 
are the ſame to one another A—B=C—D. 
DEMONSTRATION. 


I | A:B::E:F 
2 For let A 7 0 90 08 C: D:: E: F 
o 1e: 
LOT IRC. Q I. 

5 Equimultiples off. A. C, E; 
J . . 
7 Equimultiples of.. . . . B, D, F. 
H. 1. 8 and becauſee :: E: F, 
a Gan, =, K, 

5. D. 5. 10ſ it will be likewiſe . . Ia, =, -M. 
2. 11 Alſo becauſe. ........ E:F::C:D 
| 12|if it be oe: e of hls =, -M, 


Book V. 
5. D. 5. 


P 


tudes 
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13 it will be likewiſe . . Hoa, =, -L. 


4 | Therefore f. Goa, , -K, 
it ſhall be likewiſe Hes, =, 6K 


18 Wherefore A: B:: C: D. 


R oP, XII. TR NOAA XII. 
If any number of ** * B; C, D; 


| * F:; 5 

be proportional; as one of the Ante- A 
cedents F 

1s to one of the 1 11 B 
ſo are all the Antecedents . . . A- CAE 


to all the Conſequents . . . , . B&-D+F., 


| Ur 
Take Equimultiples of the 

, 5 5 1 | F G, H, I, 
| 2 and of the Conſequents alſo K, L, M; 
3 Then becauſe A: B:: C: 2. KR: F. 
and the Magnitudes . . '& 
are Equimultiples of. i C. E 
and the Magnitudes . . 3 13 


mt 


4 

5 

6 

7 are Equimultiples of . . . . B, D, F, 

f! 5-1 la =, -K, 

9 then ſhall alſo . „Hes ==;ML, 
CVVT fas, =, N 
11 
12 


it ſhall be G HIN. K+ 
alſo x L+M ; 

13 But the Magnitudes G, and G, H, I, 
. 14 are Equimultiples of A, and A, C, E; 

15 alſo the Magnitudes “ K, and K, "I M, 
16|are Equimultiples of B, and B, D, F; 


17 24 EWA it e 14 : A-C4- 
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er in. use xx XIII 


If the Firſt . W Cy 
has the fume Ratio to the Second... B 
as the Third has to the Fourth; viz. C toD 
and if the Third . „„ 
has a greater Ratio to the F. *ourth.. . D 
than the Fifth to the Sixth, VIZ. E to F 
then alſo ſhall the Firſt . A 
have a greater Ratio to the Second . .B 
than the Fifth has to the Sixth,viz. E to F. 
DEMONSTRATION. 


1 1 | Take the Equimultiples . . G, H,1 
'f 2{of the Magnitudes . . . . A, C, E 
3|and the Equimultiples WY © * M, 
4 of the other Magnitudes B, D, F; 
H. 5 and becauſe . A: B: : D 
»[ 6ft....... Is — Ai. 
5. D. 5. 7|then ſhall alſo 203,45 Gadk ; 

. 8 ſ out becauſe * DE F. 
5. D. 7. gꝗſ it is poſſible tate . HeaL, 
Hof and yet nor So SIE 

Gand 7. 11 therefore it N de Ga 

r NM 
5. D. 7.13 Therefore . . AL BEP. 
. = 2. E. D. 


PRO P. XIV. TEEZEORE NM XIV. 


R 32.5 A 

has the De Ratio to the Sond. .*B 

as the Third has to the Fourth, viz.C toD 

and if the Firſt be greater than AO 

the Third. c * 

then ſhall the Second be . "=" 
than the Fourth | 


But if the Firſt be equal totheThird A=C 
then 


FY n — 
—— — 


rr EI Is A I et 9 


Book V. 


then ſhall the Second be leſs 
than the Fourth 
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then ſhall the Second be equal | 


to the Fourth _ 
and if the Firſt be leſs than the 


Third 


SY WS" 
@ 
i 
Q 


DEMONSTRATION. 


. „ AaCc 
5.8.] 2 therefore . A=Be=C+B 
H 3 ED. cow +: ABS C= 
5.14.5 41 Deere 2). pick C-DazC=B 
*-. 10.| 5|and conſequently ....... BD; 
6|by the like Reaſoning, if... "AC 
pn, ns 3 
„ . œ oe Azz 
45.7. TH. 9 Then it willbe C: B*:: A: B:: C: D 
5. 9.10 and nn. #.+>; „„ 
„ © JE A 
PRO P. XV TRHEOREM XV. 


Parts of Magnitudes, ass C3 

have the ſame Proportion as 

their like Multiples 5 AB, DE 

if taken correſpondently. 
DEMONSTRATION. 


Ii] Let the Multiple AB 


2 de divided into the t AG—GB 


Parts ( 
| 2 and the 8 DE 
4] into the ſame ans DH=HE 
| of Parts 1 c (=F.) 


71 | AG: DH: : C: F:: 


5. 7. 5 Then fince GB: HE, 


9 DH 

#6 PE HE: : Ur, 

3 There ſhall be i.e. AB: DE 1 
* e F, 


2E. b. 
U ä 


/ 
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PR O p. XVI. Jt Tx ZOREM XVI. 


If four like Magnitudes . . . A, B, C, D, 
are proportional, viz. ... A: 4 0 
they ſhall alſo be alternately 
proportional, i. e. 8 
DEMONSTRATION. 


1; Take the Equimultiples E, F, G, H, 


2 [of the Magnitudes . . A, B, C, D; 
45.1 5. H. 3 and therefore 3 3 a = 0 
5.14 4 Wherefore Jo., 
SMS IE, ...- Fas, =, H 
5. D. g.] 6:Conſequently . .. . . A: C:: B: D. 
E. D 


Paoe. XVII. THEOREM XVII. 
If Magnitudes compounded AB: CB:: 


be proportional, viz. DE: FE, 
they ſhall alſo be proportio- 3 AC : CB: 
nal when divided DF: FE. 
DEMONSTRATION. 
{ 1] Take the Equi- ; GH, HL, IK, 
| { multiples ; KM, 
| 2|in Order of the Mag- Ac, CB, 
nitudes DF, FE 
3 Alſo take the Equi- | 
| multiples F LN, MO, 
4|of the Magnitudes CB FE, 
3. 1. $i Then the X GL 
6 fis the ſame Multiple } AB, as Gl! 
| +... c of AC, 
O. and 2. 7Jthat is, as IK of DF, 
5. 1. &]|that is, as the Whole . IM of DE. 
„„ » »» - » + HN (=HL+1.N) | 
$8 10|is the ſame Multiple of. CB 
11 


as i. KO (a= KM4-MO) of FE, 


j10ce 


174 


P 4 


Book V; 
H. 12 

| 15 

5. D. 3. 14 
15 
16 
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ſince therefore AB: BC :: DE: EF, 


1 
then alſo ſhall. 

ſubduct on each Side 
if there remains. 


GL, = =, HN, 
. IMas, = —, KO; 


HIL, KM, 


GHœ, , LN 
5. 17 there will be alſo IK, , MO, 
5.1181 Whence . . . AC: CB: : DE: FE. 
| 2 E. D. 


PRroP. . THEOREM XVIII. 


If Magratudes divided be) AB: BC: 
Proportional, viz. DE: EF, | 
the ſame alſo compounded ) AC: CB: 
ſhall be proportional DF: F F. 


DEMONSTRATION. 


| 14For if poſſible, } AC: CB: : DF: 
let FGe<FE., 
5. 17. 2|then will it be divided) AB :BC:: 
by DG: GF 
H. & 3. f % . . DG: G:: DE ; EF 
atfince 5 . - . DGae DE, 
5. 14. (hail be . i GFaEF, — 
. 6 which is abſurd; and 4 AC: CB: : Y 
A. 9. 7 the fame follows, if DF: FG 
| | you ſay FE. 
. 
PRO Pp. XIX. THEOREM XIX. 


If the Whole be to the Whole AB: DE. 


as a Part taken away to a : 
Part taken away 5 AC: DF, 


then ſhall the due be) 7 
to the Reſidu c .. BC: FE 


” As the Whole to the Whole : : AB: DE. 


U 2 DE- 


H. & 5.11 


E UCI IT p's Elements 
DE MON STR ATION. 


| x|Becauſe .. . . AB: DE:: AC: DF 


.| 2]1it ſhall be "ub; 
ternately LAB: AC:: PE: DF 
3 and therefore 
dividedly FAC: CB :: DF: FE 
4 | whence again png! BF: CB: 
| byAlternat. FE 
1 5 chat is. AB: DB:: CB: FE, 


2 E. D. 


Coroll H ence it four Magnitudes be proportional, 
they will likewiſe be conver/ely proportional. 


R 

x For let. DE: EF, 
. AB: AC:: DE: DF. 
13 15 AB: DE: BC. EF 


nation 
thegefore ... ' AB: AC; DF 
Wherefore again,) FAB: AC:: 
| | byAilternation DE. DE. 
pf oy Ro E. D. 


N 


RO P. XX.. THEOREM XX. 


If there be three Magnitudes . . A, B. C, 
and an equal Number of hers D, E, F 
which being taken two and 5 
two in each Order, are nfs Or . 
the ſame Ratio 5 | 
and if the firſt Magnitude... ... A 
be greater than the Third Mi... C 
then the Fourt kk. So + 
will be great than the Sixth . 
But if the be Piel TT OI.» A -- 
be equal to, or lefs than the Third . oe 
LE POUR, 5 ets» 


will be equal to, or leſs than the Sixth 5. | 


DE- 
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DEMONSTRATION. 4 
x {Fiypoth. I. os ME 

2 then becauſe , „ 

3 it ſhall be inverſely . . F: E:: C: B 

ian et C B. 

5 | therefore „ FE 

6 and W e „„ DaF. 

pech I B we f 1 

Ot the lame 
| . if f c A- 
g 'tis ſhewn that . Doe. F. 
| 9|Hypoth. III. Suppoſe .... A 
.| 10| Becauſe F:E ::C;B ::*A:B: :D:E, 
4 there alben D=F 


PR O Pp. XXI. TRHEOREM XXI. 
If there be three Magnitudes . . A, B, C 


and an equal Number of others D, E, F, 
which taken two and two 
in each Order, are in the A: B:: E: F, 
ſame Ratio, and their Pro- B: C:: D: E 
portion be perturbate 
If the firſt Mig i. 
be greater, equal, or leſs than the Third C 
then Mail the Tourth .:-- D 
be greater, equal, or leſs than the Sixth F. 
DEMONSTRATION. 
_ 1j Hypoth. I. Suppoſe... ... . . AC 
„H. 2ithen becauſee DE: HC 
| 3iand by Inverſion .. E: D:: C: B 
5. 8. 4{itſhall bee. . CBA 
H. and 3. 5 eee eee —F, 
5.10.] 6|and conſequently .. .. ... . DezF. 
F SE 
7 Hypoth, II. Su A- C 
8 |*tis ſhewn in the ſame Manner De- F. 


Hy poth. 


EucLIp's Elements 


9 Hypoth. III. Suppoſe . . . . A=C 
7.1 10 then becauſe E: D:: C: B: „A: B:: EF. 
. 9. { 11|therefore it ſhall be. . D F. 


Pror. XXII. TazorzM XXII. 
If there be any number of Mag- J A, B, c, 


nitudes | 
and an equal Number of others ., 


which taken two and two are A: 2 D:. E 


quality 


AY tiples 


in the ſame Proportion EF. 
then they ſhall be in the 
ſame Proportion by E. A: C:: D: F. 


DEMONSTRATION. 


| I| Take the Equimul- 155 een 


2 [of the Magnitudes A, 7 E; C,F . 
| Becauſe 5 5 


85 
b 


therefore F. 
Allo if you go farther C: N:: F: O 
it will be by Equality A: N: D: O. 

VE. D. 


OO 00 2 N 
. * 
— 2 
© 
© 
=, 
2 
7 
= 
þ 
1 
J 
= 


[EET 


bu 


PRO p. XXIII. : Tn EOREM XXIII. 


If there be three Magnitudes .. A, B. C, 


and an equal Number of others D, E, F, 

which taken two and two, art 

are in the ſame, but pertur- 
B:C::D:E 

bate Analogy 

they ſhall be in the fame 


| Proportion alſo by aus- AC :: D. F. 
lity | 
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DEMONSTRATION, 


I | Take the Equimul- 26, H, I; +» 
| tiples 125 K, L, M; 
2|of the Magnitudes A, B, C; D, E, ; 
25. 15. H.] 3 It ſhall be G: H“: : A: Bf :B:B*:L:M 
_ | 4|Moreover becauſe . . . . FB:C::D:E 
5. 4. - 5 there hail be . 
5. 21. nl. Ga, „ul, 
7 chen hall. =» al 
5. D. 5.| & land therefore . ACzIKF 
EH 
Sennen! : 
«if the Ratios... AC, DF, 
ce be duplicate of the equal? ABD 
<< Ratio's 5 — E; 


they ſhall alſo be equal } A=C=D 
c themſelves, viz. c F. 
66 DenoneThariii 


_ I | For fince . A+C=AA—BB, 
T5. D. 10. 2 | which ſhall have . A: 
3 alſo becauſe . *D—= F DD - EE, 
| 4 | there will be. - TIXECBSE. 
H.] 5|Since then ..AB:BE 
And. 
2. | B:C: Al 
15, 4 0 Vor bo. D:E:B:F.) 
5.22, 9 Therefore by Equality .. A: C:: D: F: 
Cor. I. The ſame thing 
is proved if the Ratio's TR +C,D= F 


< were triplicate, Sc. of 


ce the Ratio's ABD E. 
Cor. II. The Converſe hereof is evidently 


<& true, viz. That 
if the equal Ratio 8. . A+C=D=F 


8 a T3 ES - * — 1 * 
+4 4 2 1 _ — . * r 
9 $3 SY \ * Derr 1 
wn. * r > 
+ — — - - oo. cytes co — . — * ö „** —_—_— 


n « — - — 
— 8 2 AL. I N „ . - —_ —— —— —y—„—— — — 8 ” . a 
* 32 — — wenn a> — * — = 
— yy ron os — . . - « ” — . 4 pert * — ——ů— I * 


© 


2 


EvucL1dD's Elements 
be Duplicate, Triplicate, } A=B, D 
« &c, of the Ratio's F E, 
<< theſe Ratio's will alſo be equal. 


PRO r. XXIV. THEOREM . 


If the firſt Magnitude . . AB 


has the ſame Ratio to the b e 


as the Third to the Fourth, v2. DE to F 
„%% BG 
has the ſame Ratio to the . — 


as the Sixth has to the Fourth, vz. EH to F 


| has to the Fourth 


PR O Pp. XXV. 
If four Magnitudes MY AB:CD:E: R 


The Greateſt and Leaſt of them AB+F, 
will be Ran than the other two CDE. 


then ſhall the Firſt compounded ) AB 
with the Fifth I A 


have the ſame Ratio wy the Second. . C 


DEALF 


as the Third Ts. 
(=DH) 


with the Sixth 
DEMONSTRATION, | 
1 For becauſe AB:C:: DE: F 
2 and inverſely .. ... (::: F: EH. 
3 it ſhall be by Equa- AB: BG. : DE: 
* lity, | EH, 

4 | therefore comple: AG:BG::DH 
* 
VV 13 ENI. F, 


therefore again by AG:. c.: DH. 
| Equality ; - RG 


O 
> 
©? 


THEOREM XXV. 


proportional 


De- 


— nn gen 
p 5 
* 
0 7 J 
py 
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DEMONSTRATION. 
"1 Let there be) AGE, and GH 

1 | - made $3 SF, 
H. 15.7. 2 becauſe. .  AB:CD*::E:F::+AG:CH 
it ſhall be... AB:CD::GB:HD, 
R... 
therefore GBS HD 
. 4. TE cli 
therefore J e 
that is AS” 
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EUCLID's ELEMENTS 
SF 3 


PLAIN GEOMETRY. 


8B OO K VI. DEFINITION Sò. 


3 — FFF 
. — 


IJ. O Imilar Right-lin'd Figures, . . ABC, DEF, 
8 are ſuch as have each of their ſeveral Angles 
equal to one another; and the Sides about the 
equal Angles proportional to each other. 
Masche Angles . , . . A=D, , C=F. 
| BA:CA::ED:FD. . 
And the Sides) AB:BC::DE:EF. 
3 D 
II. Figures are ſaid to be reciprocal . . . . BD, BE, 
when the antecedent and conſequent Terms of the 
Ratio's are in each Figure. | 
TEINS... .. -- N [· X. 
JIT. A Right Line is faid to be cut into extreme and 
mean Proportion, when the Whole is to the 
greater Segment, as the greater Segment is to the 
„ co.  AMACEACED. 
IV. The Altitude of any Figure ......... BA 
is a perpendicular Line 8 
W— drawn 


Book VI. Defonitions. 1 
drawn from the Top, or Verten . . A 
to the Baſe theres. 
| V. A Ratio is ſaid to be compounded of Ratio's, 
© when the Quantities of the Ratio's being multi- 
plied into one another, do produce that Ratio. 
Thus fince ABB CS AB BCS AEC 

therefore the Ratio of A to C is compoſed of 


the Ratio of A to B multiplied into the Ratio 
*of B to C. 
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EUCLID" ELEMENTS 


oF 


PLAIN GEOMETRY. 


8 


BOOK VI. 


PRO Pp. I.  TxzoREMI,. 


„„ -- » - - Bo ACD 
and nn - - - AE. CDFA 
that have the ſame Altitude . CA 
are to each other as their Baſes BC, CD. 
DEMONSTRATION. 
1 Take GB=GH=BC,and DI=CD. 
2 |and connect... . . . A, AH, Al, 
3 Then is the Tri- } ACB=ABG= 
angle i AG, 
| 4falſo the Triangle. *ACD=ADI 
ANY 1. therefore the Friangle. . ACH 
6 is the ſame Multiple of the 0 AcB 
Triangle 
„as is the Baſe . . . HC of CB 
- 8[and the Triangle ACE 
9 ſis the fame Multiple of . . . . ACD 
O 
I 


As is the Baſe...,. . . CI of CD 


| But if, © &©4 © & „ ® 1 =, CI 
then 


x.38.|1 


Boox VI. Elements of Plain Geometry. '57 ; 
*;.D. 5. 12 U ſhall the Tri-) AHCœ, = 
angle 80 p. b 
1. 41. ABC: AC D:: 
45 Al {Therefore } ECF. 
EA 


'Þ x o P. II. TuZOR IM II. 


If a Right Line DE 
be drawn N to one Side . . BC 
of a Triangle. . ABC 
it ſhall cut the Sides of the Tri- AB, 
angle : . 
proportionally, viz, . AB:BD:AC:CE; 
And if the Sides of a Triangle AB, AC, 
be cut proportionally, AB:BD: :AC: EC, 
then a Right Line . . 2 
233 3 — . Ds 
Il to t er 
Side of the Triangle FDE IN. 
| DEMO STAAT IO. 
wh 5 | I Draw . . I 
1. 37. 2 Hyp by Becauſe the Tri- DEB= 
| 2 angie DEC. 
. 7-] g\theretore ſhall the) ADE: DBE :: 
HE Triangle ADE;ECD, 
6. 1. 4 land alſo the Tri- ADE: DBE:: A 
: | | angle DB 
I 5jand the Tri- * AE: 
I. angle. ot 
- wy 6 Therefore. : - ADDB: 1 
8 D. 4 
| 7 Hyp. II. Beanuſe AD:DB::AE:EC 
pe. os ADE: DBE:: ADE 
6.9. 9|there ſhall be the Tri- DBE = 
3 angle 3 _ ECD 
 1.39,|10| Therefore ſhall the Line * BC. 
Por. 
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Prove. III. T EOREM III. 


D r 
-( A ²˙ ABC 
be biſected, and the Right Line.. AD 
which biſects it, cuts the Baſe alſo. . BC; 
then the Segments of the Baſe BD, DC, 
will have the ſame Ratio, as) BD:DC 
the other Sides of the Triang. F::AB:AC. 
And if the Segments of the Baſe BD, DC 
have the ſame Ratio, as the } BD:DC 
other Sides of the Triangle $ ::AB:AC 


re Topht Lind; 7 NN .. AD 
drawn from the Vertex.......... A 
to the Point of Section „ 
will biſect the Angle . BAC 
of the Triangle. 
DEMONSTRATION. 
5 Produce the Side BA, 
2 and make therein. AE = AC, 
3 and jon +++ 00000 0 CE. 
_ -|-4|Hyp. I. Becauſe... . . AE=AC, 
*x.5. Fr. | 5 then ſhall be the? ACE*=E+t=z 
32. H. | Angle BACt=DAC. 
1.27. 6jand therefore AD CE. 
6. 2. 7 Wherefore AB: (AE) AC:: BD: DC. 
Wages L | | 9, ED. : 
| 8|Hyp. II. Be- 1 AB: AC (AE) :: 
| | - cauſe BD: DC. ” 

6. 2. 9{the Side 25 4. CE 
*x. 29.|10|therefore the Angle . . . BAD SE 
Fr. 5.]11|and the Angle DAC*=ACEt=E 
A. 1.12 Therefore the Angle BAD=DAC. 

| 3|Conſequently the Angle . . . . BAC 
lis biſeted. + 2; E. D. 


PROP. 


Book VI. 


Por. IV. 


The Sides about the equal AnglesB, DCE, 
of equiangular Triangles . . ABC, DCE, 


of Plain Geometry. 1 59 


TRZOR EM IV. 


are proportional, viz. AB: BC. DC. CE Sc. 
r .. co wc AB, DC, Oc. 
ſubtended under equalAnglesACB, E, Sc. 
are homologous or of like Ratio. 
DEMONSTRATION, 


( 


— 


—  —_— 


— g | ; 
OO O . 


— 
* 


„ 2 3 
in the ſame Right Line with . . CE 
and produce „ BA, ED 
nil they * meet, a in; F. 
Becauſe the Angle. . B=ECD, 
. BF j| CD, 
Alſo becauſe the Angle BCA=CED, 
„„ „ 
and the Figure . CAD 
is a Parallelogram, AF CD, and 
hence S ACF=FD. 
tis evident there- z AB:AF (=CD) 
fore $ +:BC:EC. 


and by Alternation AB:BC::CD:CE. 


] Alſo . . . BC:CE::FD: (AC=) DE, 
therefore by Alter- BC. AC.: CE: 
nation DE; 
therefore by Equa- 3 AB: AC::CD 
lity, r 
Therefore, &c. E 


Coroll. Hence AB: DC:: BC. CE: Ac: DE. 


PRO P. V. THEOREM V. 


If the Sides of two Triangles ABC, DEF, 


are 


1 


160 


are Proportional, 


the Triangles ſhall be 


DEMONSTRATION. 


19 
1.8 


Por, VT. 


about thoſe Angles are pro- 


under which are ſubtended 


EUcLI p', Elkments 
AB: BC:: DE: EF, 

FAC: BC::DF:EF, 
AB: AC: :DE:DF; 


j 


Ar he FU cies» E, F, 
make the An- ee EGB, and EF G 
gles, 
Whence alſo the . . 
L. 5 
therefore } S fd ber: 
and therefore. . tGE=DE. 
Again GF: FE“:: AC: CB: : PF: FE, 
and therefore 16F DF; 
Whence the Triangles DEF, GEF, 
are equiangular; there- *D=G 
fore the Angle —=A 
and the Angle FED*=FEG=B, 
and e the Angle D FEC. 
Therefore, Sc. 2. E. D. 


VIZ, 


equiangular ; and their An- 

ſes under which the homo- 
ogous Sides are ſubtended, 
are equal, vi. 


DEF 
C=DFE 
A=EDFE. 


I 
2 


Sw on þ> vw 


10 
11 
12 


THEOREM VI. 


If two Triangles e ABC, DEF, 
have one Angle of the one equal ; B 
to oneAngle of the other, DEF, 
And if the Sides . . AB, BC; DE, EF; 
AB:BC::DE | 

| BE. 

. ABC, DEF, 

D==A, and . 
5 DFE=C, 
AB, BC; 

DE, EF. 


DE- 


portional, 
then thoſe Triangles 17 
are equiangular; and have 


thoſe Angles equal 
the homologous Sides 


Book VI. BEE © Plain Geometry. 161 


DEMONSTRATION, 


x At the Fonts ict 8 E. 
2 make the An- FEG B, and EFG 
x * i =C, 
1. 32. 3] Whence alſo the Angle. ..Gand 
. Foo Cr... 

46. 4. TH. 4 therefore Ker :AB:BC+: 

_ _ 5.9. qjand . DE=GE. 
JC. 2. 6] Alſo the Angle DEFt=Bf=GEF, 
1. 4.| 7 therefore the Angle. . . DGA, 

1.32.] 8Alſo conſequently the FEFD=C. 
hp: Angie | ; Te 
Por. VII. THzoREM VII. 


If there are two Triangles ABC, DEF, 
having one Angle of the one e 1 


qual to one Angle of the other 


and the Sides about other; AB: BC: : DE 
Angles proportional, J EF 
and if the remaining third Angles C, F, 
are either both leſs, or 


both not leſs ang , =, . 
Right Angles F 


Then the Triangles . . . . . ABC, DEF, 


are equiangular, and have 


thoſe Angles equal. ABC=E, 
about which are the | 


1 proportional Sides. AB, BC: DE, EF. 


Duo T RAT TON. 
For if poſſible let ABC=E ; 
make therefore the Angle ABG=E, 
W nence fince the Angle . . A=D, 
there ſhall be the Angle AGB F, 
therefore Wange 
therefore 8 . BG==BC, 
land ſo the Angle. .BGC=BCG, 
X and 


8 


162  Evcr ID's Elements 
1. 17.8 ſand therefore the An- eee =O) 
L. + nie 
1. 13. 9 conſequently che 3 
9 A {AGB (=F) x2 
| 10|therefore the Angles...... GE, 
13 are not of the ſame Species 26. 2 : 


PRO T. VIII. TrzroREM vm 


In a Right-angled Triangle . . ABC 
— (( AD 
be drawn from the Right Angle . . BAC 
V „ 1 
then the Triangles . ABD, ACD, 
on each Side the Perpendicular . . . . AD 
ate fimilar both to the Whole. . . AEC 
and alſo to one another. 

DEMONSTRATION. 


H. Ii For becauſe the An- 1 


gles . 
I ů⁊ſand the common Angle . B 
1. 32. and] 3 The Triangles ....... BAC, ADB 
6. 4 [are ſimilar ; and thus tis 
4| proved the Triangles BAC, ADC 
vid. 6. 21. 5 


are alſo ſimilar; conſe- = ADB, ADC | 
quently 


will be fimilar. 2. E. D. 
Coroll. I. Hence . . . *BD:DA::DA:CD. 


| 1 | BC:AC::AC:DC, 
Hence allo , . * CB: BA:: BA: BD. 


. PROBLEM I. 


To cut off any Part requir'd (4) . . AG 
from a given Right Line V. AB. 
| © KALE 


r SD Sf WE 8 


Book VI. 
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A La - 
ai From the Polit: {5 7. £5 A 
2| draw the infinite Right Line. . AC 
3| making any Rag... BAC 
4 with the given Line AB 
I. 3. 5 In this Line take ADe=DE==ES, 
| Saal. T . » wn BF 
I. 31. %% A DGI BF, 
6. 2.8 I ſay tis done. For GB: AG: FD: AD. 
nn g9| therefore compound- AB: AG:: AF: 
: ing AD 
10] therefore ſin ce AD ZAF 
[1 1| there ſhall be cut off.. AG=7AB. 
. E. F. 
PRO p. X. PROBLEM II. 
To divide a given undivided 
Rig be Lines i dont. 155458 AB 
as ies given Right Line A AC 
is divided. 


S Om +> OY 


ü 11 


| 


PRACTICE. 

Let the given Line . AC 
be divided in the Points.. .. D, E, 
and ſo placed as to make ar an 

Angle ca 


with the 12 Cf. AB 


and join the other Extremities . . CB 
and thro* the Point? D, E 
draw the Lines. EG|| DF j| CB, 
177 *tis done. rer pr AB, 
ra 4 
and it will be . . AD: DE:: AF: FGG 


and alſo DE: ECf:: DI: III 
| - {:EGnGB. |: 
| | 4 DE: EC/: 


NCC | Coroll. 


164  Ever1 D's Elements 

Coroll. ** Hence we learn the Practical Me- 
thod of dividing a given Line in any 
+ Number of equal Parts; 
© for ſuppoſe... . . . AD DE- EC. 
Then ſhall the Parts . AF=FG=GB. 
« and ſo the Line AB is equally divided 
„jn the Points F and G. 


PRO r. XI, PROBLEM II. 


Two Right Lines being given AB, AD, 
to find a third — . DE 
to them. 
PRACTICE. 

Let the two given Lines AB, AD, 
contain an Angle. . BAD, 
— wn LEE” DD. 
and in the Right Se, .... AB 
produced, take .... . . . BCS AD, 
and thro? the Bolin, e 
draw /. ee een 
and produce. ....... A to CE 
| then ſhall the Line DE 
be that requir'd. *AB:AD::(BC=) 
At © OT AD:DE. 


ne. 


OO OOO Ga > ww td 
— 


S 
= 
— 


PR O P. XII. ProBLEMIV. 


Three Right Lines being [ DE, EE, Do, 
given 

ä —— proportional 3 

to them. 

PracTice. 

1 [Conne the Points. . EG 
3.37.1 2]and draw this? ©... > F 
| 3|the Right Line : .. . . FH|| GE, 
| - to which produce DG. 
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2. 1 Then will it be DE.: EF.: DG: GH. 
5 


PRO P. XIII. PROBLEM V. 


Between two given Right Lines AE, EB, 
to find a Mean proportional . EF. 
8 Pie 

] 1 Place in one direct Line AE, EB, 
and on the Whole Line AB 
deſcribe the Semicircle . . .. AFB 
and on ch ] q ͤß Q 
erect the Perpendicular . . . EF, 
and join the Points . AF, BF , 
Then becauſe the Angle AFB=/. 
Whence the Perpendicular , . . FE 
is let fall to the Baſe , ... .. . AB 
it wall be. AE: EF:: FE: EB. 


w „% Nw 


8 DD con DA 22 8 — 


6. 8. Cor. 


— 


PRO p. XIV. Ta Bea EA KK 


Equal Parallelograms „ „ . .  BD=BEF, 
having one Angle of the one . . . . ABC 
equal to one . of the other . . EGB 
have the Sides about the 
equal Angles reciprocal 5 nnn 
and thoſe Parallelograms . . . . BD, BF, 
that have one Angle of one ABC 
TT MH equal to one Angle of the other. EGB 
| and Sides about the equal z AB:BG::EB 
Angles reciprocal, 5 :BC. 
are equal to each other. . . BD=BE. 
DEMONSTRATION. | 
- | 1|Compleat the * BH 
6, 1. Hy poth. I. 
G 3 But 3 . BD: BH: BEA; | 
. BE: BH.: BE: BC. 
VV e There 


5 


— 152 5d 8 Col w 


2 
FI 
S 


1 66 EvcL 1 D's Elements 
l 5˙17. 5 Therefore . . . . . AB: BG: : BE: BC. 
SED. 


611. 6 Hypoth II. 2 ABBG 


H. +6.1.| 7 
5. 9, IT. | 


-r. 


"ok D. 


PRO P. XV. TEHEZEOREM X. 


Equal Triangles ABC BED, 
having one Angle of the one.. ABC 

equal to one Angle of the other EBD 
have the Sides about thoſe 2 AB: BE::DB 2 
equal Angles reciprocal ; :BC. 
And thoſe Triangles 3 BED 
that have one Angle of the one. . ABC 

equal to one Angle of the other . EBD, 
and have alſo the Sides about AB:BE:: 
thoſe equal Angles reciprocal, S DB:BC. 
areequal between themſelves ABC=EBD. 

DEMONSTRATION, 

1 For place in one ſtraight Line CB, BD, 

2 then ſhall 53. AB, BE, 

3 be one ſtraight Line; and draw CE. 

7 Hypoth. I.  AB:BE*::AABC: 


CBE 
T: :ADBE: AC BE:: 
DB:BC. 
AB:BE::DB:BC. 
ED 


| There's 


BE, 
T:: DB: BC: :fADBE: A 
| 3 
mann 4 "8 
D. 


PA op. 


| Becauſe 


Hypoth. II. ws :ACBE*::AB: 
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Pror. XVI. TnzorzM Xl 


If four Right Lines bis 
proportional, viz. LAB. FG: : E.: BC, 


The Rectangle contain*d 

under the Extremes. . ABxBC— -AC, 
18 equal to the Rectangle 
contain'd under the FGxEF=EG : 


Means ; 
And if the Rectangle 
contain'd under the Ex-) 
tremes | | a ABxBC=AC, 
be equal to the Rectangle : 
contain'd under the Means F GxEF=EG, 


then are the four Lines L AB:FG::EF:BC. 


proportional 
DEMONSTRATION, 
A. 11.] 1|I. The Angles... . . . . B=F=L& 
J „ as AB: FG:: EF: BC, 
6. 14. 3 Therefore the Rectangle AC=EG, 
| 9. E. D. 
FL 4 IT. Becauſe the Rectangle AC=EG, 
A. 11] ;5jand the A. B.. E., 
6.14. 6 therefore AB: FG:: EF BC. 


PRO r. XVII. TRHEOR EM XII. 


If chive Right Lines a 
be proportional 5 AB: EF. : EF: CB, 


the Rectangle contain'd 


under the Extremes ABC BAC, 
is equal to the Square 

of the Mean EF „EF = ECG ; 
And if the Rectangle „ 
under the Extremes AC 


be equal to the Square of the Mean. EG 
| then 


E vcr 1 D's Elements 
then the three Lines r 
are proportional { AB:EF::EF:BC. 
 DEMONSTRA TION. 


TAB: EF::EF (FG): cn 5 


Therefore the Rect- AC*=EG 
angle 


2, 
II. Becauſe the Rect- AC=EFq 
angle F —EG 


it ſhall be AB:EF: FG (=EF) BC. 


Coroll. Let 
66 then i it ſhall be 


PR O p. XVIII. 1 VI. 


Upon a given Right Line — 
to deſcribe a Right- lined Figure AGH 
ſimilar, and ſimilarly poſited to CEFED 
A — Figure given 3 5 

PRACTICE. 

Join the Points | 

41. 23. 2]and make the ABH*=CDF, and 

Angle f BAH“ DCF. 

alſo make the) AHG = CF E, and 

Angle HAG*—FCE, 

The Right-lined Figure. AGHB 

is that which is required. 

For the An- >» B=D, and BAH 
gle DCF, 

Wherefore the Angle AHB=CFD 

Alſo the An- HAG FCE, and 

8 AHG=CFE, 
therefore the Angle | 
and the Whole j GAB=ECD, _ ” 

'There- 


Book VI. 


—_ 


of Plain Geometry. aw 
10| Therefore the 
Polygon . . AGHB, CEDF, 


are mutuall 7 5 5 gular. 
11 And becau 


124 the * AB: BH: CD: DE, 


{ gular Trian-( AG: GH: :CE: EF; 
gles, there is 


13 | AG:AH::CE:CF, 


14 Alſo there is | AE: AB:: CF: CD; 


| 15| Wherefore by Equa- AG:AB: CE 


lit . a 50D 3 


| 
16|In the ſame Man- z GH:HB: 'EF: | 
ner | Fzg. "FD 


. | 17 | Wherefore — 5  AGHB, CEDF, 


Polygon 


Po 


are ſimilar nd fimilarly 
i poſited to each other. 42 2. F. 


v. XIX. Tu ZOREM XIII. 


Similar Triangles „ DEF, 


are in the duplicate Ratio = 
of their homologous Sides . . . BC, EF. 


6.11. 


*6. 4. Cor. 
TL. 


| 


6.15. 


3 
5. D. 10. 


DEMO ST RATIO N. 
1 Let there be made BC: EF: EF: :BG. 
2 and draw the Line AG. 
3 then be- AB: DE ( CEF) 2 
cauſe EF: BG, 
and the Angle 5 
therefore ſhall the Tri- } ABG= 
angle DEF; 
But the Triangle ABC: ABG: BC. BG. 
And. . . . . BC BG SBC EFq 


ow o\ M 


5-59] 


Therefore the ABC ABG{DEF) 
TiO 'S __=BCq+EFq. 
$2 9137 ©. D; 


** 


2 den C.rroll 
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Coroll. Hence if three Lines BC, EF, BG 


be proportional, as the firſt 18 to the third 
fo is a Triangle made on the firft to a ſi- 


milar, and ſimilarly deſcrib\d Triangle on 


the ſecond : Or fo is a Triangle on the 
ſecond to a Triangle on the third, ſimilar 


and r deſcrib'd. 


ECD XX. TB ZONE XIV. 


and homologous 


Similar Polygons. ABC DE, FGHIK. 
are divided into ABC, FCH; ACD, 
ſimilar Triangles F F Ht; AED, FKI. 


FGHIK::ACD:FHE 


equal in Number ? ABC: Fe GH:: ABCD E: 


to the Wholes : ADE: FI K, 


And the Polygons. . ABCDE, FGHIK, 


| ſhall be in the duplicate Ratio 


H. 


16.6. 


} BC, GH. 


of their homologous Sides 
DEMONSTRATION. 
12 For the Angle. B= G, 
2 and it is. AB. B CFC. H, 
3 therefore the 3 ABC, F GH, 
4 are equiangular; ſo 
Re gu TAED, FKI; 
5 ſince then the ʒ BCAF==GHEF, and 
6 Angle J ADE+—FIK, 
ole An- BCD GH, and 
F CDE=HIK, 


S 1. ak 
7 . ee remain ACD HI, and 
I., the Angle ; ADC=FIH, 
$|Whencealſo the Angle CAD=HEFT. 
9] Wherefore the Triangles ACD,FHI, 
areequiangular and fimilar. Q E. D. 
II. Becauſe the TrianglesB CA, GH, 
I fare 1 * BCA: GH F.: AC: 
| FHq 


for 


14 
5. 9, II. 


* 


AUR. 
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J 


of Plain genes. 


ſon 


for the ſame Rea- 


f CAq: 
and likewiſe DEA:IKF:: :DAq:IFq 


171 
CAD:HFT:: 


HF 


ſo again . . . . CAD:HFl::DAq:IFq 


W herefore there 
| ſhall be 


Cato j 


* 


Hind 


Figures 


1 


BCA:GHF:: 
CAD: HEL. 
: DEA: IK F. 
ABCDE:FGHIK, 


(::BCA:GHF):: 
BCq:GHq. 
2: E. D. 


DCoroll. I. Therefore univerſally, ſimilar Right- 
are to'each other in the 
duplicate Ratio ef their homologous 
- ,—_— 

Coroll II. Hence of there proportional Right 
Lines, as the firſt is to the third, fo ſhall 
the Polygon made on the firſt be to a 
Polygon ſimilar and Inn deſcrib'd on 


the ſecond. | 

Prop, XXI. Tis dn A 
Fig ures "RF + 04/019 + 005+ 065 0 ABC, DIE, 
= are ſimilar to the 
ſame Right-lined Figure : . . HEG, 


are alſo ſimilar to one 1 
DEMONSTRATION. 


N 
* 
„ 
® 


*© 
„ 


— .# 
4 
% * 


And the Sides 
about them 


For ſince the An- 
gles are reſpec- 
tively equal, 


La 


proportio- . 


nal, "JE 
' 8 
& „ 


"=o 


| There= 


AzH=D 
C=G=E 
B==F=, 


AB: AC:: HD: 
Dl. DE, 

C: CB: G: GF: 
DE: El, 
AB: BC: HF: FG: 
Dl:IE; 


172 
6. D. 1. 


"EvcL1dD's Elements 


21 Therefore . . ABC, DIE. 
| fon ſimilar. . 


PRO r. XXII. THEOREM XVI. 


If four Right Lines 


are proportional 


1 AB:CD:E F GH 


The Right-lined Fi- 


gures fimilar and ſi- | 1 
milarly deſcrib'd ap AIB:CKD:zEM: 


them, ſhall be pro- 


II. For let there be 


rtional 
And if the fimilar Right- FEE 
lined Figures ſimilarly de- ( AIB:CKD:: 
ſcrib'd on the Lines be EM:GO, 
proportional, 
then the Right Lines ſhall 3 AB: CD:: EF: 


alſo be proportional GH. 


 DxgMonSTRATION, 
ng LAB:CD::CD:X 


andalſolettherebe*EF:GH::GH:O. 
| Then becauſe . . , AB:CD::EF:GH. 
. CD: X:: GH :O, 
It ſhall be by Equality AB:X::EF:O. 
I AB:X::AIB:CED, 
a :EM:GO 
Therefore . . AIB: CKD::EM:GO. 
| 9. 

9 II. Make E. PR AB: Co, 


9 22 . 


10 and deſeribe the Fi igure SR 


[ 11 | ſimilar and alike ſituate to ME, GO. 


9. 12 Then becauſe . . . AB:CD::EF:PR 
.| 13 |It ſhall be . . . AIB:CKD::EM:SR. 
14 But it is... AIB:CKD::EM:GO. 
1 Therefore . . . . EM: O:: EM. SR 


16 Hence . G0 SR, and GH=PR, 
And conſequently AB: CD:: EF: GH. 
2 E. D. 

Scho- 


nas VI. 


_ of Plain Geometry. 17 3 | 


S HOLI Vu M. 


ce Hence the Reaſon of Multiplication of 


“ Surd Quantities. For if YA x V it 
vill produce AB. For (by com- 
* mon Arithmetic) 1: /A :: 5B: the 


Product; and by this, 19: A:: B: 
40 (Square Product) AB; wherefore /B 


<« jg the true Product of A x VB. 


« We may likewiſe hence deduce the 


following Proportions, 


See Fig, to Pr. 3. 17 I. Sincde . . . BD:DA: -DA:DC, 
6.8. * -1.] 2ſit will be. . BDq:DAq::DAq:DCq; 
6 22. 3 that is BDq:BDxDC::BDxDC: DCq. 

68. Cr HI. 4/11. Again fince. . BC. AC. ACD 
5 Therefore. . BCq: ACq::ACq: DCg; 
6.22. 6 |that is BCq:BCxDC::BCxDC::DC4. 
6.17. 5 In the ſame j BCq:BCxBD::BCxBD 

| | Manner ; :BDq. 

PR O p. XXIII. TUBEOREM XVII. 


Equiangular Paralle lograms 


AC, CF, 


have the Proportion to AC—CE=BC S 


one another that is 


CGYDC 


compounded of their CE 


Sides 
DEMONSTRATION. 


I 


oO cw A AU+SWeEeAH 


For place.. BC 
in the ſame Right Line with . . CG. 
en the SI. . 03 n DC 
ſhall be 1n one : ſtrat htLine withCE, 
ind compleat*the 3 CH. 
Then }AC+CF=AC+-CHxCH 
hen dew ++. 

IT AC=+CH=BC--CG, 
and alſo . . . *CH=CF=DC—CE 


d« 


- 6.3 AC=CF=BC=-CG 
Therefore xDC-CE. 
1 2 Y E. D. 


PR OP. 


E.v CL 1 D's Elements 


Pro, XXTV. rs XII. 


In every Parallelo 
the Parallelograms . .. | 
that are about the Diameter ; - 
are fimilar to the Wnole. Fs + » ABCD 
and to each other. 
DEMONSTRATION. 
1 For the Parallelograms . . EG, Hp, 
2 have each one Angle EAG, HCF. 
4 $3{common ta the Whole . ABCD; 
and are therefore equiangular 3 
the Whole, and to each other. 
5] Alſo the Triangles ABC, AEI, C, 
as alſotheTrangles ADC, AGI, IFC, 
are * equiangular to each other. 
7 therefore « 4. . AE:EFE:AB:BC, 
*AE:Al::AB:AC, 
and ag _ l . *Al: AG:: AC: AD, 
10 Therefore 
„ Equality 7} AE:AG::AB:AD. 
I þ Whence the Parallelograms EG; BD, 
12 are fimilar; thus *tisprov'd HF, BD, 
4 wy ſimilar. T herefore,&c. FED. 


Por. XXV. PROBLEM VII. 


To deſeribe a | Right-lined Figure. P 

ſimilar to a Right-lined Figure ABE DC. 

and equal to another Right- 

lined Figure given ; 

I BI ACTAICE, 

143. 1|Make the Rectanę gicAL=ABEDC, 
1 Alſo on the Side — 4 BL, 
3 Make the Rectangle BMF, 


6. 13. and Sap there be * 
4 made 1828 . 


6. 18. then on the Line 


Boox VI. 


of Phain Sen. 
60 make the Pot 


* 7jfimilar to the given whe "ABEDC, 


: men ſhall l 


| #6.20 Cor. F 


+6. 1. 


£5:144C-3-| 


„rer 2 AVEDC (=AL) :P 
„Fer... J. *:AB:BH+::AL:BM. 


oP. XXVI. 


If from a Parallelogram ...... 


THEOREM XIX. 


ſimilar to the Whole ow alike 


ſituate, and have an 
common therewith, then 

is that Parallelograrn . .. AGE, 
about the ſame Diameter | £54732 - + 


with the Whele ABCD. 


A. 9. 
P 


Of all Parallelograms ..... 


Parallelo gramme. CE, KI, 
ſimilar and alike ſituate to AD 
deſeribed on the half Line . 4. 44.9 
Their Greateſt is that . AD 


being fink 


DEMONSTRATION. 
| For if not, let „ 7 ani» AHC 
be the Diameter, cutting EF in , 
and draw. HI AE, 
then ſhall the Parallelograms EI, DB, 


be ſimilar ; , AE:EH::AD:DC, 


| 
1 therefore 
{But it is . . . AD: DC:: AE: E, 


And therefore L HE=EF. 


K O p. „XXVII. TRHEOREM XX. 


. . . AD, AG, 
applied to the ſame Right Line . . . AB, 
and wanting in Figure by 


which is applied to the half Line . . AC, 
ale to the Deſec t KI. 


ABCD 
be taken away a Parallelogram . . AGFE 


angle EAG 


176 : Evcr1vdD's Elements 
DEMONSTRATION. 
For becauſe... .... 2 GE=GC, 


1. 43.1 
A. 2. Ti. 36. 2 add it to the common Parallelogr. KI, 
3|and it ſhall be. KE*=CI+=AM, 
| 4|add the common Parallelogram CG, 
A. 2. 5|and there will be. „ 
6 equal to the Gnomon MBL, 
A. 9. 7 And therefore ſince }) MBL*«.CE _ 
21 the Gnomon 1 AD) 
8 it will be 4 
2. E. D. 


PRO r. XXVIII. POLEN. VIII. 


To a Right Line given. . AB, 
to apply a Parallelogram ...... „ 
equal to a Right - lined Figure 8 2 

_ deficient by a Parallelogram . , ZR 

which is ſimilar to another 
given Parallelogram ............ 
but *tis neceſſary the Right lined = 
Figure given | | c 

to which the Parallelogram....... 


to be applied, muſt be equal, 

be not greater than the Parallelogram AF . 
which is applied to the half Line . . AE, 
ſince the Defects muſt be 


ſimilar, viz. the Pefet.......-. EG 

of the Parallelogram........... AF 

applied to the half Line, and 2B 

the Defect 0 

of the Parallelogram to beapplied . . AP. 

PRACTECE 

[ LINUS © IS Eat ABin E, 

| 2 and on the half . . . Ct as + EB 
6.18. 3 make the Parallelogram EG 

i. 4 ſimilar to the give ans 5 
1.4 5, and bet ©: leis ai thn . 


PROP. XXIX. 


Book VI. 


of Plain Geometry. 1% 


and ſimilar to the given one D, or EG, 
draw the Diameter FB, 
land make FO RN and FQ= =KT, 


thro the Point! O, Q, 
draw the Parallels. . SR, QZ 


then is the Parallelogramm AP 


that which is required. 


lelo 
are — EG c- 

and 1 ＋C; * 
Wherefore . EG- =OBQ, 


For the = Para J B EG, OQ, NT, 


But the Gno- 4 OBQ®#=AO-+PG 


mon T=AO+EP=AP, 


| And, therefore C (OBQ=) AP. 


SE. F 


Fas wt 


To a given Right Line. 3 
to apply a Parallelopram . . \ + 
equal to a Right-lined Fi igure given * 
exceeding by a Parallelogram . . . . OP 
which ſhall be fimilar to — D. 


given Parallelogram 
PRACTICE. 
|- 14BiſeR-. .... » $4 aw 644 AB; in E, 
6. 18. 2|and deſcribeon.....:.... . EB 
3|the Parallelogram 5 
8 4 ſimilar and alike —_ Ant „„ 
6.25. 5 and W 5 K EG- C, | 
6 and ſimilar to were or EG; 
I. 3.| 7|alſo make. FL=IH, and FM=IK, 
I gland thro? the Points 1 M. 
9 draw the Pa- RN, MN, and AR 
| rallels | MN. 
10| produce... . . . AB, GB; to P, o, 
11% and draw the Diameter. EN. 


Aa e then 


|; 
| 


| 0. 8. Cor. 
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I2 |then is the Parallelogram . . AN, 

that requir'd. 

5 and 6. 13 For the Parallelogr. D, HK, LM EG, 
6. 24. 14 are fimilar, and fo the Parallelog OB 

115 is ſimilar to the Parall. LM, or D, 
5 and 6. 16 alſo. . LM=HK=EG-C 

+Gnom.A.3.| 17 Wherefore C=LM—EG+=ENG 

*:.36. f 1. 43.18 But (becauſe . . AL*=LB+=BM) 


19 TheGno-} ENG=AL +EN=AN 
=. 2.120! Wheatitt...coo+5 55 AN. 


PRO r. XX. PROBLEM X. 
To cut a given terminate Right Line AB 


according to extreme and AB: AG 
mean Ratio :: AG: GB. 
| PRACTICE. | 
ETD SIM ̃— aa. AB in G, 
n ABxBG—AGq 
6. 17] 3 85 Then will it be. . AB:AG::AG:GB, 
VE, F. 


Prov. XXI. * 
In a Right-angled Triangle. . ABC, 


any Figure. „„ 
deſcrib*d on the Side . „„ 
ſubtending the Right Angle. BAC, 
is equal to the Figures BG, ? + 
deſcrib'd on the Sides... . AB, AC, 


containing the Right Angle . . . . BAC, 
being fimilar and alike ſituate | 
. 

to the former Figure 

DEMONSTRATION, 

 1;From the Right Angle. BAC 
2 let fall the Perpendicular. 1 
3 [then becauſe. . DC: CA: CA: e 
. 
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16.20. Cor.] 4|It thall be. AL: BF. : DC: CB, 
. 8 15 Alſo becauſe * DB: BA:: BA: BC, 
6 it ſhall be BG: BF. : DB: BC 
5 5.24.7 Therefore ar _ — IF 
| AE... . DC+DB=BC, 
= 9 and therefore. . . AL＋BG SBF. 
2, Z. P. 


Coroll. os By this Need any ſimilar Figures 
may be added and ſubſtracted in the ſame man- 
“e ner, as taught for Squares, in Schol. 1. 47. 


ProP. XXXIIL, THrontM XXII. 
If two Triangles... ..... . ABC, DCE, 
having two Sides pro- 

portional to twodSides FAB: AC: ING D 
be ſo compounded, or ſet 
together at one Angle . ACB, 
that their homologous Sides 
be parallel,viz. AB {| DC, and AC || DE, 
then the other Sides . BC, CE, 
will be in one ſtraight Line . , — BE. 


e 
For the Angle. ACD D 


1 
's 


I.29,| 1 
H.|-2|and there is AB: AC: :DC:DE, 
2 6. 6. 3] therefore the Angle „ . . B=DCE, 
+ A. 2. 4| therefore the Angle BFA ACE, 
8 1. 32. 5 but the Angles B. A TACB=24 
5 A. 1. 6|therefore the 
5 pe c ACE4ACB=2 / 
5 1. 14. 7 and conſequenti BE 
by | 8 lis one ſtraight Line. &, E. D. 
7 | 

Ps OP. XXIII. THEOREM XXIII. 
C | — equal Circles... ABC, FEGP 
), the Angles ...... 44 C, FH, 
8, 8 have the ſame Proportion 1 
It HP Ls with their Circumferences . . . BC, FG, 


eats on 


— ” m0 out ati oxy Earn 7 
: N * — rr t 
-- Ire , er os —— — * 


75. 15. 1 : ArchesandAn- 
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on which they ſtand, whether the 
Angles be at the Comte, as BDC, FHG, 
or — the Circumference, as BA C, F EG; 
and ſo like wiſe are the Sectors BDC, F HG, 
as being at the Centers . D, H. 
bn 
| I Draw the Right Lines . . . BC, FG, 
2 and accommo- CI=CB and Of => 
4 date | F G=LP, | 
„„ Dl, HI., HP, 
4 then the BC Cl, and. FG=GL 
; Arch . 
5 and therefore BDC CD., &FGH 
theAngle F —=GHL=LHP, 
6 and therefore the Aren BI | 
7 
8 
9 


3.28 : 


327. 


is the ſame Multiple of. BC, 

as is the e BDI of BDC. 

And the ſame ultiple 

| 5 the Arch 'S F of FG, | 

roſ as is the Angle... . F PH of F IIC, 

5 if the Arch. . Bea, „Ff, 
3-2 7 ] 12 2 * the i a a FHP 


*;.D. 5. 13 and therefore the) BC: FG“: LBDC 


1 
gles are thus 
proportional 


27.14 II. Again the Angle BMC=CNI, 

24. 15 and therefore Lg; BCM=CIN 

Segment 4 Ms 
4.116] Alſo the Triangle . . . BDC=CDI, 
2 


17 TH } BDCM=CDIN, 
ector | | 


"0 Sectors r 
19 Whence ſince as )- er, 

| the Arch {BIez, INE | 

(20! ſoalfothe SetorBDIes,2,o-FHP, 
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2 it ſhall be, as the Sector BDC: FG, 
22 ſo is the Aren... . :: BC: FG. 
SEM 


Coroll. J. * As Sector to Sector, ſo is the 


Coroll. II. 


Cc 


e 


Angle to the Angle. | 

„The Angle BDC in the Cen- 
« ter is to the four Right Angles, as the 
* Arch BC on which it ftands, is to the 
« whole Periphery. For as the Angle 
«« BDC is to a Right Angle, ſo is the 
Arch BC to a Quadrant. Therefore 
« BDC is to the four Right Angles as 
« BC is to four Quadrants, i. e. to the 
c whole Periphery. Alſo the Angle A: 
2 Right 1 :: the Arch BC: the 
« whole Peripher 


Ceroll. INT. The Arches IL, BC of un- 
* equal Circles, which ſubtend equal An- 


* ples, whether at the Centers, or Cir- 
« cumferences, are ſimilar. For IL : 
« Periphery : : Ang. IAL (BAC) : 4 
* Right Angles. Alſo the Arch 

« Periphery :: Angle BAC : 4 Right 
« Angles ; herefore FI. 4 Periphery :: 


« BC : Periphery ; and conſequently the 


« Arches I. C, are ſimilar. 

Corll. TV. Two Semidiameters AB, AC, 
& cut off ſimilar Arches IL, BC, from 
* concentric Circles. 


. 


EU CLI Ds 
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SOLID GEOMETRY. 


1 


B oO © K Xl. Drrixirlons 


J. Solid is that which hath Length, Breadth, 
A and Thickneſs. 
II. The Term of a Solid is a Superficies. 
III. A Right Line is perpendicular to a Plane when 
it makes Right Angles with all the Lines that 
touch it, and are drawn in the ſaid TIN: | 
1 Tha the Kirbht Laing, ö . AB 
* is perpendicular to the Plane. C. 
IV. A Plane is perpendicular to a Plane, AB to CD 
when the Right Lines in one Plane . FG, HK, 
drawn at Right Angles to the commonsection EB, 
of the two Planes, are at Right __— to 
%%% codes cs 0. 
V. The Inclination of a Right Line 1 AB to CD 
a Plane, 
is the acute Angle (at the Point. 3 
contain'd under that Line and another BE 
Right one $ 
ght o 
drawn 
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drawn in the Plane from that End of the incli- - 
ning Line which is in the Plane, to the Point E 

| where a Right Line falls from the other End A 
of the inclining Line perpendicular to the AF 
| Plane, viz. We; | : ; 
VI. The Iuclination of a Plane to a Plane AB to CD 
is the acute Angle contain'd under . . . FH, HG 
the Right Lines drawn in both the Planes AB, CD, 
to the ſame Point of their common Interſection H 
and making Right Angles } Pran. 
eng Rig ee FHB=GHB=e. 

VII. Planes are ſaid to be inclin'd fimilarly, when 
the faid Angles of Inclination are equal  _ 

VIII. Parallel Planes are ſuch, which being pro- 
duced, never meet. 

IX. Similar Solid Figures are ſuch as are contain'd 
under an equal Number of ſimilar Planes. 

X. Equal and Similar Solid Figures, are thoſe that 
are contain'd under an equal Number of equal 
and ſimilar Planes. 3 

XI. A Solid Angle is the Inclination of more than 
two Right Lines that touch one another, and are 
not in the ſame Superficies. Or, a Solid Angle 
is that which is contain'd under more than two - 
Plane Angles which are not in the ſame Super- 

ſicies, but meeting all at one Point. 3 
XII. A Pyramid is a ſolid Figure comprehended 
under divers Planes ſet upon one Plane, and put 
together sone eine. 
XIII. A Priſm is a ſolid Figure contawd under 
Planes, whereof the two oppoſite are equal, ſimi- 
lar, and parallel; and the others Parallelograms. 
XIV. A Sphere is a ſolid Figure, made when the 
Diameter of a Semicircle remaining at reſt, the 
Semicircle is turned about till it returns to the 
fame Place from whence 1t began to move. 

XV. The Axis of a Sphere is that fixed Line, about 

which the Semicircle is turned, NE 
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XVI. The Center of a Sphere is the ſame with that 
of the Semicircle. | 

XVII. The Diameter of a Sphere is a Right Line 
drawn through the Center, and terminated on ei- 
ther ſide by the Superficies of the Sphere. 

XVIII. A Cone is a Figure deſcrib'd, when one of 
the Sides of a Right-angled Triangle, containing 

the Right Angle, remaining fixed, the Triangle 

is turned about till it returns to the Place from 
whence it firſt began to move. And if the fixed 
Right Line be perpendicular to the Baſe, it is 
a right Cone, or rectangular; but if it be not, 
ſit is an oblique or obtuſe-angled Cone. 
XIX. The Axis of a Cone, is that fixed Right Line 
about which the Triangle is moved. 
XX. The Baſe of the Cone is the Circle deſcrib'd by 
the Right Line mov'd about. 

XXI. A linder is a Figure deſcrib'd by the Mo- 
tion of a Right - angled Parallelogram, one of the 
Sides containing the Right Angle, remaining 

fix'd, while the Parallelogram is turned about 
to the ſame Place from whence it begun to be 

moved. | 3 

XXII. The Axis of a Cylinder is that fixed Right 
Line about which the Parallelogram is turned, 

XXIII. And the Baſes of a Cylinder are the Circles 
that be deſcrib'd by the Motion of the two op- 
poſite Sides of the Parallelogram. 55 

XXIV. Similar Cones and Cylinders are ſuch, whoſe 
Axes and Diameters of their Baſes are propor- 
tional. £ | 


XXV. A Cutz is a ſolid F igure contain d. under fix 


equal Squares. | 
XXVI. A Tetrahedron is a ſolid Figure contain'd 
under four equal equilateral Triangles. 
XXVII. An O#abedron is a ſolid Figure contain'd 
under eight equal equilateral Triangles — 
| N e e. 
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XXVIII. A Dodecabedron is a ſolid Fi Fgwe contain'd 

under twelve equal, equilateral, and equiangular 
Pentagons. 

XXIX. An Icoſabedron is a ſolid Figure contain'd 
under twenty equal equilateral Triangles. 
XXX. A Parallelepipedon is a Figure contain'd un- 
der ſix quadrilateral Figures, whereof thoſe which 
are oppoſite, are Para! lel. 
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EUCLID's ELEMENTS 


SOLID GEOMETRY. 


1 2 WAS 
_Y 


DD 


2 


* BOOK Xl, 


Prop. I. . TARIOAEZUI. 


One Part of a Right — 
cannot be in a plain Superficies . DE 
and another Part above it.. CB. 
DEMONSTRATION. 5 
ö 
1 * on the Plane, the ! ACtoF 
ine 
then if you ſay, the Line. . CB 
makes one ſtraight Line with . . AC 
_ ſhall the twoRight L ACB, ACE, 
ines 
have one common Segment . 


Q FN. 


** 


O 3 


. es, 


1. A. 14. 


PR o p. II. THOR EMI. 


If two Right Lines cut each other AB, CD 
they are both in one Plane, 
and every Triangle. . 


901. 


1s in one Plane. 


— — — 
—kñę — rr rr COCIEIE 
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| DzMoNnSTRATION. 
| 1|For ſuppoſe one Part. . . EEG, 
of the Triangle. . DEB, 
be in one Plane, and the 

other Part c FDGB 
in another; then the Part.. . EF 
of the Right Line . ED 
is in one Plane, and the otherPirtE D 
above it. BEM. 
Therefore the Triangle 7 « » OB 
is in one Plane; and the 

Right Lines F E 
muſt therefore be in one Plane 
11. I. 10 ſalſo; and therefore the = 
| | Whole Lines ; AB, ©, 
fare both in one Plane E. D. 


| þ4 1. I. 


— 00 — TO — 


PRO p. III. | TRHEOREM II). 


I two Pes AE 
cut each other, their common Section EF 
will be a Right Line. 


DEMONSTRATION. 


LEI For if it be not, draw the > 
| Right Line | F ad 
a2 lin he t <+ «3 » 0 
" 2land in the Fllde 
4 draw the Right Line. . EHF 
5 | therefore the two; PH 
Right Lines F EGF, EHF. 
| 6|have the ſame Terms. . . . E, F, 
1. A, 10. y land include a Space. &. E. A, 
PRO r. IV. TaxzoREMIV. 


If to two Right Lines «>. A 
cutting one another, a third 'EF, 
ſtands at Right Angles in the ä E 


mon Section | 
Bb 2 


r 
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188 EvucLi1dD's Elements 
5 it ſhall be alſo at Right Angles y 
to the Plane drawn thro? chef ADBC, 
laid Lines | | 
DEMONSTRATION. | 
For take EA, EC=, EB=ED, 


I 

2 [and join..... AC, CB, BD, AD, 
3 and draw (thro* ... .. . E) GH, 
4|and join FA, FC, FD, FB, FG, FH, 
1. 5|then becauſe AE=EB, & EEC, 
1.15. 6 and the Angle .  AED=CEB, 
I. 4. 7|there ſhall be. . AD=CB, 
I qu like Manner ſhall . . AC=DB; 
2.D.Note.| 9|and therefore } AD n CB, andAC U 

ſnall DB; 
1. 29. 10 Wherefore the 2 GA AE EBH, and 

Angle 1 AGE FIB, 

ieee AE=EB, 


5 
26.12 and thereforeGE=EH, &AG—BH, 
H.|13|Wherefore ſince the Angles at E 
4. 14 are all Right and FA F C PB 
{| | equal,the Baſes *=FD, 

15 and fo the Triangles . . ADF, FBC, 
S are mutually equilateral, and 

| 3. $6126 2 the Angle DAF CBF, 
17 therefore in the Tri- 
7 —_— Ac, FBH, 
1.4. 18 the Sides. 3 FG=FH, 
| and thus alſo the Tri- T1 
—_ FEC, PEI, 

19 are mutually 
equilateral, 
1. 8. 20] and there- —FEG,=FEH*=/ 
fore the 
Angle 

*1. D. 10.|21|Inthe fame Manner *tis prov'd FE 
22|is at Right Angles to all 
| the Lines drawn in che} ADBC 
Plane 


and 
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and therefore to the Plane itſelf. 
Q. E. D. 


Paoe.V. Ta BORA A V. 
If to three Right Lines . . AC, AD, a: 


touching one another, a third . 

ſtands at Right Angles in their com- A 

mon Section . 
thoſe three Right Lines ſhall 

be in one and the ſame Plane. . . FEC. 


DEMONSTRATION. 


11. 2. 
11.3. 


1 
11. D. 3. 


11.2. 


1. A 9. * 


3 


be 


= 
OO © WW on +> W 0D = 


— 
— 


12 


| 


For the two Right Lines AC, AD, 
are in one Pane FC; 
alſo the two Right Lines *AB, AE, 
are in one Plane BE = 
If now you ſay... ... - . AS 
is without the 8 FV 
let the Interſection of the FC, BE, 

Planes Fr 
be the Right Line. . „ 
Seetę g ³ BA 
is perpendicular to the) 

Nicht Lines * A 
the ſame is perpendicular to 

the Foto 8 0 FC, 
and therefore to the Right Line AG; 


130 Therefore (ſince .......... AB 


14 is in the ſame Plane with AG, AE 2 
15 The Angle. . BAG AE 


16 


That is, the Whole to the Part. 
V E. A. 


PRO r. VI. THEOREM VI. 


If two Right Lines. . AB, DC, 
perpendicular to the ſame Plane . EF, 

thoſe two Right Lines ſhall 
id be Parallel to each other 


AB DC. 
. 
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190 EvcLivD's Elements 
1 DzMonSTRATION. © 5 
1 Let there be drawrrn . AD 
2 at Right Angles to which "NR 
dine l FDG=AB 
in the ſame Plane; j n N 
3 —— Bo. BG, AG, 
4 | becauſe in the TrianglesBAD, ADG, 
5|the Angle . . . . DAB=ADG= /, 
2. 6 and the Side. AB DG, 
1 m ⁰mm -» AD 
8 is common, there ſhall be BD AG; 
9 Wherefore in the Tri- 2 AGB,BGD, 
angles 
1. 8.|10|mutually equilateral, ? BAG=BDG 
the Angle —- 
11 But the Angle... ... . . BAG 
12 therefore ſo is the Angle BDG . 
13} alſo the Angle . . . GDC=L 
| 14| Therefore the ſe Line . .GD 
15 is at Right Angles to , 
Py the = R Lines DA. DB. pc 
11. 3. 16 which therefore are in the ſame 48 
and 11. 2. Plane with the Right Line F . 
17 ſince thereſore AB, CD, 


18 are in one Plane, and 7 
19] the internal Angles $BAD,CDA, 
1. 28. 20 are Right ones; ny *AB || DC. 


| Right Line 


PR o p. VII. TREORE M VII. 

If there be two parallel Lines AB, CD, 
and any Points . F, 
be taken in both of them, 
the Right Line joining them . .. . . EF; 
ſhall be in the ſame Plane. . . ABDC, 
as the Parallels are, 5 | 

E 4 
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DEMONSTRATION. 
1 | Let the Plane in which are AB, DC, 
cut another Plane in the Points E. F, 
If now the Line EF, 
is not in the Plane ABDC, 
it ſhall not be their common 
Section, which therefore EGF, 
let be h 
11. 3. 7| whichtherefore will be a RightLinez 
8]and fo the two ish PE. FOE. 


rie 


. 


I. A. 10.] 9] will include a Space. &. E. A. 


Por. VIII. TOR EM VIII. 
If there be two Parallel Right wy 
Lines F AS, C2, 


fe,, 
is perpendicular to ſome Plane .. . EF, 
then fail the oer CD 
be r to the ſame Plane. 
| EMONSTRATION. 
1 For the Angle GDA=GDB=/, 
11.4. 2|therefore the Linne . . GD 
3|18 perpendicular to the 
| | Plane paſling chro AD, DB, 
I the Right Lines 


11.7. 4|(in which are alſo . . . AB, CD,) 
11. D. 3. 5 and therefore the ſaid Line . . GD, 
is perpendicular alſo to. . CD, 

6 and the Angle CDA 
1.29. 7 therefore the Line . ED 
11.5.) 8 Jis * to the Plane . . EF. 

i * D. 
PRO r. IX. | Tu EON E MIX. 
Right Lines . AB, CD, 


that are parallel to the fame Rig ht EF, 
Line, but not in the fame Plane ; 
are 


192 EUCT ID Elements 
are alſo parallel to each other. 
DEMONSTRATION. 
1 | In the Plane of the Parallels AB Ep, 
VVVVFCVVVCCCVC GH 
| perpendicular to the Line. . . EF, 
3] Alſo in the Plane of the) RH I 
Parallels | * CD, 
—— . — TOR Gl 
j perpendicular to the Line. . . EF, 
%%% (( ee 
| 1s perpendicular to the : 
Plane thro? "Is Gol; 
11.8.] 6|to the ſame Plane alſo 
i the Lines c AH, CI, 
*11,6.] 7|are at Right Angles 18 AHjCI 


EF therefore 


PRO P. X. TR HOR EZM X. 


If two Right Lines —— 
. . AC, 

be parallel to other two 

Right Lines * DF, 

touching one another, but 

not in the ſame Plane, theſe [ 

Right Lines contain equal — 

Angles 

DEMONSTRATION. 
| 


Loet it be made AB AC DED, Y 
and draw . . AD, BC, EF, BE, CF; 
— os 40 ABI. DE, 
therefore alſo . . . BEj=AD); 
in the ſame Manner. CF|=AD ; 
therefore alſo BEA SCF; 
and thertore . EF. 
Since then the Triaugles BAC, EDF, 
are mutually equila- —_— 
teral, the Angle $BAC * 


PROF. 


. 
tv 
ETD SS 


— 


5 PR O p. XII. 
5 To erect a Right Line „ : 


II. II. 


Book XI. 1 Solid Geometry, _ 
Prop. XI. PROBL E M.I. 
%% Oc c 
. / +» con ens 
to draw a Right Lines 
perpendicular to that Plane. So} 
„„ RAGETIEEN 
* 1 In nn 
1 e BE 
- 5 ah 3 to which, from the Point. ths 
* 1. 12. 4|draw the Perpendicular. . . . AF. 
| 5 to this (thro? the Point... .. F 
in the ſaid Nane .. . . BC) 
| draw the Perpendicular . ) ++. 
6 to which let fall the Perpend. , . Al 
and it ſhall be perpendicu- 
„ f lar to the Fg , BC. 
1. 31. 8 For draw thro) . I ,RL|BE ; 
C.2 and 4. 9 and becauſe the Right Line. BE 


lisat Right Angles to . . . AF, FH, 


4. 10 it ſhall be alſo perpendicalr yp, 


to the Plane 

rand fo therefore is. . KL, 
.|12| therefore the Angle . . . KIA=/, 
Trg But alſo the Angle. , AIF=£<, 
14 and therefore... .......... AI 
1 | is at Right Angles to the Plane BC. 


Fe oak If 


perpendicular to a given Plane BC 
from a given Point therein . A. 
e 


* 
N „„ « « 
3]at Right Angles to the Plane BC 


N 4 join „ „ PTL. EA 


Ce N and 


From any Point without the Plane D : 


194 EC II 's Elements 
E ver 
1-8 6 then wy evident 7. ann ie co AF 
is perpendicular to the Plane. . 
| E. F. 
PRO r. XIII. THrtroREmM XI. 
Two Right Lines ....... . . CD, CE, 
can't be erected at Right BY | 
to a given —A d. -. +. ad 
from a given Point therein . C. 
„ 
11 For if fo, then both. | CD, CE, 
I a2 would be at Right Angles 
bin il to the Plane i AB; 
11.6. 3|and . 1 0. _ 
9.C.H 


Prop, XIV. TREOREMXII. 


Thoſe Planes •—ͤ—* 222 „. 

to which the ſame Right Line. . AB 

18 ndicular, are lel 

a 1 n 5 CDJEF. 
DzMonSTRATION. 

; I|If not, let thoſe Planes. CD, EF, 
2| concur, ſo that their common Ich. 

| | Section be ; 

3 take therein any Point . 
4|to which in each Plane let Al, I 

be drawn the Right Lines F | 


. ind 11. h. 3 5 whence in the Triangle. . Alz, 
I' b fthere are two R. Wo. 
| Angles © =L. 
1.17. 1 5 | 2, E. A. 


P Rob. XV. Turo EZM XIII. 
If two e e AC, 


A MW. a; ww Mis. 


to 


$ 1 FX] (23 - 


of Solid Geometry. 


Book XI. 19 5 

to two Right Lines DE, DF» 
tauching one another, but T 
are not in the ſame Plane *. 


the Planes drawn thro? thoſe 
Right Lines are ale A _ 
one another 

DEMONSTRATION. 


- | x| From the Point 1 | 
11. 11. 2|draw (perp pendicular 
135 | to the PlneEDF 1 
1.31. 3 and draw ... GH DE, and * 
11.9. 4 and they will be alſo pa- 
nd Bu opsr i P FAB, AC, 
11. D. 3. 5|Since therefore 312 A. HA 
r ngl $IGA=HGA= =L, 
1.29. 6 there will be 
I allo theAng le }CAG=BAG=/ 3 
11.4.1 7| Therefore ths Right Line. . GA 
| 8[is perpendicular to the Plane BAC; 
4% but it 18 per nficular to 
Fe the Pe ; EDF i 
11. 14. 10 therefore the Plane. BCHEF. 
2 E. D. 
PROr. xVI. Tazor 2 XIV. 
If two parallel Planes. . AB, CD, 
be cut by any other Plane . : HEIGEF, 
their common Sections . HE, FG, 
will be parallel. 
DPMONSTRAT ION. : 
I -x|Forifitbenet...... . EH HFG, 
| 2|they will meet, if produced, 
Which let be in F hoy 
3 | Wherefore fince the 5 
bee HEI, FGI, 
11. 1.] 4 are in the Planes. . AB, CD 
( 5] 5 pode they ſhall alſo meet. 
C C 3 P R 0 — 
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Por. XVII. Ta rse ham KV. 


ir. 26; 


6. 2. 


If two Right n ALB, CMD, 

be os by parallel Planes EF, GH, IK, 

they ſhall be cut in 

E F AL:LB:CM:MD, 

DEMONSTRATION. 

| 1 For draw the Right Lines AC, BD, 
in the Planes. EF, IK, 

alſo draw : 8 

meeting che Plane. .. . GH in N, 

ARCO; ene e 


The Planes of the 
Triangle $ AN, ADB, 


7 "= theSec- * LN, x AC MN. 


tions : 
AL:LB:AN:ND. 


or. i | y. 


If a Right Line . e 
be perpendicular to ſome Plane . 
then 81} 0 5 EF. Ee. 


paſſing thro? that Line 


will be perpendicular to the ſame Plane CD. 


DEMONSTRATION. 


. | I | Let there be any Plane EF 


made to paſs throꝰ the Line TY 
2|making the common Section .. EG 
_ | with the THO ns 45> +; + - CD; 
3 and from any Point H in EE, 
4 draw the Right Line.. . HIjAB, 
5 and it ſhall de per ndicular 

| to the Plane 7 ö 
6 and ſo of any other Right Lines 
perpendicular to the Section . GE, 


7 therefore the Plane. . . EE, 
3 ON 18 


+ 


ns ww 
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is perpendicular to the Plane . . CD. 


8 and thus any other Planes thro' AB 


are provꝰd n to 
the Plane 5 ED. 
2&3 


Ta OR E M XVII. 
If twolanes, cutting one another, AB, CD, 
be perpendicular to ſome Plane GI, 


then their common Section EF, 
will be perpendicular to that fame 
Plane . GH. 


11. 


PROP. XX. 
Ha folid- Angle  ABED 


| DzMonsSTRATION. 

I | Becauſe the Planes. . AB, CD 
2 | are ſuppos'd W to 6 

the Plane | F EY 
then from the Point...;.....F 
which 1s in either Plane. AB DC, 
may be erected a Per pen- 

r. to the 1 + GH 


O Et 


and 1s therefore the com- | 
mon Section of the Fan CD. 


Planes | 
75 9. E. D. 
TRHTOREM XVIII. 


be contain'd under Bab, DAC, BAC, 


three plane Angles 


any two of them, however 


taken, are greater than the third. 

DEMONSTRATTION. | 

III the three Angles q BAD DAC 

are equal BAC, 

2 the Propoſition is evident ; 

+ if they are not, kt the BAC, 
| Greateſt be | 


2 8 þ 294 —_ 


from 


and that can be but one, v2. . . FE, 


198 Ever id Elements 


1.23. 3 from which take away BAE BAD; 
Afand mae . AD=AE; 
5 fand let there be drawn BC,BD, DC. 
| 6] Now becauſe the Side BA 
is common, and. AD AE; 
8 fand the Angle. . BAE=BAD; 
1. 9] there ſhall beeeeeee BE=BD, 


. 5.| II | therefore alſo 5 DCœEC. 
- | 12 Sinee therefore . . AD&AE 
| [13 and the COM- FAC, and DCazEC, 


mon Side 


1. 25. 14 there ſhall be the 
44.1] Angle Ie. 
1. A. 4. 15ſavdbevefare 

„ #2 E. D. 


een rasen XIX. 


Every folid Angle . „ 
is pre ts * under plain Angles 
together leſs than four Right ones. 

E Mo NST RAT TOR. 
I | For let the Plane, ) u. 
g 1 f ABC, ADC, 


| (cutting the ſe- | | 
1 veral Planes ABE, AED, 


| fofthe folid Angle. A.) 
fſany how make the multi- 
n FBCDE ; 
| 3 Now all — Angleq of ww; X 
Polygon _ 6 : 
| 4/and the Sum of the 
"| Anglesatthe Baſes BC: ADCs 
of the 5 od ABE, AED, 


5 
4 
4. 
7:20. 410} But:.o <<. . BD+DC=BC 
5 
3 
2 


| [repreſent by ,.........-.. ; 
3.32. 5 Then it wilt be. X-4-4L=Y+A, 
1 6 But of che Angles at C, D, E, 
Becauſe 


BoOK XI. | of Solid Geometry, 199 

. 7 Becauſe any two ABE+ABCaz 
| Are ei thah & CBE, ACB+ 

are greater than — CDaBCD 

| the third, viz. | 5 
| 1 65 S fo, Sc. 
I. A. 3. r w! YaXx 
gland therefore . 4L& A, or Ac_4L. 


| Prov. XXII. TR ZONE M ma. 
. If there are three plain Angles A, B, HCl, 
of which two, any how taken, 

are greater than the third, 
and theRightLines » 
that contain chem AD=AE—FB,&c. 
areequal £4 
then it is poſſible to make 

Joining the equal R. Lines AD, AE, Sc. 
\ which form the Angks ... . A,B,HCT. 

DxNMONSTRAT TOR. 


23. A 1 FHCK=B,&CK=CH, 


„ XX Af &# ge wwe FF Ro ws 


therefore . » KH=FG. 
and becauſe the Angle . . KCI A 
fenefe WEl WW; . ., a5 KIeDE. 
But „ . . KI HIA-KH (=FG;) 
R DE<&..HI+FG. 
of which therefore a Tri- | | 
| angle may be wade. {2 E. D. 
| | And thus of any other. 


, Proe. XXIII. PROBLEM III. 
. To make a ſolid Angle. . . MHIK, 
— of three plain Angles... . A, B, C, 


AY whereof any two, however 
| taken, are Greater than 


— 
0987 On NO 


* 


the 


OO 


E u c L ID's Elements 


the third; but thoſe three Angles A, B, C, 


muſt be leſs than four Right Angles. 
DEMONSTRATION. 


1 122. 
4. 5. 
| 


VideNote below | 
1.47. Scho. 


12. 


11. D. 3. 
1.47. 


| 


C. & 1.8. 


— 


| 11 
12 
"7 Sent 


131( 


14 


15 
416 


WY 
18 


1 Make | 


| 


land draw ,..... 


AD=AE= BE=BF=CP 
CG. 
And of the Subtenſes DE, EF F G, 
(that is, of Hl, IK, KH, 
make a Triangle . HKI. 
about which deſeribe the HOIK | 


Circle | 
Now becauſe. ... . . . AD& HL, 


let there be wu | 
— 5 ADq=HLq+LMg. 
. 


and let 
be perpendicular _ the c HKI, 
HM,KM,IM, 


Plane of the Circle 
And becauſe the Ang le HLM =I, 
There will 7 M Hq=HLq+ LMq=z 
be ADq. 7 
MH A. 


therefore 
By the like Argu- (MK=MI=AD 


that ij... F, Cc. 
ſince then HM=AD, &MI =AE, 
C DE= 
There ſhall be the Angle A=HIME 
in like manner) BEX=IMK, & C*= 
the Angle : HMK. | 
Therefore the ſolid Angle at . . . M 


is made of the three plain ones A, B, C. 
9. E. F. 


"twas 0 DAH. 


| 


N. B. In Step 55 
aſſumed 


which i is thus 121 AD= or HL 
prov'd. 


then — the | 
An gle . A ==,orf HL, 
ö Oo in 
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21.2 2 in the ſame 
A. = manner 5 B*=, or Teak. 
2 ; Alſo the Angle C*= or +a KLI, 


: 1. 13. Cor. r 
"0 Angles ABT = Sor. 


25 which is contrary to the 3 4 5 
1 | TOR: therefore FA | D=HI 
ProF. XXIV. THEOREM XXI. 
Yea Solid +5 4.45 0 +4. +  » —_— 
be contain'd under fix z AC, AG, AE, 
parallel Planes BD, BF, BH; 
the oppoſite Planes | 
thereof are equal Pa- f AE HB, &c. 
rallelograms 
D EMONSTRAT TON. 
in Ci. fs AC 
I cuttin the two parallel 
| 1 Plies F : AG, DB, 
Fx, 16. 3 makes parallel common 3 AHIDC'; 
ections _ 
4 for the ſame Reaſon. . . . ADIHC. 
| 5| Therefore the Plane . . ADCH 
D. Not. 6ſis a a e e AG, AE, BD, 
and thus tis BE, BH, 
| prov'd thePlanes 
| 7are Parallelograms. AF GH, and 
1 Since then * AD IHC, 
14. 10. 8 Re 2p be * FAD=CHG ; 5 
1.34. 9] and therefore } AF=GH, and AD 
”- | becauſe ; . 
5. 7. 10 fand fo it will be AF: AD. GH. HC. 
IIII therefore the Triangles FA D, GCH 
76.6. 44 12 are“ ſimilar and equal; 
1. A,6.] .| and: conſequently the (AE, BH. 
1 1 Parallelograms. 


D d And 


* 


— 
— 


FEED 


- 8 0 : ac 
+44, 4h + - py ade tt TO NERIS - Lor>, — „ -— — 
— -- rn —— == > 
8 ; = * ” — 
= 8 S 5 9 Cx ” 
— 2 — : r * 3 
n * PR * * PRE * "I * * 2 — r = pan 
= —.....̃̃ . —— — — 
N - * * 
2 , © r = . 2 — e——_ . 4 
8 1 8 che 5 n $4.49 fc —— papa c 
47. War * — LD 2 bs _—_ N 
N > wn... 5 2 — 
— es, 2 7 ge LR Wh OE. * * 


1 

7 
* 
17 

| | | 
12 
1 
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113 And the fame is ſhewn of 
| | other oppoſite Planes ; 2 D. 
PRO P. XV. TRTOREM XXII. 
If a ſolid Parallelopipedon . . ABCD 
CDT, ii <= -» Ef, 


parallel to oppoſite Planes . . . AD, BC ; 
then as Baſe is toBaſe...... Arr. BH 
ſo is Solid to Solid t: AF: FB. 
| DEMONSTRATION. 
I | Conceive the Parallelopiped. ABCD 
| [to be produced each way; 
2 and take. .AI=AF, and BK EB. 
and ſuppoſe 
ane Bb" IAD, and KPIBC. 
4 But becauſe , IM® ; AH, and LD), 
*:.36.| | thoſe Pa DG; and TI O Ab, 
| rallelogr 1 
and 6. D. 1. [are ſimilar and equal, 
711.24. 5| therefore the 1 AQI=AF; 
rallelopipedon 
111. D. 10. 6 for the ſame Reaſon . . BP=BF | 
L therefore the Sotids . . . . . IF, EP, 
ſareEquimultiples of the; , F. Ec; 
Solids | p | 
8 [and the Baſes. . . , IH, KH, 
_ [Equimultiples of the Baſes AH, BH; 
a 9|and fo, if the Baſe IHœ, Kl, 
11.24. and 10|then likewiſe the 
| Solid bea, -E. 
11 and therefore . AH: BH.: AF. EC. 
9, E. D. 


PROP. XXVI. Pio zu IV. 


At a Right Line given . AD 
and at a Point given in it. A 
to make a ſolid Angle . AHIL, 

equal 
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11. 


11. 12. 


PRO P. XXVII. 


equal to a ſolid Angle given . 


I 


2 
_ 


hed 


of Solid — 203 

. CDEF. 
PRACTICE. 

From any. Point 3 F 

let be drawn the Horriendidithe FG 

to the Plane paſſing thro' DC, CE, 

and draw the z DF, FE, EG, GD, 


Line Uh; 


AH=DC, and / HAI 
and make (DCE, and AI=EC. 
and in the Phe 7. ... . . . . . FRAL 
make the » HAK—DCG, and AK 

Angle $ . 
and to the ſame Plane HAI 
erect the Perpendicular KL GF; 
then ſince all the Lines, 3 
Planes, Angles, Baſe, fAmIL, 
Sc. of the ſolid Angle 
are correſpondently equal 
to thoſe Things in the {CDEE, 
given ſolid Angle | 
They 1 be equal to each other. 


2. E. F. 


PRO BL EM V. 


Upon a Right Line given . AB 
to deſcribe a Parallelopipedon . . . . AK 
fimilar and alike ſituate to a ſolid CD. 
Parallelopipedon given I / 


[ 


1 


do 


| 


PRAD TT. 


Of _ Plane 2 BAH, HAI, BAI, 
ngles 


which let be E 1 FCE, ECG, FCG, 


qual to 


make the ſolid 1 5 A. 
Alſo make . . . FC: CE. :BA: AH. 
And alſo . . . CE: CG. AH: Al. 


"qui by 0 FC:CG::AB:AI.) 
d 2 and 


— 

N > _ 
. 
[ 


2 
— — — mn — 

"NP *__ — AIG — — — . 

_ - _— — — — * 9 — 

1 e ee 1 Alctodat . 1 „ e . 


* 
B — ro PR. oe 


kgs ? = 
* — a. —_— Jw— 4 * * 66 _ 
"EW — — — — — — * 
— ̃ — * _ 
4 — 
os A 6 a — _ wo * * 8 7 — J 
— wal | 8 . : 6 r * A 25 3 — . . — 1 8 — 7 - * 2 * 
= " K — — 539 — 0 dah <a — —— n 8 NA err — — — — — 
— ä — — — 2 — — —— , — w AW Car —— Rn es —— "Ye 2 — > 
ge” — 2 LED — I p <——— — 1 88 — ＋ o>__—_- — — * — 2 — — 
. 2 =" res. 7 N 
" . 7 P _— —— . 
pronoun ee eee n 5 


11. D. 9. 


EucLip's Elements 


| | 7 jand compleat the Parallelopip. A AK 
8 and it ſhall be ſimilar to CD. 


9 For the wy EEG 


IB:BK:KH:KI:: 


lelograms & 6Þ.FD:DE:GD. 


10 Therefore the ſix Planes of . . . AK 


are fimilar to the ſix Planes of.. CD 

Erin A.. 
12 Therefore thoſe Solids are 

ſimilar and alike ſituate. F 2 E. F. 


PRO P. XXVIII. THEOREM XXIII 


If a ſolid Parallelopipedon 5 
„ . . anon «+ DCF, 
paſſing thro? the B 5 
of two oppoſite Planes AE, HB, 
that Solid will be biſected EG 
„ ] umwù]xͤ > od » DCF. 
e 
x2. 2. 1er bees DC FG, 
ie SiS... FGCD 


1.34. 


11. 24. 


3 is a Parallelogram, and 
becauſe of the equal ö AE=HPB, 

_ 1 andſimilarParallelog. - 

The Triangles } AFD, HGC,CGB, 

- allo $ DFE, | 

| 4|areequaland fimilar alſo } AC, AG, 


the Parallelograms 


gare equal and fimilar to . . FB, FD, 
5 therefore all the Planes FGCD AH 
of a Priſm 5 
s are equal and ſimilar to) Y 
| all the Planes of the & F GCDEB 
Priſm 
11. D. q. 7 Therefore thoſe Priſms E b 


er 
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K ] | 

). Pror. MIX. Tnrmeor EM XXIV. 
AGHEFBCD, 
Solid Parallelopipedons AGHEML KI, 


conſtituted on the ſame Baſe . . . AGHE 
K UE and having the ſame 
D Altitude F GB=HC, Sc. 
by and whoſe inſiſtent Lines... AF, AM, 
F are in the ſame Right Lines . . AG, FL, 


are equal to one another. 
ww DEMONSTRATION. 
II. 1. Fro. 1J From the * equal} AFMEDI= 
AR and 1, 96.4 * GBLH CK, 
| 2|dedu&t the common 
8 CW c NMBPCI, 
'B 1. A. 3. 3] there remains the ANBF EDCP— 
4 1 — '4- - Soha”  $ GNMLKIPH, 
0 | 4 add on each Side, the | 
”—_ 1. A. 2, £5|there ſhall be the 
6 | ing | AGHEERCD= 
5 ſequal to — Pa- 
7B | rallelopip. 1 2 
7 9, 2 2 
8 PROP, XXX, | THEOREM XXV. 
\G, Solid Parallelopipedons | 1 = _ 
D, conſtituted on the ſame Baſe . . ADCB, 
AH aand having the ſame Altitude, F 
and whoſe inſiſtent Lines. . . AH, Al, 
are not in the ſame Right Lines, 
EB are equal to one another. 
DEMONSTRATION, 
bs 1 For produce the J 
D | |. Right Lines 5 PRO. GEN, 
1 Ot. F 21 ad ealld'. 7. LMO, KIP; 
0 P. | Zjanddraw...... AT, DO BCN. 


there 


1. A. 1. 


6 


EvcL 1 D's Elements 


41 
Þ. 


| is equal to either 


- F 


Therefore thoſe Parallelo- 


* DC=I|HG=—|AB 
ADE 1 * 

== =[||GF 

* ef =1QN PO 


Wherefore the Pa- 
op, FADCBPONQ 


there ſhall be 
the Lines 


ö 


of the Paralle- 


lopipedons 


=ADCBIMLK. 


1 are ce to 


PRO P. XX XI, 


Solid Parallelopiped 
conſtituted on equal Bak... 


Lok D. 


Tx E 0 ER XXVI. 
. . AB, CD, 
LG, PH, 


each 


Ons. 


and having the ſame Altitude, 


are equal to each other 
D 


6.18. 


1 
2 


I 


10 


. AB=CD. 
EMONSTRATION. | 
Let the Parallclepipedons AB, CD, 
be Right-angled at the Dr 

Baſes LG, PH, | 
and let there be made at the CP 
Side * 0 
produced, the 9 
Parallelogram FPSTR ALEX. 
and therefore the Paral- 5 
lelopipedon FIQ=AB. 


Let there be Ou, NDa, PZ, DQęF, 
produced J RB, Wy, TSZ. XXFP. 
r &, By, ZF, 
„ Od CV,ISY ; | 
and theParal- | AE—CuzSR=PB; 
lelograms 
Since then the Pa- DEN 
1 (= ZR) :Ro:: 
ra elopipe Ons Sa.:: Pa, 
ther e 
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*;.9. #11.| 11 |there ſhall be . — 

29. tC. 5. Parallelopip TQI=AB. 
VE. D. 


12 U. If the Parallelopipedans AB,CD, 


13 have their Sides oblique 
: to the Baſes FLG, PH, 


Ig ſame Altitude, let there be placed 
_ 16 | Parallelopipedons at Right Angles to 
11. 29. 17 the Baſes ; Theſe ſhall be ® equal to 


| lelopipedons 3 4 
1. A. 1. 19 Conſequently t eoblique _ 
hs Parallelopipedon TAB=CD. 


PRO p. XXXII. THEOR E M XXVII. 
Solid Parallelopipedons.. . . . . AQ,EM, 
that have the — Altitude 

are to each other as their Baſes AB, EF. 


DEMONSTRATION. 
Produce ........ 3 EH to I. 


„ 1 
1.45. 2 And make the Parallelogr. FI=AB, 
3 Jand compleat the Parallelopip. HK. 
11. 31.] 4| Tis evi nary Se (*ZAQ)EM 


T11. 25. | ns * 170 õ 85 EF. 
5 E. D. 


Pzor. XXXIII. Tu O xx XXVIIL 


Similar ſolid Parallelo- ? ABCD, E FGH, 


* Pipedons 
are to each other in the triplicate 
Ratio of their homologous Sides AL, EK. 


DEMONSTRATION. 
| I, Produce the R. 
i Lins 2 AILLDIO,BIN ; 
4 2 and let there be} IL=EK, IO= 
'I'} 3] made | KH & IN=KE: 
| — | 0 


14 then on the ſame Baſes, and in the 


one another, and to the oblique Paral- 


"I 


* 
. nnr 
——— —⅜ 9 


— 7 — * er are — —— —— — — 2 a 
= 
_YFAMMSLETCq WV 


. 
po. 


„ 


* * — — — mw ee a er ͥ—a—2 On 
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11.17. 4] fo that the Pa- 
ES pag hacer pi bee. rel 
1.31. 5 compleat the Pa 1 
4 LF: rallelopipedons Turn. DLYQ, 
*C.2.F11.] 6 There Win Al.: 5 K) .: Dl: 
N e —— IO (*=HK) el 
ee 119 IN (=KF.) 
6.1.] 8 That is, in Paral- :: AD: DL. : DL: 
9| lelograms J IX.: BO:IT 
11. 32. 10 That is, in) :: ABCD: DLT 
1 ade DLT OIXPB. IXPB 
| | pipedons :IXMT. 
OCMNadHhRYT ee IXMT 
15. U. 1. 1 (*ﬀSEFGH) T:: 
18 4. 3 Therefore ABCDc:DLYQc 
3 3+ | + Ale: EKc.. 
| . 


 Coroll. Hence *tis + oli: i for Right Lines he 
proportional, as the Firſt is to the Fourth, ſo is a 
Parallelopipedon deſfcrib'd on the Firſt, to a fimilar 
Parallelopipedon, and fimilarly fituate, deſcribed on 
the Second. 

Le Coll. Hence alſo the Solution of chat famous 
Problem concerning the Duplication of the Cube. 
For ſuppoſe two Lines, A and B, and let 2A =B; 
e then (by Methods hereafter taught) find two 
* mean Proportionals between A — B, which let 
* be X, and Y, ſo that A: X:: I: B; now ſince 
<2A=B, and A: B:: Ac: Xc, therefore the Cube 
&« deſcrib'd on X ſhall he: double the Cube deſcrib'd 


on A. 


Prov. XXXIV. | T'n2oRt  XXIX. 
In equal ſolid Pull ADCB,EGHE, 


lopipedons 
the Baſes and Alti-) | 
tudes are reciprocally AD: EH: EG: AC. 


proportional 
and 
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and thoſe ſolid — ADCB, E GHEF, 


lopipedons 

whoſe Baſes and Al- 

titudes are recipro- >AD:EH:: EG: Ac. | 

cally proportional 
are equal to one another. 

DEMONSTRATION. | 

| I | Firſt let the Sides. . CA, GE 

be at Right Angles with 

| the Baſes F AD; Bs 
2 | If then the Altitude . . . AC GE, 
3| then ſhall the Baſe. . . . AD= EH, 

4 and ſo the Propoſition i is evident. 

5 But if the Altitudes are 0 c, 
6 
7 
8 


unequal, let 


1. . and take therefrom .. OO 
1.37, and draw the Plane. IKjEH, 
#11. 32. Hyp.l. There's 8 2 


5.17. 9 But the Parallelop. AB: EK: : EF: EK. 

110 Alſothe Parallelop.“ EF: EK: : GL: IL 

5 6. 1. 11 and again GL: IL:: GE: IE (AC) 

5. 11. and. 12 Therefore .. . . AD: EH:: GE: AC. 
. - A by 8 

11. 32.13 Hy e 

5 mar" F AB:EK::AD:EH 

H. 14 | But the Baſe . AD. EH. EG: El, 

6. 1.15 Alſo the Altitude EG:EI-GL-II. 


I 
- 
1 

N 

* 

i 

1 

= 

Fl 

945 

} 

* 1 

1 

ty 
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. 

1 
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1 6 

1% 

1 1 
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8 4 
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17 
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1 

1 
i 
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II. 32. 16 = 333 . L 
5. 9.17 Conſequently the Paral- Fo 
aa 2 CAB EF. 
. E. B. 


If the Parallelopipedons are oblique, let 
Right ones be erected on the ſame Baſes 
and in the ſame Altitude; then the ob- 
lique Parallelopipedons will be equal to 
theſe. Wherefore ſince (as above) tte 
Baſes and Altitudes of the Right are re- 


E e * 3 


A A 
» 
LD ABI Go ee ee I A” — ECE 


we -- » i. 1 SW F991 126320... EF n 2 
== RR En — ao — — 
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— * 46 J *e —— 
— 2 Oe — > — — 


210 EvucL1id's Elements 


ciprocal ; thoſe of the Oblique ſhall be 

| likewiſe. 9. E. D. 

Coroll. Thoſe things which have been demon- 

<« ſtrated in Prop. 29, 30, 31, 32, 33, 34, of Paral- 

ce jelopipedons, agree alſo to triangular Priſms, as 
< being their Halves, by Prop. 28. 


PROP. XXXV. THEOREM XXX. 


If there be two plain 
Angles equal 

and from Their Vertices . 
two Right Lines 
be elevated above the Planes in which 


the Angles are, contain- 
Ing equal Angles each GACZHDF, 


to its correſpondent one d 
and if in thoſe elevated Lines AG, DH, 
any Points be taken . , = 
and from theſe be drawn Lines Gl, HK, 
perpendicular » the Planes BAC, EDP, 
in which are the Ay les | 
firſt given n you BAC, EPF, 
and Right Lines 
be drawn from the Points. 
(made by the Perpendiculars in the Pines 
to the Angles firſt given . . BAC, EDF; 
Thoſe Right Lines 5 
ſhall contain equal Angles GAM=HDK, 
with the elevated ones AG, DH. 
DEMONSTRATION. 
 1{Let there 
ebe made FDH=ALandGIILM. 
alſo draw the Lines MC, MB, KF, KE, 
perpendicular to AC, AB, DF, DE ; 
and draw the Right BO 'LB, IC, 
| Lines FEE HF, HE. 
then is 


BAC=EDF, 
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I fat Right Anglesto the Plane BAC; 


II. D. 3. 7| Wherefore the LMC ALMA 


Angle LMB =; 
8 for the ſame Reaſon ) HRK FS HRD 
e eee Angie HRE. 
t Fe 
10 and therefore c =LMq+CMq-- 

1 Ac LCqꝗg.- Ac. 
1.48.11 Conſequently the Angle ACL 
1 ALq=LMq+MAq= 
13] And again > LM-MRB ABA 
| bd 4 —BLq+BAgq. 
1.48.14 Therefore the Angle . . ABL L. 

19 by a like Argument DFH DEH 
| | the Angle ( =+L.. 

6. 16 PERO” 7 AB DE; BL=EH ; 
1. 26. 1 therefore j ACD; CI. FI. 
1. 4.018 Wherefore alſo . . BC EF; 

119 and the 2 ABC DEF, and ACB 
Angle 5 *=DFE, 
1. A. 3. 20 Whence the remain- NT 
[21] ingAngles (of the SBE. 
| Right Lines) : 985 


1. 26. 22 and therefore CMS FR, 


1.47. 23 and therefore alſo.. AM = DK. 
*C ; 24 Therefore if from . . LAq*=HDq 
gage ..- ..-- - AMq=DKg 
1.47. 26 there will remain . . LMqz=HKq 
27; Whence the Triangles LAM, HDK, 
1. 8. 28 are mutually equi- 
I lateral, and there- CLAM=HDK. 


| fore the Angle 


From hence it is evident, that if there be two 
Right-lined plain Angles equal, from whoſe Points 
equal Right Lines be elevated on the Planes of the 
Angles, containing equal Angles with the Lines firſt 


given, each to each; Perpendiculars drawn from 
Bei 2 
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dern Elements 


the extreme Points of thoſe elevated Lines to the 


Planes of the Angles firſt given, are * to one an- 
other, viz. LM = HK. 


PRO p. XXXVI. Te was en 


If three Right Lines . : 1. DG, DF, 

be proportional, the ſol: Paral- 

lelopip. made e of them c DH 

is equal to the ſolid Parallelop... . IN 

made of the middle Line . . DG (= =IL.) 

if it be an Equilateral one 

and equiangular to the aforeſaid j DI 

Parallelopip. ; 
DEMONSTRATION. 

H. 11Becauſe ..... . DE: IK: : IL: DE, 

6. 14. 2 therefore the Parallelogr. KL=FE. 

3] and becauſe of the equal An- tD, T 

| gles of Planes at 

4 and alſo __ the Line GD=IM, 

5 |the Altitudes of the Pa- 
rallelopipedons ; n 

6|areequalalſo ; therefore 

they themſelves are (DH=IN 

| * 

+ 2E. 5. 


Prov. XXXVII. Tx x0 xa XXX. | 


= If four Right Lines . . AB,CD,EF,GH, 
| be proportional, viz. AB: .CD:EF:GH. 
the ſolid Parallelo- 5 AER, CI; EM, CN, 
ipedons 
ſimilar and alike de- | 
ſcrib'd from chem, ax CL: EM: GN. 
ſhall be proportional | 
And if ſolid Paral- ” 
lelopipeds. fimilar, Ir n. 
| and le deſcrib'd, AK:CL::EM:GN, 
be proportional | 


711.31. 


then 
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then the Right Lines 


11.33: 


5. 23. Sch. 


I | Becauſe the Parallelo- rl 
| pipedons F * 
2 are ſimilar, } AF. r. An.. 
— ͤ AK:CL:ABe:CDe. 
3 for the ſame n 
Ren + EM: GN E Fe: He. 
4 But it is . . . ABc:CDe:: EFc: G Hc, 
5 Therefore . , . . AK: CL:: EM: GN. 
6 And, vice ver ſd. 2 E. D. 
| Prop. XXXVIII. TH EOREM XXXIII. 
Maris... „ 
be perpendicular to a Plane „ AC, 
%% ̃ ̃ od 08 EF. 
be drawn from a Point. E 
= FAR... cn AB 
ndicular to a Point. f 
in the other Plane 3 
that Perpengicular... co c++ EF 


41; 12, 


they are deſcribed © AB: CD: EF: GH. 
from, ſnall be proporti 


Per 


ſhall fall in the common Section . . . AD 


of the ſaid Planes. 
DEMONSTRATION. 

x | For if poſſible, let. 5 

fall without the Interſection. A, 

e A 

draw the Right Line. . . FG 


ANG JO «cou =ont „ ES 
then will the 1 FGE A, 
but alſo the Angle. . . . EFG=£, 
Therefore in the Triangle . , GEF, 


there are two Right Angles. QE. A. 


— Label 0 8 


PRO r. 


198 
15 
{ 
&i- zÞ 
4 
10 
17 
1 
#4 
1 
1 
4 
. 


77 9 - 
—— ke a I « 22 1 
— K * p . a > 
4 1 Ghar * 
5 
a 4s -2 4 5 G 


—_ CE ai. ace ea i rn YR . 
T7 . —- 3 . — — — — mo. 
2 rk boards Fan 8 - 
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EUCcL D's Elements 


Proy. XXXIX, Tron E M XXXIV. 


AE, FC, AF, EC and 
If the Sides ? 51, CB. BC IB 
of the oppoſite Planes AC,DB, 
of a ſolid Parallelopipedon ..... . AB, 
be divided into two equal 
Parts, and Planes. . . ILQO, PKMR, | 
be drawn thro? the Seftions, the 
common Section of the Planes ST 
and the Diameter of the Parallelop. . .AB 
ſhall divide each other into; SV=VT ; 
two equal Parts, viz. &AV=VB. 
DEMONSTRATION. 
1 | Draw the Right 


is SA, SB; TD, TB; 


2 and becauſe * and OT= 


| the Side QT, 


1 3 and the — TOD=TOB, 


Angle 

4 there- } DT=TB, (& £DTO= 

| fore ? BTQ) 
3 and alſo make one ſtraight A8, SC, 
Line; ſo c 
6| make one ftraight } AD FG 

| Line; and — * [CB 

7 therefore alſo. . AC DB. 
8 Whereſo re AB, ST, 


{ are in the ſame Plane . . . . ACBD. 


9]and ſo ſince the An- 1 
gles at the Vertex 5 * 


| Ioland the Angles i ASV=RTV ; 


ternate 
1. A. . 11 and the Side . 
1. 26 


120 There 


2. E. E. D. 


PROP. 


Book NI . XL. 


| 
wk | 


5 5 5 


[ail kl l Ad 


| 5 


| 


F 


| 


4 1 

| | 
ſt 
Il 0 
| 

| i 
1. i | 


\n 1 [ 
vl | 


if 
| 


ll 


YE 
|| 


1 5 


| i 


Hm . 
Ma . 


IAU III 1 1 


#1 Fl 


* 8 


Il" 


Aua 
1 
1 
10 


mh 


| 
e 


i| 


| 


| 
| 
[| 
| 
| 
| 
10 


| | 


| 


WH 
ll 


| 
li 


I 10 
at nm 


i 


. ͤD 4 7 era A GOT AI — Pr FER 
n — — — — — nay 8 . FSI — 
dt > — TOR 3 

2 — "EY f 
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11 
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PR 


oP. XL. THEOREM XXNV. 


If two triangular ABCFED 
Frams g _ __GHMLIK. 
one ſtanding on the Baſe...” .  ABCF 
which is a Parallelogram; the 

other on a Triangle ........ GHM; 
if their Altitudes be equal, 

and the Parallelogram . . .. . .-. ABCE, 
be double the Triangle . . .. . . . GHM, 


then are thoſe Priſms equal. 


DEMONSTRATION. 
I | For compleat the Paral- 
lelopipedons | "FAN, 6 


2 then becauſe the Baſe. AC=GP, 
5 | 3iand their Altitudes equal, 


1 1. 4 The Parallelopipedon . ANG. 
1. A £ But the Priſm ABCFED AN. 


11. 28. 


6 and the Priſm GHMLIK=3GQ. 
7 Therefore the ABCFED=— 
| | Prim c GHMLIK, 
. 


78856 


EUCLID 


EUCLID ELEMENTS 
OF 


SOLID GEOMETRY. 


:-B-O © K-30. 


PR or. I. | Trronrtm 1. 


Similar Polygons .. ABCDE, FGHIK, 
inſcrib'd in Circles. ABD, FGH, 
are to one another as the 5 | 
Squares of the Diameters . . . AL, FM, 

DEMONSTRATION. 
3 AC, BL, FH. GM, 
and becauſe the Angle ABC =P GH, 


| 


| 


I 
2 
6.19.1.] gjand ......,. - . ABCHEGCH, 
6:6.*3.21.] 4 there ſhall be ACB (*=ALB) = 
the Angle FCH (*=FMG) 
3.31.] 5|But the Angle ABL=FGM=L. 
3.32. 6|therefore tlie Triangles ABL, F GM. 
4. 6. Cor. are equiangular; 
? | —_— TABFG:AL:FM. 
6.22. 8 But... ABq:FGq::ALq:FMq, 
6.20.] 9 And alſo the 28018. FGHIK:: 
Polygons ; ABq:FGg. 
5. 11.10 ABCDE: FGHIK: 


» 
Jr EE 1 
2 


Conſequently Þ ALa:FM 
: — "Ceroll, 


Boox _ of Jol Gtoretry. 21 4 


Esroll. & Hence tis manifeſt, the Peri pheries of 


6& fiphtlat Polygons Inſeribed i in a SIR, are as the 
« Diameters. 55 | 


J ¾ 2 ED 


E 


If there be two unequal MagnitudeeAB, Oc 
and from the greater. AB 


be taken a greater Part than 
„ 1 5 *. 
and from the Remainder HB 


A in taken 4 rreater Part 
dat fe fut half : 1 


and this be done continually 
there will be left at laſf, 4 Nias nitude IB 
that ſhall be leſs than the leſſer 5f the C 
propoſed Magnitudes 5 5 : 

PEMONSTRATTON. 
1 Take the leſſer Quantit 7. C 
20 ſo often, that its Multiple. . . . DE 
3 exceed the Magnitude „ 
4 and let there be DE=FG=GE =C 
2 


gt ue 


I, 


Pllen from the Magnitu 9 
ö take away >. +3» + + +. Acta; 
7 and 1 from the Remainder HB, 
8 7 * \ 35 "Bf HB, 
1: 9]and'thu rocee ti 

F * the Patt Al, m, 


be equal i in number to 

| the Parts n, FG GE; 
Then 'tis evident, the Part _ 

_ is not leſs than . *. „„ 

reater t hann. . . IB, 
Alen 18 Mot than e $A Be-DE, 
It the fame Mahner . . GE 
2 not leſs than... EE 
194 24558 greater than. —— IB HB; 
$|theref 1 (= E) oB. 
HEE E. Br 

Ff The 


— — * —— 3 we * 9 © - E 
r r a « 6 » — r * 7 9 J 
of 5 _— 2 — * ne wes 5 * e . * . * 25 A 7 * % 7 1 . 4 - 4 _ 4 8 47 q 


218 EucLivd's Elements | 
19 The fame is ſhewn, if from.. AB 
120|there ſhould be taken its half FAR, 
21 and from the Remaining . . HB 
22 be taken again its half HI., 
and ſo on continually. 

N. B. This i is the firſt Propoſition of the Tenth 
moan of theſe Elements. 


PRO r. II. THEOREM IL. 


„ = ABT, EFN 

are to each other as the 

Squares of their Diameters g AC, EG, 
DEMONSTRATION. 


| 1|Let there * ACq:EGq::ABT:I, 


made 


2 |I fay then the Circle. . FEN=]. 
3|I. Elfe firſt, let, if poſſible I. FEN, 
4 and let the Exceſs be K. 
5 In the Circle. EFN 
6[let ae be inſcrib'd the EFGH 


cumſcrib'd Square, and ſo 
greater than theSemicircle 
3.30. 8|Biſe& the Arcks EF, FG, G, HE, 
9 and join the Points EL, LF, FM, 


4.7. Schol.| 7 | this is equal to half the cir- 5 
| of EFG 


of Section . &c. 
b the FLINT e ͤ pe» » hs 
11|draw the Tangent. PQ ( [EF) 
12 and produce HEP, GFQ, 

4.41.13 then is the Tri- I 
1 LEFL=1DEPQF, 
141and therefore greater than 
I half the Segment F SLE 
15 |and thus all the Tri- FMG, GNH, 
angles &c. 


16 ſare greater than E GMF, HNG, 
+ * the Segments S. IF 


— * 


Book: XII. 


Lemma. 


Df 


Therefore the 


and 


cauſe 


| 9 Solid Geometry. Ee 2 19 
[If again the Arcks EL, LE, FM, Sc. 
were again biſected, and join? d 


with Right Lines, the Triangles 5 


would in like manner exceed 
the Halves of the . 
. EFGH . 


Wherefore if the Square. . 
be taken from the Circle. EFN, 
and the Triangles ELF, F MG, Ge. 
be taken from the 
— ELG, FMG, Oc. 
contmually, there ſhall at 


laſt remain a Magnitude leſs than K. 
That is, all the Seg- ) EL+LF 


ments taken together 5 +FM, c. 


are leſs than the Space 
8 1 I eEPN-K) 


is leſs than my ELFMGNHO. 
Polygon 
* N—EL-+LF, 


(which 1s equal 

to the Circle Se.) 
Suppoſe a ſimilar 

n Ak BSC TDv 
inſeribck ü in Feb Cite «+ ABT 

AKBSCTDV 
! ELFEMCNHO 
M |) #:ACq:EGq 
io} os Acq: EGq:: ABT. I 

Andthe Po- 


wo * F AKBSCTDVe-ABT. 


there ſhall be 
che engen % 2ELFMGNHOe-I. 


But aboveit was Is ELFMGNHO 
which are repugnant. ©. E. D. 

II. Again, if poſſible, let IzEFN 
therefore be. ACq: EGq: O ABT. I. 


and inverſely I: 0ABT::EGq:ACq. 


Let it be made I: OABT::@EFN:K. 
FF-9 there - 


„ eee 2 


— 


320 


. | 
Sd ele ABTek 
AC q:: :QEFN:K 


Eu D's, 


1 therefore we 
42 And . 


3 6 is 43 which are jag en n to be 


144 repugnant. Therefore . . ISEFN , 
[45]and fo "ACHES 


Coroll. F 


4 ABT. OEF N. 


2, E. D. 
Tence. as Circle to Ci ircle, ſo i js a Polygon 


deſcridd in that to a Ee and e deſcrib'd 
Polygon 1 in this. n 


Prop. WM. 


beer, 


1 mou . ABCD, 


two ade 
equal and fimyar to _ | 
| Siber, having ae EGH, IKC, 
ſes 


5 | and fimilar to the whole Pyramid ABCD, 


| 28 


. 
„ 1 
" 4 . * 
4 5 0 2 
* * 


2. 4 Becauſe the Sides of) 4 


and into two | 
F }REGEIH, FGDIHK, 
wy Mick two Priſms are greater 


an the half of the whole Py- } ABCD. 


eb 


1 J Biſect the Sides of the AB, BC, CD 
| 2 Fa „AC, BD 
the Points . . . E. I. 'G, H,F, 
E 1 Join the e IF, FR, 
$4 © KG, GH, HE. 
| 


ABJFIIGE ; 


che Pyramid are ! 
Cut pro 5 72 1 De = 


iy, there ſhall be] Cr. 


gies are 


1.29. 5 Wh grefore the Ein AB AEG, EBF, 
nr quia BD i 
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5 28 6] and the fave Jaft are anal 
74a like I FDK, IKC, 
4 4 theTrangles 


EGH ; 
8 ring the | os - ; pain ;HKC, 


4 
4 


. v2 rv . — rf 
11. 13. 9 Mareove mate 2) HIKJADB, EGH 
Triangles re BDE.EFLADC: 
11.0. g.[14|and {fin to the Whole e ABCD, 
| : 915 }BFGEIH, FGDIHK, 
5 Wb 
.] titude, as being be- (An 
ow tween. the led ADK. 
eee 
| 1. A. 2. 14 jut the Baſe 22 + 2  BYGH=2FDG. 
5 1. 49,16 herefor the?  BFGEIH= 
=" 1 FGDIHK. 
n 16 cher 15 which Praiſes. - adit 
1I17 fis greater than wh 
214 18 the Whole than the > Wh 
55 - þ38] therabigee the two BFGEIH, 
1. Priſm 3 15 FGDINE, 
þrg fare greates AEO! 
* * 1 55 Pyramids 3 HIKC; 
20 [and therefore exceed the) 


Half ef the whole WE ABCD. 
ramid | 
| 9. E. D. 


1 CAN g 55 | | 
Por. IV, TarzoREMIV. 


' Ifthere be two Pyramids ABCD,EFGH, 
„ oe fame Altitude, 
d mY having 


EUc II D's Elements © 
having triangular Baſes . . . ABC, EFG, 
and - each' divided AILM,=MNOD, | 


into two Pyramids FEPRS, =STVH, 


and fimilar to the Whole ABCD, EF GH, 
and into LI er NGO, . 
equal Priſms J PF — 88 
and if in like manner each 

of the two Pyramids, made 


by the former Diviſion, be divided, RR 


this be done continually ; then as the 
| Baſe of one Pyramid is to the Baſe of the 
other Pyramid, ſo are all the Priſms that 


are in one Pyramid to all the Priſms that 
are in the other Pyramid, being equal in 
Multitude. 


Duos TAAT ION. 


5.15. 1, For (as in he CRC FCO 


6.22. | 


5.16. 


| laſt Scheme) 
2 | Therefore the ABC: LKC: EFG. 
Triangle ROS, 


and (by Alter- ABC: EFG=LKC: 

— * * = 

But as the Triangle KC: ROS, 
N J KLCN AO. ORG TSV 
(for their Altitudes 14 : IBKLMN: 


are equal) and 5 PFQRST. 


RJ OS WG 


. 7|thereforeas the Triangle ABC EFG 
8 


fo are the two 2 CNMO-- 


| Prime IBKLMN, 
9 tothetwo . NT * 
pan QRGTSV-+PFQRST. 


10 If in the ſame 


Manner each { MNOD, AILM ; 
of the Pyra- EPRS, STVH, 
| FN mids 

| {made by the former Diviſion, 


be 


— — . J 
4 LINES... 674 = — — 
. 17 n 


Ms + G5 


. - 
ES ——— — 
3 
— 
— 
* 


— r — 1 
— —j — — —— —— —— — 
> A —— 2 — ——Y — > — 
_ — 3 mg + + 
8 


. SY Fog AT: 
eee 
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5.12.11 be again diyided, it n r 
A op che Baſes 8! MNO,&AIL | 

_ ]12|are to the Baſes . :STV & EPR, 

13] (that is, I * * 

14 ſo are the four Priſms of 

| the Pyramid F ABCD 

| | 15|to the four Priſms of the 

Pyramid 8 EFGH. 

4 and ſo of any other Number. 


22 5 


PRO r. V. Taz = V. 


— r 
e 2 
3 . — — 


. ct. reg”, 


4 vo — W 
rr 
x £, os « # 
* 12 i — o 
arr. 


. 
: 3 
— — rr Ao otro _— —— — —— 


* n 


3 nie — 
TTC 
. TX, Cn * 9 N 

. 


if 
i 
4 
* 
9 


| 

4 

' 
j 
4 | 
18- 
1 
6 
i 
WW 
Lk 


Ll 
— 


c ORE BE 


Pyramids of the ſame 
ph nom * CABCD, EFGH, 


and having triangular Baſes, ABC, EFG, 
are to each other as their Baſes. 
DEMONSTRATION, | 

etch Tr ABC:EFG::ABCD:X. 


angle 


2 fay the Pyramid... EFCH SX. 
3 J. Por if poſſible, let. EFGHazX 
4 and let the 85 

Exceſs be 7 (EFGH—X= . 
5 let the Pyramid „ 
6 be divided into Priſins and Pyra- 
| | mids; and the remaining in like 
| manner, till at laſt the 

7| Pyramids left .. . . EPRS,STVH, 
8 may become leſs than . . . . . . YZ 

Since then the 

9 Phra 7 EFGH=X+Y, 
[10|*tis plain the remaining PFORST, 
Priſms QRGTSV, 
III ſare greater than the Solid X; 
112 Conceive the e $M» ABCD 
divided 


Lemma. 


=. Sd $a 
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H. 1. 
H 29] 
GE. 
20 19 | 


12.4. * 3 divided in the ſane] 


E. & Ef x D'f Elements 


Bk MN. 
KLCNMO 


manner, and there & 
{ ſhall be the Prins 


4 10 to 5 dsh 


16 And 0 18 che Pymmid: ABCD. x 
Therefore oy d. 


rs But it is leſs alſo. 9. E. A. 


79 II. Again, let it be. . X=EFGH, 
20]and let it be EFGH: V:: X: ABCD 


made — EFG: ABC. 
21 and becauſe... ... . . EFGH«.X 
22|therefore alſo F 5 Elie ACL. : 


2 3 but this is before) 


PR 


O P. VI. Tu REGR EM VI. 


Pyramids of the — AzhCDEF, 


Altitudles 


GHIKLM, 


gonous- 


and having Poly- 
by; | ABEDE, GHIKL,' : 


are to-each other as their Baſes. 


p 
: * 
= 


I the Baſe 
1 3.5 and compound- ABC D- AC.: 
; | ing, the Trap, ABCDF:ACDEF ; 


DEMONSTRATION: 


1 . A. G GK; 


Lines- 
2 And there is) ABC:ACD:: ABC: 
} ACDE, 


ACD:ADE::ACDF 


. 4 alſo- thete i 18 F ABEF; 
2 | 5|therefore by EN ABCD:ADE:: 


| quality — ABCDE: :ADEF. 
. | there- 


Book XII. of Solid G „ 


EE 5-18. | 6| therefore ABCDE:ADE:: 
N bc ede -ADEF. 
- ADE:GKL:: :ADEF: 
5.12 | 7| Moreover GKLM, 
s be GELGHIKL:GKLM 
inverſely :GHIK LM. 
5.22.9 therefore a- ) ABCDE:GHIKL 
I gain by . :ABCDEFEF: 
t quality GHIK LM, 


Prove. VIE. TRHEOREM VII. 


Every Priſmm .. ABCDEFg, 
having a triangular Raſa .. | _.'. AS. 
may be divided 1 into ACBF, ACDF, 
three Pyramids F CDFE, 

equal to one another, and 


- having triangular Bates, 


1] Draw the Diameters . AC, CF, FD, 
2 and becauſe of the ABCD. AFED 
II Parallelograms J and BFEC, 
1.34. 3 The a „ „„ CLESSATIL 
3.12. 4 and therefore the 
* Pyramid CACBF=ACDF, 
5 Pg of the) 
lame Altitude, | Sp xn pp 
| for the ſame DFAC=DFEC , 
ReafonthePyr* ) 8 
35 .<a- ACD F, DFAC, 
are one and the | 55 
I fame Pyramid; (ACBF, ACD F, 
1. A. 1. 7| and therefore and DFEC, 
i the 3 Pyramids] 
ET F E 


DEMONSTRATION. 


Gg 18 
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| is divided, are equal to one another. 

Coroll. Hence *tis manifeſt every Pyramid is a 

third Part of a Priſm, having the ſame Baſe, and an 

equal Altitude; becauſe if the Baſe of a Priſm, as 

alſo the oppoſite Baſe, be of any other Figure, it 
may be divided into Priſms having triangular Baſes. 


PRO r. VII. Trzorzm VIII. 


Similar Pyramids . . ABCD, EFGH, 

having triangular Baſes . . . ABC, EFG, 

are in a triplicate Ratio of 

their homologous Sides c AC, EG. 
DEMONSTRATION. 


11. 25. 1] Compleat the Pa- 1 ABICDMKL, 


| rallelopipedons  EENGHQOP. 
11. D. 9. 2| theſe will be 
& 11. 28. ore ben ABCD, (AK) 
& EFGH (=;EO) 
ples of the | 
| Pyramids 


11. 33. 3| and therefore, 
I becauſe che Ax O Aceh. 
Fa nmr X 
5.15.| 4| the Pyramids alſo : ” 
will be in 3 
I fame A Ten 
Q. E. D. 


Coroll. Hence ſimilar Polygonal Pyramids, are to 
one another in a triplicate Ratio of their homolo- 
gous Sides; this evidently appears by reſolving 
theſe Pyramids into ſuch as have triangular Baſes. 


 PrRoe. IX, TrzronrtmMIX., 


The Baſes andAltitudes OY 
of equal Pyramids FABCD ,EFGH, 
having triangular Baſes. , . ABC, EFG, 


are 


Boo XII. of Solid Geometry, 22 


are reciprocally proportional. 

And thoſe Pyramids . . ABCD, EFGH, 
having triangular Baſes . . ABC, EFG, 
whoſe Baſes and Altitudes 


are reciprocally proportional, 


Are equal. 


11. 27. 


DEMONSTRATION. 
II. Compleat the Parallel“. AK, EO, 


11. 28, & 2|which are each 


1 


Coroll. 


ſix times great- ABCD=EFGH, 


er than the e- 

| qual Pyramids 

and therefore are equal — 
, to one another c AK=EO, 
4| therefore as H: D:: ABIC:EFNG 
theAltitude 3 ::ABC:EFG. 


4:4 WER = 


Hyp. II. Admit — 
ES H. D. ABC EFG, 


5 
6 But . . . ABC:EFG::ABIC:EFNG. 
7 conſequently as) H:D:ABIC: 
the Altitude : EFNG, 
8 _ therefore the Paral- 122 —AK 
elopipedon 
9] and ſo therefore mT ABCD 
the Pyramids EF GH, 
10ſ as being he Subſextuples 
# of the ſaid Parallelopips 'F RED. 
% Thoſe Things which 1 * been de- 


* monſtrated of Pyramids in Prop. 6, 8, 9, agree 
<* alſo to Priſms of the ſame Baſe * Altitude, as 


being triple of the Pyramids. 


W TRAA K 


Every Cone is the third Part of 
a Cylinder, having the dame ancn. 


Baſe 
and an equal Altitude. _ 
G g2 Dx- 


228 EucLIp's Elements 
DEMONSTRATTION. | 
See Fig. to 1|I. If not, firſt let the Cylinder 
2d Prop. | | exceed the Triple of che þ E. 
Cone by 
4. 7. Sch. 2A Priſm erected on the 
& 12. 9. Square inſerib'd inf ABCD 
Cor. the Circle 
is Subduple of the Priſm on 
ſthe Square circumſcrib'd about 
the Circle of equal Alt- 
| [tude with it ſelf and Cylinder. 
2| therefore the Priſm on the 
SA, oo Sib ad, ABCD 
| {will exceed the half of the 
| Cylinder on the Circle. AFGHT; 
4|*In the ſame manner, the Priſm 
on the triangular Baſe AFB 
of equal Height with the Cylinder, 
Iwill exceed the half of the 
 ]Segment of the Cylinder on AFB; 
| 5{tet the Biſection of the Arcks 
bl be continued, and the Priſms 
I ͤůtaken from the Segments of the 
Br | A AF, FB, Sc. 
| IItill eg by leſs than . © 
1 8| Therefore the Cylinder 
Y leſs the Se Fr Ab, FB, c. 
(that is, the Priſm : 
91 at the Baſe $AFBGCHDI) 
1. A. z.'16]'is greater than the Cylinder leſs E. 
H. 15]{that is, the Triple of the Cone.) 
12.7. Cor. 12VTherefore the Pyramid, “ the third 
| Part of the faid Priſm, (at the ſame 
| Baſe and of the ſame Altitude) is 
greater than the Cone of an equal 


| Aiticude, on the Baſe or 7 
2 8 5 AFGHI 


122 | 2 Part greater than the Whole. 2E. 4 
I 


e 1 


1 
| 


PRO p. XI. 


0 14 
[15 


116 
x2 
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13] 


I8|1 


; 1914 


20 


| of the Cone, ſup 
| which ſhall be leis 
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IT. If it be ſaid the Cone is greater 
| than 4 Part of the Cylinder, 
let the Exceſs be 
Then from the Cone detract Py- 
ramids (as above you detracted 
Priſms from the Cylinder, till 
at laſt there remain Segments 
ſe at AF, FB, Sc. 
—]. . E; 
Therefore the Cone leſs... ... .... E 
(That is, 4 of the I 


ramid 
A, FB, Oc. 


that is, the Cone leſs 
the Segments 
Therefore the Priſm, * the 


Triple of the Pyramid (of equal 
Height, and at the ſame Baſe,) 
{ is greater than the Cylinder 

O» 
| 21 
Therefore the Cone muſt 


ABCD, 
a Part greater than the Whole. Q. E. 4 


be the third Part of the Cylinder. 


9.E. D. 


TSA Ai 


Cones and Cylinders ABCD R, EFGHM, 
having the ſame Altitude, 


are to each other as their 
Baſes © ABCD, EFGH. 


DxmMonsTRATION. 


— 0. m | 


. ABCD:OEF GH 
ſo the Cone . :ABCDK:N. 
I fay the Cone. . . . EFGHM=N. 
For, if poſſible, let Ne.EFGHM. 
land let the Exceis . 8 


| Let the Circle . 


E UCLI D' 's . 


(the ſame Preparation and Argu- 
mentation being here ſup- 0 
poſed, as in the laſt Prop.) 
there ſhall be the Fee 

greater than the Co- 10 4 FQ, 

nic Segments 

land therefore the * 


is leſs than the) 
n + EPFQGRHSM. 
In the Circle. ew LD 


9 
| | 5 | | 
9 let be made a ſimi- W 

lar Polygon F ATBVCXDY. 


10 3 the 
F } ABVYK: -EFQSM 
As the Polygon : ATBVY: :EPFQS 
11 fo is the Circle... :: ABCD:EFGH 
fand fo is the Cone. :: ABCD R: N. 
12 Therefore Py = FPF FQGRHSM 
| Pyramid 
f 13 But it is alſo greater. 4 
14 Again, if you ſay. Nea EFGHM, 
15 make the Proportion EFGHM:O 
1 - as the ne F.. :N:ABCDK 
Hl. 16 ſo is the Circle . . . ::EFGH:ABCD 
5. 14. 17 therefore 
10 But this was a 
i 
| | impoſſible, a- > CDK:EFGHM 


9| bove. There- 
| fore it will be 


PR oOo p. XII. TEO EM XII. 


Similar Cones and fABCDK, EFGHM, 
_ Cylinders 


are to one another in a tripli- 
_ cate Ratio of the Diameters. . TX, PR, 
of their Baſes ABC p, EF Ds. 
| | E- 


Boon XII. 
0 


1 


2 
3 
4 
5 
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EMONSTRATION, 
Lett DE ms Ci is 5 TXc:PRc:: 
So is the Cone. ABC DR: N 


I fay the Cone. . EFGHM-—N, 


| for, if poſſible, let EFGHM N. 


and let the Exceſs be O. 
therefore, (as in the preceeding N 
Propoſitions) the Solid 5 


is leſs than the | 
Pyramid F EPFQGRHSM. 
Let the Axes of the} 

Cones be c IK, LM. 
and draw wie, VX, CK, VI, CI; 
R. Lines & 


and, becauſe of rer r | 
ſimilar Cones 0 VI: Ik. : QL. LM. 


pt wa again 
byEaualey vc. CK::QG:MG, 


therefore the Triangles VKC,QMG, 
7 are ſimilar; by a like Reaſon- 


ing, the other Tri- 
angles of this ATBYCXDYK 


Pyramid 


are ſimilar to the 


Remainder of 
the other Py- EPF * HSM, 


ramid 


_ - [F Wherefore the Pyramids them- 


ſelves are ſimilar. 


&QM,GM,QL,GL. 


But the Angles VIK=QLM=/z, 


therefore the Triangles VIK ,QLM, 
are equiangular, 

3 CVI. OS. QI. 
„ .<- VEAL. - 
therefore by E- VE. . 

W ates vc VR. Q: Q.. 
3 VK: CR: : QM: MG, 


But 
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12. 8. Cor. | 18 But theſe arey VC to QG, i. e. VI 
26.4. I | inthetripli- f to QL, or tTX to 
. | {| cateRatioofI PR. 

H. & 5g. 11.19 Therefore the 
R ATBVCXDYK 
is to the Pyramid :EPFQGRHSM, 

200 As the Cone. . ::ABCDK:N. 
14.21 Therefore the 
4 $ | Pyramid } EPFOGRHSM 
is leſs than the Solido. N 
5.21 But it is alſo greater, . E. A. 
220 Again, if you ſay No aEFCGC HM. 


23, Let the 2 EEGHM:O::N:ABCDK, 


Inver. 19 24 So is the Py- ) :EPGM:ATCK 
& 20. | rand 3 *:GQ:VCc. 
*2.8. Cor. 6. 4. 2 6 fand ſo is. . . .:PRc:TXc. 


5. 14. 26 therefore the Solid. — 
5 to 21. 27 which is already) 


28] proved to be im- 
| poſlible ; there-( N=EFGHM. 


fore 
29 +9 [Conſequently ABCDK: EFGHM 
[ the Cone 3 = T'Xc:PRc. 
NE. b. 
Since Cylinders are the Triples of Cones, they 
have the ſame Ratio as Cones, and conſequently 
are alſo in a Triphicate- Ratio of the Diameters of 


their ns. 
8 XIII. Ta TON EZM XIII. 

Ifa C ——ÜÜ˙ĩé1Lt[ 4 

be divided DFR. <->: + EF 

parallel to the oppofite Planes BC, AD, 

then as the Cylinder . . . . AEFD 

is to the Cylinder. . . . :EBCF 

ſo is the Axis e „ 

tothe nl „ IH. 

| | D E- 


Book XII. | = 4 Solid Geometry. = 233 I 


1. 3. 


412. 11. 


DrMonSTRATION. 85 

I | In the Axis pro- GK=GI, and 

duced, take HL= IH=LM. 
2|and thro? the Points. K, L, MN, 

conceive the Planes RS, NO, PQ, 


3 
_ | 4]to paſs, in which let 


ee AD, BC. 
parallel to the Baſes 
5| Therefore the Cylinder ED=AS, : 
6]and the Cylinder EC BON 85 
7 therefore the Cylinder 
8 1s the ſame Multiple of Cy]. . "ED, 
9|as is e . IK of IG; 
o [and the ſame Multiple is 

the Cylinder J affe 
11 as is the Axis... . . IM of IH. 


| 12 But as the Axis . , IKœa, , -IM, 


| 123 ſo the Cylinder. * =, EQ 


b 14 therefore the G21 AEFD:EBCE. 


linder 


Irglfo is the As.. GH. 


PRO . XIV. aan 


- 


„ .. . . AEB, CFD. 
ee, AH, CK, 
being upon equal Baſes AB, CD, 


are to one another as their 7 
Altitudes F ME, NF. 
DEMONSTRATION. 


1 In the Cylinder, and its 
| Axis produced AH. mM 
) .. ML=FN 
3 land thro' the Ponte * 
4 draw the Plane OPIAB 
5 |then ſhall the Cylinder . AP=CK, 


H h And 


234. 


12. 13. 


me 
* 
- 8 ar eat == - 6 — oy — * PR a wy 1 
4 © — m 1 
bs . > ** — r 

1 ˙ . reno rs * ro rr . 5 — 

* _ — 

1 2 7 — 1 2 
* * — o nr — * * +» — r * 
. — — N eee 8 


FF , 


11.12.11. 
5.9. 


9. 9 
| * 
Pp ROP. XV. 


908 


1214. 
.| ſo is the C 


*y | 
f . oy 
© > 


12.14.45. 


| 
7 
: 5 


EugT ID's Blagents 


6 And as theCy- 13 AP (=CK) 


linder, ſo is 
| : che Axis 37 ME:ML N. 


8 But as the Cylinder 
ſo is the Cone 
as being the Subtriples 

of the Cylinders | F 2, E. D. 


TRHTOREN XV. 


. . BAC, EDF, 
BH, EK, 
C:EF 
D:LA. 


110 


ya] Cones 
linders ( 
the Baſes and Aide we] 
reciprocally ] proportional 
and Cones and ylinders, whoſe 
Baſes and Altitudes are recipro- 
cally proportional, are equal. 
: DEMONSTRATION. 
I If the Altitudes a are eq quill LA=MDP, 
| 2 the Bales are —4 equa CEE | 
and the Propoſition is e ident. 
3 = if the ee as * 
: MO=LA. 


4 unequal; take. 
F MD: MO (=LA) 


5 Hyp. I. And 
y- 5 
linder . EE BH) EQ 


| there is 
7 and fo is the circular Baſe ::BC:EF. 


14 9, E. D. 
| 8 Hyp. II. There 1 is the Cy $BC:EF 


| linder 
9 as the ec! DM: 185 85 "ug * 
EPt. 


10 again as the Cy 1 5 
linder vo 
Therefore the Cylinder 22 . 
In like manner this i 18 
proved 1 in Cones. 3 E. P. 
PRor. 


FN, 


) 


9 


Boox XII. 


PRO P. XVI. 


Two Cirtkes . $4006, ; ABCG, DEF, 
bein About the ſamie Center 1 M 
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— 4 


Puonint. 


to inſcribs iii the Greater . . . « ABCG 
a Po! ygori of ec 7 3 Sides, even 


in Nufnber. that 


the leſſer Circle 
1 PkAcTiCe. 
Did the Ri ght 111736 
2 ꝗſhto the Center e 
I euttin 1755 Elkkle ...., DEF in F 
I 4 from whence erect the Per pend. FH 
3.30. 5 Bifect the Semicircle . . ABC 
$5 | G[atid Again biſect its Half. <.--- 
FBemmad. 7 and fo continually, till the Arch IC 
[becomes leſs than the Arch. . HC. 
8 Froti the Point. „ 
9 | let fall the # rpetidicular . : +>» 
10 which pfoducè to. 2 
/ 4f ein.. 1, CK. 
4.29; 12 and then „„ 
1.28.13 [and fine 4 IKIHG 
3 16. Cor. 14 and the Line ' 5 «wo IF 
- -. |. , [toaches the Cirtle;....;.... DEF 
1. P. 33.13 inthe... = 
- 1 will not touch the = "lp DEV; ; 
17 'and tfiuch lefs do the Lines IC, ox, 
| [tb | the faid Citdle..,.. Dkk 
18 and if R., Lines, each equal to IC; 
1} Applied round in the Circle ABC G, 
19 we ſhall have a Polygon i in- 
Pep ſerib'd therein of equal 7 
Sides, Even in number, > DEF, 
t | that does not touch the 
leffer Circle . 
2. 


all nöt U DEF. 


Hh 2 PROP, 


2 5. & * _ _ 
N . N — k 17, wha. _ — —— = _ - — . N IS - _ c 
2 SP rand "7 I ' "be; * "au * N wi ey 1h IS Te PICS h I * - _ RE ET - — * a - . — — — — 2 
* Ce N - b > ue 8 «a: Logs N RY; 2 n 7 , 5 — — . : = 
. 4 * won * 1 IIS <4 7 r 5 — 2 — — : 
- _—_— — —_— — . - — — — 2 - * * N J ͤ bento GS. «a nn. 8 * 
— on 12» — - — PIR RR — 2 0 A - do GEAR > aa _ * Ea To, > REINA. MET Py St Ate, 3 2 * 74 
* — — — n » 222 wu ug in 351 e R * Worn ＋ 5 
EY A ee ee g . G — * Wore ——— — — * rr 
ot l ET ne —— 2 N e * — 1 — 


— IO VI AERIrnY 3 — 
ay be p 2 e 
PT. 4" RN 


* nnr 'F- 
1 . # 
n 8 
Ren wa 
— — 


5 * 
8 — — 3 * 
—— . 
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Proe. XVIII. PROL IM II. 
W§‚ ..... <> BGDE,ZHT, 
being about the ſame Center A 
to inſcribe a ſolid Polyhedron 
in the greater Sphere $B BGDE, 
er-] ZHE, 


which ſhall not touch the Super- 
; ficies of the leſſer Sphere 
PAS 
1 Let both the Spheres be cut by a L A 
| Plane thro? their Center 
11. D. 14.| 2|making their Circles BGDE,ZHT, 
| 3jand drawat Right Angles 1 
| the two c 2 c BD,GE, 
12. 16.] 4|in the greater Circle. BGDE 
inſcribe the equila- EM, ML ,LK, 
teral Polygon EB, &c. | 
not touching the leſſer Circle ZH. 


5 draw the Diameter KN 
6 and at Right Angles to 
{ the Plane 5 — 


11. 12. erect the Perpendicular AX AB; 
7 thro' the wa DB, KN, AX, 

8 | conceive to paſs the 

| oeeive to paſs the } XN, BXD; 

9 | making in the Super- 

| ficies of theSphere SKXN BND; 

| the great Circles 

truoſin the Quadrants .. . . BX, OX” 

x. 4. ir |adapt the Right BO, OP. P 

Lines KS,SF, FV, 3 
equal to the R. 
= of tab oh Bk, KL, LM, M. 


in Length and Number. 


— 
* 


1110 = 4 13jand let the ſame 

"I Conſtruction be 

i! | | made in all o- D, XN, ED, &. 
ther Quadrants 

| [of the * Sphere, and it is done. 


From 


ne. 


Book XII. 
14 


11. 30 13 
1. A. 11.16 
3.27.2 


11. 2. 30 


11. 11. 34 


of Solid Geometry. 2 37 
From „ O, 8, 
let fall the . Os, SW, 


+ pron tte Fane ...........- EBGD, 


theſe ſhall fall pg Sections AB AE, 
and becauſe o | 
the R.Angles } 08B=SWK=1., 


and the Angle... OB SKW, 
(for they ſtand on e- 


qual feet} OBS, SKW, 
the Triangles 


are equiangular; and ſince OB SK, 


there will 

a be $06=SW,&0B=WK, 
therefore WW 
and ſo there is.. Ad: :: AW: WK, 
C BRI W. 
PV OS, SW, 
are at Right Angles to the g 

Plane c BGDE, 
they ſhall be alſo * pa- 6] 
rallel; and F®W+=1SO. | 
TUB Taka Dd... 2... KBISO 


1 the quadrilateral [ BOSK 
| Figure 


and for the fame 
Reaſon ; OSEP, PFVQ, 
and alſo the Triangle . Fate 


are ſo many Planes. 
In the ſame manner the hal 


Sphere is fill'd with equal 


quadrilateral and triangular Planes; 


| wherefore the Poly hedron is inſcrib'd. 


I ay the ſaid Poly hedron 
does not touch the ſer; ZHT, 
Sphere 

From the Center, draw. A 

perpendicular to the Plane . oy 

| an 


EFEEfBY Elegy 


1.7 | 7 
2 land fl - £04 85 k.yo,vs, 
ad beẽ IE ARK B. AW: Wo, 
there 1. RBW (80. 


* OE ke ;&FPAVQ. 


29 1 beni AYK,AYS, 
|} Arpglts 1080 N 
| ae Rioht vo, 7 KAS 


29 * 


| 04 ies, FA " 

| FE e EO Sid 

efiers fall be 3 TR prays” 
| . the Sides YO; 

therefork 4 Cirdle aaa 7 
about the Center 

With ether Diſtinee 1B. 1 

will paſs thro the Points #1 <5 
in which (be- 85 5 KS R BO, & 
_ * 


18 therefofe tlie ng e at the 
ITCeittet 


2 an obtuſe one. fe KBqezzYBq 


greater cad a Gee, and) 
SKYB 


T tietefore 
| Bq=YBq+YK4q. 


Epen 
ele 755 
tte Angie 2 
Ft. A. 9. 55 ＋¹⁸ Ae Half : . ABK“ 

TA! end, 2 ore t *} Ara 
F. 19.5% and _— tlie Side . KN. 

VR K By (KM aB 
I $: * LK A 


d 
<# 
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12. 16.461 \But the Point... „„ 
1 J's without the leffer Sphere ZH T 


„„ w 6+. 


52 [therefore the „ 
1 mut by be maT farther with- 

53] out jt, and yet is che 1 
4 | Tearofo to ĩt A the whole KBOS; 


Plane or Baſe 7 
| 4 therefore the Baſe | KBOS 


55 5 (and con Sp þ the whole 


Poly yhedr EMLKBPX\&c. 


166 does f not touch the Sup er- 
* ficies of the leſſer Sphers 2Hr. 


W „„ as E. 


roll. Hence, if a ſolid Polyhedron be inſcrib'd i 
in any other Sphere, Aer r to | ihe Polybedron i in- 
ſcrib'd in tbe "un of t I: 55 then the Poly- 
hedron ip this Spbexe ſhall e Polyhedron in 
that, in he [2X 40S de of che Dian eters of the- 


| Spheres. * This eaſi] pro "by dividing 
theſe ff ſimilar Pos into 3H bo r Pyra ids; and 

rea bai according to Prop. . Corol. of this 1 - 

| and Prop. XII. of the 5th B. 


Pio. XVIII. „ 
Sphe res . BAC, . 


are to one another in they  -_ 
iplicate Ratio of cher BC, EF. 
Nameters | 
. 
uppoſe, as... BCc:EFe: BAC: 
2 T ay the Sphere . . . . . EDF G. 
+4 for, if poſſible, let . EDF<=G ; | 
4 and concentric to the Sphere EDF, | 
. conceive the Sphere KGL=G. 
In the Sphere „ 
12. 17 | 7 let there be inſcrib'd a Poly- 
| | 1 hedron, not touching the rc. 
Sphere 


F Art ak * 


Similar 


240 * 


12. 17. Cor. 


H. 1. 


5.14. 


112 


3 
116 


118 
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8 


ö 


13 
14 


17 


= 


Similar to this inſcribe an- 3 
other Folyhedron i in eg BAC. 
Sphere 

Theſe Polyhedra are in 
the triplicate Ratio of 1 BC, EF, 

_ 4 Diameters 

that is, in the Ratio of the 31 
Sphere $1 BAC to G. 

and 3 the SphereG(=KGL) 

is greater than the Polyhe- 
— 9 Wen $ EDF, 

a Part greater than the Whole. 

Q E. A. 

Again, if poſſible, let. G&SEDF. 


and let it be, as FEDF:H::G:BAC, 


the Sphere 
that is. EDF:H::FEc:BCe. 


Since therefore the Sphere BAC f 


we incur the ſame Ab- | 
ſurdity as above ;þ G=EDF. 


therefore 
And ſo the , 

Sphere } BAC:EDF::BCc:EFc. 
2E. P. 


SCHoLIUM. 


Tn the foregoing Elements of Solids, Euclid bath 
not ſhewn direct y how to find the Sphere's Solidity, 
or the Proportion it bears to any other Solid whereby 
it may be found. But from what he has demon- 


| trated, tis eaſy to make appear that the Sphere is 


3 of its circumſcrib'd Cylinder of the ſame Altitude; 
or the Sphere is to the Cylinder as 2 to 3. 


DEMONSTRATION. 


Web. 
2 


3 alſo the quadrantal Arch. 
| +; 


„„ * 
AC; 
BGI. D. 


All theſe revolv'd about ut the AxisAD, 
WI 


Let there be a Square, as . 
in which draw the Diagonal . . 


r e ̃ —Kvx OO 0X ͤ ꝛö 
— — — 
— — — ——— w — 
— — 
— 


>= 2 — 
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11. D. 2 1. 5 will ſeverally generate a 3 | 
| | Cylinder by ; ABCS 
11.D.18. 6]a Cone by the Triangle - - - «AED, 

11. D. 14. 7|and an Hemiſphere by the] , pn 
1 uadrant {ABGD, 
8| all of the ſame Baſe and Height. 
1. 31. 9|draw any Lines.. HE, IK, [AB. 


; 10] Now $4 HE=AG, & FE=AE, 
'1.47.|11|and becauſe . . AGq=GEq4AEq 


1. A. 1. 12 therefore it : 
= Te will be } HEq=GEq+FEq, 


12.2. 13 WhereferetheCircle deſcrib'd onHE 
14 will be equal to both Cir- EF, EG, 


| | cles deſcrib'd on 
156 Subduct on both ſides * EG 
= Circle on 
1. A, 3.|16|there will remain the W on EF 
þ17 equal to the Ring or Annulus 

r Fa 

18| Thus alſo 'tis prov'd _ KM 
| Circle on 


be ] 19 is equal to the Ring deſcrib'd by IL. 
5.15, [20] Wherefore the Solid ge- 


|  nerafed by the Revo- 
; 3 of the trilineal ( BGLDC 


z (which | is compos'd 

of all the onge 1 GH, ann 

ual to the 7 which is one 

f * third Part of the Cylinder; where- 
fore if this Solid be ſubducted from 

| by Cylinder, it will leave the He- 


miſphere equal to 4 of E. . 
E. 
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SPHERICAL GEOMETRY. 


2 5 1 "4 


=—_ OS 


5 O OK "Ti Drrlvirioxs. 


I. 8 . or Globe is defin'd A by Euclid, Book XI. 
Def. XIV. But farther, by a Sphere is often 
meant, only the Circles of the Globe put together, 
as they are drawn on the Surface of the Globe, 
and is thus calPd, an Aimillary Spher 
II. The Poles of a Sphere are the two Pbints P, S, 
that are the Extreme Parts of its Axis 5 
III. A Great Circle in a Sphere, is one hoſe Plane 
paſſes thro? the Center of the Sx phere 
and whoſe Center i is the ame with 1h of the 
TCC 77 C. 
IV. A Leſer Circle in a Splice | is one * Plane 
paſſes not thro?, or is not the ſame with the Cen- 
— —— 4 2 Sp Kon 
V. The Pole of a Circle in a 88 is a Point in 
the Surface of the Sphere, from which all Right 
Lines, and Arches, drawn to the Periphery of 
the Circle, are equal to one another. | * | 


VI. A Spherical Angle, as 1% PE, or F ES, 
is that which, in the Superficies of the 
Sphere i "5 APBS, 
is contain'd under two 
pos ping PE, DE ; or EF, Es, 
of great Circles 0 Bag. 30h PES, DEF, 
and this Angle is equal to, or is the ſame with 
the Inclination of the Planes of the ſaid Circles. 
VII. A Spherical Triangle is a Figure comprehended 
Fe the e of three Great ED, or ESF. 
ircles ; 
VIII. The 5358 of ak Arch, as . . HD, 
is the Difference thereof from a Quadrant: s AS DB. 
| IX. The Supplement of any Arch, as . . . AH, 
is its Difference from a Sewicirele 3 as. DB. 
X. The Chord of any Arch, as 


is a Right Line joining its 5 awe as. DO 


XI. The Sine, or Right Sine of 0 DB; or AHD 
any Arch 
is half the Chord of Double the ſaid Arch; z or 
it is a Perpendicular from one End of the Arch D 
to the Radius drawn thro the other End of the 


Ao > ute {os • 3535959529595 By 
ads the Right Line . IA. «SA +» 6/4 
XII. The Co-Sine of any Arch . + +. 31> hr 
is the Sine of its Complemental Arch DH 
L Gs „. 


XIII. The Ver ſed Sine (or Sagitta) is the Difference 


between " Co-Sine of an Arch _—__ EB 


Radivs; 
is the Verſed Sine of the Arch DB, or AD 
Whoſe Co-Sine is the Right Line . . . FD=CE. 


XIV. The Tangent of any Arch..........BD 
is a Right Line touching one End thereof; as B, 
and intercepted by a Line drawn from the Center 


of the Circle thro? the other End . i303 
= the Right Line A s 
XV. The:decons: A/ ²˙ s fn nnd 


1iz 


244 . Definteions, 


is the ſaid Line drawn from the Center of the 
Cirele thro? the Extremity of the Aren. . D 
and intercepting the Tangent; as the Line CG. 


XVI. The Co- Tangent and CosSecant, HI, & CI, 


r 80's DB, 
are the Tangent and Secant of that iz. HD 
Arch's Complement to a Quadrant) . viz. HD. 
XVII. The Radius, or Sinns Tou... . CB 
is the Greateſt Sine, or Sine of go Degrees, and 
is equal to the Semidiameter of a Circle. 
XVIII. The Fiue Circular Parts of a Spherical 
. Right-angled Triangle, as ABC, 
are (1) the Complement of the Hypothenuſe BC; 
(2) the Complement of the Angle B. (3) the 
Complement of the Angle C; (4) the Leg AB; 
and (5) the Leg AC; the Right Angle A being 
omitted in this Account; and the Legs AB, AC, 
reckon'd as contiguous . Parts. | 
XIX. The Middle Part, is that which lies between 
the Extremes of the three Parts concern'd in any 
Cafe of ſuch a Tranght, viz. the Two given and 
One fought. 
XX. The Extremes Adjacent are thoſe two Parts of 
the three which comprehend the middle Part, ; 
and he contiguous to t. 
XXI. The Oppo/te Exvremes are thoſe two of the 
three, which are ſeparated from the middle Part 
by the Laterpoſition of the other two z to make 
all plain, ſuppoſe the three Parts are (1) the Com- 
2 of Bc, (2) the Complement of C, and 
= "1 the Leg AC. Here the middle Part is the 
. ha of the Anglo C, the Complement 
of BC. BC, and the Leg AC, as yi ying immediately 
next the middte Part, are called Adjacent Ex- 
tremes. But had the three Parts been (1) the 
Complement of the Angle B, (2) the Comple- 
ment of the Angle C, and (3) the Leg AB ; then 
| the middle Part would be the ComplementofC. a 


before; 
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before; but the Complement of B, and the Leg 
_ AB, (being ſever'd from the middle Part, by the 
_ Complement of BC, and the Leg 2 are calfd 
the ſite Extremes. 


Seaman 


From the Definitions of the Sines, Tangents and 
Secants of Arches, and the Scheme belonging there- 
to, ſince the Lines HC, DE, GB, are perpendicu- 
lar to AB; and BC, DF, IH, perpendicular to HC; 
and fo the Triangles BCG, ECD, DCF, ICH, fi 
milar, *tis evident (from Euclid's Elements ) we may 
form the following Proportions, viz. 

I. As CE:ED::CB:BG, that i is, Co- Sine: Sine : 

Radius: Tangent. 

II. As GB:BC::CH:HI, that i is, Tangent: Radius:: 
Nadius: Co- Tangent 

III. As CE: CD.: CB: ©G, chat! is, Co-Sine: W 2 

Radius: Secant. 

IV. As DE: CD:: CH: Cl, a 5 is, Sine: 5 Radius: + 

Radius: Oo-Secant. 
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B © O K 1 


11 Tarox. 
Circles ACB, AFB, 


mutually biſect each other. 
DEMONSTRATION, x 


I For fince the Circles. ACB, AFB | 
S. 1. D. 3. 2|have the ſame Center ....... D 
3 their common Section. . AB, 

4 | ſhall be a Diameter of each Circle, 
E. 1. D. 17. 5 and ſo cut them into two equal Parts. 


Coroll. Hence the Arches. . . . . AC, AH, 
of two Great Circles. AC B, AB, 
in the Superficies of the Sphere AF BEC, 
being leſs than Semicircles, 
do not comprehend a Space 
For they cannot unleſs they. 
meet in two oppoſite Points 

ina Semicircle. 
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Por. U. r M. 


2 


"If from che Pole . . . 22 . . C 
af any Circle 4 5 Þ 02 ARR 
be drawn a Right Line . CD 
to the Ceniten thereof kl.. . 
tit will be perpendicular to the 09.Q.rt.2 
© - Plane of that ele 
85 DEMo ds TRATION. 
Draw any neten 1 . EF Gi. 
in the * 2 . . AFB; 
then becauſe in the d | 
Triangles F CDF, CDE, 
the Sides CD CD, & DF=DE, 
and the Baſes .. CF=CE. 
ſhall the Angles CDF=CDE=L.. 
In the ſame manner tis CDG 
proved the Angles | CDH= E. 
and fo the Right Line. . . CD, 
ſhall be perpendicular to * 
1 1 Plane of the av 4 
Cor. I. A Great Cicelsi: | 46) bo „ AFBE 
is diſtant from its Pole . C. 
by the Interval of a r 
for ſince the Angles . . COG=CDF=L, 
| their Meaſures, viz. the Arches CG, CF, 
will be Quadrants. "ESO 
Cor. II. Great Circles... .::#\<Þ. . ACB 
that paſs thro? the Pole . C 
of ſome other Great Circle. K. » AFB 
make Right agen end it * and vice 
ver. 
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. 
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PRO p. 10. Te 


If a Great Circle. wn ECF 


be deſcrib'd about the Pole N A 
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sia ca 1 


1 | 
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* 


e eee YR CF 


is _ Meaſure of the wa CAF or CDF. 
e e r e | 


| 
a 11.2 Qu 
* ban 


6} 


9 


4. 1 


For the Arches . . AC, AF, 
fore the Angles 3 ADF = L. 
| Wherefore the Angle CDF 
(whoſe Meaſure is = Arch. . CF) 
is equal to the Inclina- ACB, =— 
tion of the Plane 1 | AFB 


and alſo equal to the 0 "4 yaa 


Spherical Angle 
2. E. D. 
1 Cor, J. If che Arches . AC., AF, 


be Quadrants, then all. 5 1 


be the Pole of the Circle. ECF, 
g thro? the Points. C and F; 
for the Rigkt Line A5 


1 th 
r _ NA DS. 


ngle * 
for they are the Incli- 
nation of the Circles 14 ACB, AFB, 
of Alto the adjoin- 7 | _ CAE 


e 


rer T7 Teer. 


Spherical Triangies 
5 baving two Sides of the one 


ual 


to to Sides of the other, 


1 and the Angles comprchended by 
the two Sides in each equal, * 


are equal and 3 


Prop. -- * TAM v. . 


| Spherical Triangles /—— 
Fu — 200 


with 
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. with the adjacent Angles 
in one Triangle, — to one Side 
and the adjacent Angles 
of the other Triangle, are equal 
and congruous. 


Face VI. ME As 


herical Triangles 
mutually Equilateral are alſo 


- mutually Equiangular. 


PRO v. VII. Trzonzn VII. 
In Iſoſceles Spherical Triangles, 
the Angles at the Baſe are equal ; ; 
and vice verſa. | 
N. B. The four laft Propoſitions are demonſtrated 


in the ſame manner, as in plain Triangles, Prop. IV, 
V, VIII, SING of Euclid's Firſt Book. 


PRO p. VIII. TR TOREM VIII. 


Any two Sides. . . . BC, CD, 
of a Spherical Triangle rd BCD, 
are together greater than the Third BD. 
DeMonSTRATION. | 
1 For 8 of a De Circle BD 
2 l is the ſhorteſt way between 
any two Points if (BD, 
z in the Superficies of the Sphere; he 


4 Conſequently the 
5 two Sides A BC+CD=BD. 
HAT BED. 
Pror: IX. Tae wa IX. 


A Side of a Spherical Triangle «26; Wh: 
is leſs than a Semicircle. 
KE 0 _ 


: . This is a ſelf-evident Truth, or Axiom, 


250 The Elements of 

1 DrmonsraATiON. 
Let the Sides . "AC; AB, 
of the Triangle. „„ 3 ABC, 
be produc'd till they meet in.. D; 
then ſhall the Arch ACP (AC) 
be a Semicircle, _ 2. E. D. 


O 
hn 
— 
Mm Þ vo 8 


: 
. r 


The three Sides  ABÞAC+BC 
of the Spherical Triangle ABC 
are leſs than a whole Circle. 
DEMONSTRATION. 

S. 1. 9.| 11 For the two Sides BD--DCazBC, 

2 and adding pong 1 

| each Side AC 3 
We 3 AB+AC+BD-DC 5 
have $ AB ACEBC. 


E. 1. A. 2. 3 
4 But the four 3 4 | 7 
| Arches FAB AC+BD-+DC 3 
glare equal to a whole Circle. 
6 


4 Therefore, Se. 2E. ' 


yt... 0: 


PROP. XI. | THEOREM XI. 


In any Spherical Triangle .. . . . . ABC 
the Greater Angle A 
| is ſubtended by the Greater Side . . BC. 
3.  DurMoNSTRATION. 
Make the Angle. „Ab. 
| then ſhall . . AD=BD. 
and fo the Side BDC<DADC. 
But the Arches . DA DCœ AC, 
Wherefore the Side BC, 
that ſubtends the Angle. BAC, 
is greater than the Side . 1 
which fubtends the Angle . . 
Thus alſo*tis proved greater than AB 
Wop gn ne other Angle C. 
YZ E. D. 
PROP, 


— 


1 
bes ©... 


C 


O © n UW 0 


= 


wo * 
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Pro. XII. ne XII. 


In any Spherical Triangle . . ABC 


if the Sum of the Legs. ... . . AB+BC 


be greater, equal, or leſs than 


2 Semicircle; then the internal Angle A 


„ EE. „ 


ſhall be greater, ni; or leſs 


< * external and F BCD 
and ſo the Sum of the Angles A & ACB, 
ſhall be greater, equa], or leſs 


than two Right Angles. 


PR 


DEMONSTRATION. © 

Firſt, let the Sides AB4-BC=AD 
a Gemnicirele 1 ; then ſhall BC BD, 
and the Angle a BCD D, 
therefore the Angle . . BCD A. 
| Secondly, let. AB BCM ABD; 
then ſhall the Side . . . . BCœ BD; 
and ſo the Angle D (A) x BCD. 
In like manner, if AB4-BCe. ACD, 
| we demonſtrate the Angle ABCD. 


And becauſe 55 
the Angles $ BCD4-BCA=2 . 


— 


OO ow OOO o Hh mm 


a 11 If the Angle. A, , BCD, 


12] then ſhall . AEC Aeg . 
1 EA 


oP. XIII. THEOR EM 1 XIII. 


The Diſtance between the Foles N,M, 


48.1.2. Cor. 1. 


of any two Great Circles. . . HT, * 

is equal to their Inclination, viz. TR. 
DEMONSTRAT TON. 

18 the Arches . . HT, HR, 

| "r= Quadrants, uy +MT+TR 


the Arches. (=MR 21 
E 


3 
4 * 
5 Subduct on each ſide, the 
E. 1. A. 3. 6 


The Elements of 
make a Cw INM. Mr 
- alſo the Arc (=NT) 


make a . ee 2 8 Arr. 
therefore MTT R. 


common Arch c MT, 
and there will remain . . NM=TR, 
E. B. 


PR O p. XIV. TAFEPOREN XIV. 


E. f. A. 3. 


*S.1.3.| | 


S122, 


TEN. od. wes» Ms E. M., 
of the Sides of the Sphe- 

rical Triangle Hy. GD,GH, 
being connected from a Triangle NEM, 
as NE, EM, NM, 
are equal to the Angles D, G, "and DHC 


in the firſt Tri 


angles ; 
and 1ts a "gg N, M, and ME, 


are equal to the three Sides HD, GH, GD, 

in the ſaid firſt Triangle GHD. 
DEMONSTRATION. 1 

| 1, Thro' the three Poles . . . N, E. M, 

2 let there be drawn KNZ, YMC, 

the Great Circles ? NMR; 


S.1.13.| 3|Now it has been proved } NM 
| I that the Side TR 
S. 1.3.] 4|The Meaſure of the Angle DHC. 
8.1.2. Cor. 1. thus alſo; becauſe GA, GC, MC, EA, 
6 are Quadrants; }EM4+MA=MA 
we have 


-|that is, the Side.. . EM AC 
8 | which is the Meaſure of the Ang. G; 
9|thus *tis proved, the Side NE=ZO 
o|the Meaſure of the Angle. . . D. 
After the ſame man- 
ner tis proved ; AO,CR,TZ, 
12 (the Meaſures of 1 
the Angles ZEN, M, & N) 
13 are equal to the Sides GD, GH, HD, 


re- 


Book I. 
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4 aer of the firſt Tri- } GHD, 


angle 
2. E. D. 


Coroll. Hence if all the Angles. G, H, D, 


of any Spherical Triangle GHD 
be given, and you take the Com- H 
plement of the greater Angle ; 


to a Semicircle, yowll have a 
Triangle NEN. 


whoſe Sides are the Meaſures 

of the Angles eh 1 
and thus having the Sides, 

you find the Angles, IN. M. E, 

which are equal to the 

Sides ſought Ino HG, CHD, 
the Complement of the greateſt Ang. H, 

of the given Triangle, whoſe Sides you 
require. 


PRO P. XV. TrrorREMAXV, 


Any Angle of a Triangle . 


with the Difference of the other 
two f H—D 


is leſs than two Right Angles 


DEMONSTRATION. 
In the O_o i ae 4+ - N 
2 | the Side  XNe-XMA-MN : 
| XN=2 4. —D 
58 45G 


3 But ſince 
MN=2 ; —H 


.| 4|therefore we 2 2 / —Deal2 N 


j | have Up" 


5 Subduct on each Side. PE. 
.] 6] and there will 
i remain = De-2 1—GH 


| 7| That is, (by Tan G+H—D 
E-1 Pn 2 J. 
E. P. 


PRO. 


254 We Elements of 


Por. wer Ta ZEN XVI. 
Esquiangular e Tri- 
angles F GHD, &c, 


are alſo Equilateral. 
"ih "DEMONSTRATION. 
S. 1. 14. 1|For their correſpon- 
| II dent Triangles g NEM, Cc. 
2 [are Equilateral, and therefore Equi- 


[ angular alſo; 
3“ and fo A are likewiſe 
AN equilateral. 2E. D. 
Phony, XVII. X20 1 XVI. 
The three Angles G+H+D 
of à Spherical Triangle . . . GHD, 
are greater than two Right Angles, 
but leſs than fix. 


DEMONSTRATION. 
S.r.10.| 11 I. The 8 NX4XM4-MN 
„„ 3 Sides 47, 
| 21 —D+2/ —G "0 
S.I.I5.| 2 e. "x "_ + 


. | again 
| 13 Subduc on ee ide = 
| E. 1. A.3.} 5| there will IT. Q 
| 0 8 r {—D—G6—HeO, 
| I | 6] Therefore, by 
; HA Tranſpoſition 2.-D+G+H. 
| 1 9. E. D. 
8. x. 3. II. The Sum of the inter-] 
Cor. 2. ] nal Angles and external, 


[ _ Angles ; wherefore the 
| 1— | | internal Angles are leſs 


P R e P. 


85 | make juſt * fix = the (Vf D. 
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Por. XVIII TR ON XVIII. 


Of ſeveral Arthas 


of great Circles ; AD, AB AQAE, Sc. 
— from the ſame Point 4 
of the Sphere? 8 Surface on another 
c 
the Greateſt d 22 AD 
which paſſeth thro? the Pole P 

of the ſaid Circle . CGQ, 


DEMONSTRATION, - 
1 For the Arch . . . AD=AP--PD; 


8.1. D. f. 2 |andfincePD=PB=PQ=PE=PC, 
8.1.8. 3 Therefore 2 ADS ABS AQ 
Le? I will be AE AC. 


2, E. D. 
Coroll. Becauſe the Angle . . . ADB=L, 
RT ME .. dock; . . ADae AB, 
therefore the Angle ABD. 
AQDa L. 
Thus alſo the Angles 11 om 4 


Por. XIX. TRITON XIX. 


In a Right-angled Spherical Trianple, 
The Legs containing the Right Angle, 
are of the ſame Affection with the op- 
poſite Angles; that is, if the Legs 

be greater, equal, or leſs than Quadrants, 
then alſo will the Angles oppoſite to 


them be greater, equal, or leſs than 


Right Angles. 

DzMONSTRATION. | 
I J. For in the Triangle , . . . PD 
ſince the Pole of the Circle CGQis P, 
if the ARE; 7G pie byes DQ 

be a Quadrant, the Angle DPQ= 23 
ſalſo the _ n DP,DQ, 


being 


B 


We Elements of 
being Quadrants, the 
— Angles 1 DO. 


ä Il. n the Right Spherical 
| Triangle | $ DAB, 


TC AD 
being greater than a 5 
[Quadrant, the op ABD, 
poſite Angle 1 
and the Leg. . DB 


being leſs; the oppoſite 

} Angle 454 b. Gl, 

12 l. In the N ee ADE 
| 


— „„ r n 
- — ee CE ee nn . = — — —— — 
0 FR) PREP Ie 47 2 ROE 4 — d/o 188 2 A * * 


Triangle 5 
13 ſince both the Legs . . . A, DE, 
14 are greater than Qua- 
I I drants, the Aue ab, DAE 
S. 1. 12. 15 are both greater than Right ones. 
ST 16 IV. Laſtly, in the TS? ECA, 
Triangle 
j „ both the Legs l, 
18 being leſs than Qua- 7 , * 
| | drants, the Angles arc EAC 
8. 1. 12. 19 are both leſs than * ones. 


| PrP. XX. TRAIN XX. 


If the two Legs of a Right Spherical 
Triangle be of the ſame Affection 

(and conſequently the Angles,) that is, 
if they are both greater or both leſs 

than Quadrants, then will the Hypo- 
thenuſe be leſs than a Quadrant. 
DEMONSTRATION. 

I þ Fhus in the Spherical 2 ADE, ECA, 


4 3 55 
I althe Less AD, DE 


a C 30 are — greater and c ct 
= | - „ Nr 1. . Ac, CE, 
i - | 4{ are both 1 that Ins: z 


\ 
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S. 1. 18.] 5 And here the Hypothenuſe . AE, 
6|is leſs than A Quadrant. 3 
| 2. E. D. : 
PRO r. XI. Trzorem XXI. 


If the ſaid Legs (and Angles) be of dif- 
ferent Affection, the Hypothenuſe 
ſhall be greater than a Quadrant. 
DE MONSTRATION. 


I jFor in the Triangle . ADB, 
* |: 2 | The Hypothenuſe . . . . AB&AQ 
S. 1. 18.] 3|which is a Quadrant. 
| 2, E. D. 


PRO r. XXII. THEOREM XXII. 


If the Hypothenuſe be greater than 
a Quadrant, then the Legs of the Right 

Xs: and the Angles they ſubtend, are 

of different Affection; but if lefler, 

of the ſame Affection. 

 DreMonsSTRATION, 

This Propoſition being the Converſe 

of the foregoing ones, is demonſtrated 


in them. 


PRO p. XXIII. TrzoREM XXII. 


Inany Spherical * ABC» 
if the Angles at the Baſee B, C, 
be of the = Affection; the Per- AP 
pendicular 


falls within the Triangle; and if they 
be of a different Affection, the Perpen- 
dicular falls without the Triangle. 
DEMONSTRATION. 
x| I. If the Perpendicular, . . AP 
2 does not fall within the Tri- ABC, 


- an | 
F __” L1 let 


[| 


| 


The Elements of ' 


3|let it fall without (as Fig. 2 3 3 
4 then in the Triangle . 
5 the Side 
6 is of the ſame Affection with 

the Angle 17 8. 

7 and likewiſe in the Triangle ACP, 
8 the Side | 
is of the ſame Affection 
with the Angle 
Therefore fince the 
Angles LABC, 0 

are of the ſame A 
fection, the Angles 5 ABC, ACP, 
ſhall be of different Affection. 


Ul. If the Perpendicular 
does not fall without, let it fall 


ABP, ACP, 


5 (within (as Fig. 1.) then 
in the Triangles 
the Angles 

are of the ſame Aﬀettion j AP; 
with the Leg 

| 1: and therefore with one mother. 5 
Eil C. H 


or, XXIV. Taz oRzM XXIV. 


In Spherical Triangles . . . BAC, BHE, 
KRight-angled at. A & 
if the ſame acute Angle I 
be at the Baſe DEE BA, or r BH, 
then the Sines of the Hypo- ! CP, ER, 
thenuſes 
2 Sun be proportional to my CD, Er. 
Sines of the perpend. Arches 
DEMONSTRATIONW. 
1 For the Right Line CDIEF, 
. 5. 6. 2 being perpendicular to the ſame Plane. 
3 Alſo the Right Line.. . FRIDP, 


Book I. Spherical Gb „ 
N being perpendicular to ce}. OB 


Radius 
Wherefore the Planes RNS 
of the Triangles EER. CDP, 
are parallel; therefore alſo CP, ER, 
(their common Sections, 
with the Plane paſting þ BECO,) 
thro? 5 
8 | will be parallel; and ſo 
the Triangles 


E. i. 4 


E. 1 1.16. 


2222 


cpr, EFR, 


Wherefore EF. 

10 That is, the Sines. . . . CP, ER, 
11 ſof the Hypothenuſes . . . . BC, BE, 
12 are proportional to the Sines CD, EF, 
13 of the perpendicular — CA, EH. 
| y E. D. 


F. 6% an be equiangular.3 CP:CD:ER 


Pay, XXV.  TnzoREM XXV. 
The ſame things1 remaining... AQ. HK, 


the Sines of the Baſes AE, HB, 

are proportional to. IA, GH, 

the Tangents of the Perpen- . CA, EH, 
 diculars | 


DENON STI 4110 K 
1J For as in the laſt Pro- 


f poſition, ſo here we QAI, KHG, 


_ demonſtrate theTri- 
E angles N 
Tels fo * . AEKTTEIG 
2, £2; 


PRO. XVI. THEOREM XXVI. 
In a Spherical n 40 ABC, 


eee, 5/0 + + 0» 4 

As the Co- Sine of che Angle 553 

at the Baſe „ e e eo 
114 13 


266 


Cor. 2. 


1. . 


$2,264 


; 


We Elements of 
is to the Sine of the Vertical An 


So is the Co-Sine of the n ee 
to the Radius. 


gle ACE 


DEMONSTRATION. 


© YN OG 8 


© 


. 


d 6 
+ vo Do 


bay fd fray hay 
© cw Q 


ND 
O 


21 


| Alſo the Arch 


| Theſe Things premi- 


— 
Un 


Let the Sides AB,BC,CA, 
be — , 10 that Ho BE, CI CI, 
be Quadrants; and from 

3 rin 0 B & C 
draw the great Circles EDG, IHG, 
then will the Angles at E, F, I, H, 
be Right ones; and ſo "26D, 
are the Poles of wy ICB, B AE, 


great Circles 
Alſo the Arch. AE 
will be the Cenplewentf | p 

of the Arch 


F 3 


xn their Complement is. 


is the Meaſure of the Angle. . 
and their Complement is. 
Laftly, the Arcen 
and their Complement is 


'& 
.CA=H D, 
"DC, 


ſed; in the Triangles hc cr 
Right-ang A I &F 
and havin the ſame acuteAngle C, 
noe the ARK oo + BA 
is leſs than a Quadrant, 405 :ﬆHl:: 
-$e-will bs... I aDCzHC 
That is, the Co-Sine of },, , _ 
the Angle J n 
is to the Sine of the 1 
Vertical Angle (BCA (a2) 


ſo i is the Co-Sine of . . AC (DC) 
31to the Radius, or Sine of the 


c HC. 


. E. D. 
PR Oo P. 


Quadrant 
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P nor, XXVII. TRHEOREM XXVII. 
The Co-Sine of the Baſe BA 
is to the Co-Sine of Hypothenuſe . . BC 
as Radius to the Co-Sine of the 4 
Perpendicular ; A. 
DEMONSTRATION. 
For in the * AED, CFD, 
(Right-angled at . "= F 5 
having the ſame acute Angle. 8 
becauſe the Arch.......... AE 
is leſs than a Qua- 7 SCF.:sDA 
I drant, we haves :D. 


22 to hq 


8. 1.24. 


PROr. XXVIII. Tazonrzm XXVII. 


As the Sine of the Baſe BA 
is to Radius, ſo is the Tangent of 0 AC 

the Perpendicular | 

to the Tangent of the Angle at Baſe . . B. 

DEMONSTRATION, 
In the Triangles . . . . BAC, BEE, 
(Right-angled at. . . A, & E,) 
and having the ſame acute Angle B, 
becuiſe the M ‚ AC 
is leſs than a Qua- 7 sBA:sBE::tAC 

; :tEF. | 


7 I RE 2s AE 


ky 4 bay, 


I 


% ff WwF TV. 
- . 0 
— * 


DER. — 


8. 1.2 8. 
3 drant, we have 


IT Te” 5 8” 


Paco. XXIX. TarroreM XXX. 


The Co- Sine of the Vertical Angle BCA 
is to Radius, as the Tangent of? AC 
the Perpendicular . 

) is to the Tangent of the ppetbent BC. 
DEMONSTRATION. 
$ I|In the Triangles. . . . GIF, GHD, 

2 | (Right-angled at. .I, & H,) 


< 4 


252 We Elements of Ao 
e, 1 5 having the ſame acute Ang. G 
| becauſe the Arch... . : HDe-.HC; 
AK. l 3 we ſhall have SGH: GI: HD: IF. 
E. D. 


Por. XXX. ie a . 


The Sine of the Hypothenuſe : . BC 
zs to Radius as the Sine of the we. 
Perpendicular ; 

to the Sine of the Angle at Baſe . + BA 

DEMONSTRATION. 
x {In the laſt Triangles . : GIF, GHD, 
8 1. 24. | | | we have — SIF: sGF::9HD: GD. 
2. E. D. 


Prop. XIII. Tuo EN XXXI. 


The Radius i is to the Co- Sine of L BC 
the Hypothenuſe 

as the Tangent of the vertical Ang. ACB 

tothe Co- Tangent of the Angle at Baſe B. 

DEMONSTRATION. 

475 ian Triangles . ES HIC, Dre. 

8.1.28. 2 we ſhall have . , sCl:sCF::t Hl: t DF. 

E eerrtd. 

J. 2E. D. 


i Por. XXXII. Trhzrortm XXII 
In oblique Spherical Triangles . . . BCD 


s perpendicular Arch ........ AC- 
be let fall from the A „„ 
7 WER © io nnd bd oo „ 


continued out if * be; 

it ſhall make two Right- (BAC, DAC; 
angled Spherical Triang. 5 

9155 Then, in the ſaid oblique — BCD, 
the Co- Sines of the Angles . . B & D 


3 et the B.. 0 „ BD 
+ Z | are 


Book I. 


| S. 1.26. 


E. 5.4. Cor. 
| 


8 


4 


| E. 5.4. Cor. 


P RO P. XXIV. THreoREemMAXXXIV. 


The Sines of the Baſes . . . . BA, DA, 

are reciprocally proportional to) 
the Tangents of the Angles af B&D. 
Baſe | 


8.1.28. | 


E. 5.4.Cor. 
E. 5.23. 


| 


Por. XXXV. THzeoR EM XXXV. 
The Tangents of the Sides .. . BC, DC, 


are reciprocally proportio- 
nal to the Co-Sines of the (BCA, DCA. 
Vertical Angles 2 


Spherical Geometry, 263 


are proportional to the Sines F 
of the Vertical Angles FBCA, DCA, 


1 
: 


2 ' 


I 


* 


2 


DEMONSTRATION. 


I 
2 


2 


DEMONSTRATION. 


For there is 


ge 


PRor. XXXIII. TR TOM XXXIN. 


The Co-Sines of the Sides ... . BC, DC, 
are proportional. to the Co- 

Sines of the Baſes F BA,DA. 
DEM ONSTRATION. 


Nr is. c: fr 


>| 


3 c) B:sBCA 
| (es CA: R) 
::csD:s DCA. 
E. 


; c8BC:csBA 
| (:s CA: R) 
} * DC DA. 


Becauſe . . . SBA: R:: tAC:t B, 
and inverſely . . . R:s DA: :tD:t AC. 
then by Equality 

of prrturbate \oBA:SDA:zD:B 


Ratio - | 


Du. 


1 oh The Elements of 
| DEMONSTRATION, 
E. 2 132 Prop. 2 tBC:R::tCA 
| ve ſhall have ꝛcsBCA 
Ts” by ne? *R:cDCA:tDC:tCA 


ſame 
Wherefore by ; tBC:csDCA::tDC 

BCA. 

. E. D. 


por. XXXVI. THproREM XXXVI. 


The Sines of the Sides BC, DN, 


are proportional to the Sines . 
of the oppoſite Angles F * 

DrMONSTRAT TON. 

S. 1. 30. 1]Becauſe.. . + OReCAB 


E.5.4.Cor.| 2 and by the ame, R:sDC:D:sCA 


inverting, 


| 3 | 3 by E- 1822 s$DC::sD:sB. 
2 E. D. 


E. 5. 23. 3 
N Equality 


E. 5. 23. 


aer XXXVII. THzonxM XXXVIL 


In any Right-angled Spherical Triangle, 
the Rectangle under Radius and the Sine 
of the middle Part, is equal to the Rect- 
angle under the Tangents of the Kczacent h 
extreme Parts 
DEMONSTRATION. 
Note, here are three Caſes; for the 
S.r. D.19. | 2| MiddlePart may be the Complement 
3jof (1) The Angle. . . B or C; 
4\or (2) of the Hypothenuſe . . , BC; 


| 5:or (3) it may be either | 
kes Be rAC.) 


6 Caſe I. Let the * C 
of the Angle 


be the middle Part; then ſnall 5 
and 


8. 1. D. 20. 7 


Book I. 


wn 


E.5.16. | 


S: . 
Schol. 


E.5.11. 


E. 6. 1 6. 


&7. D.21. 


8.1.D. Schol. 
8.1. D. 11.12 


14. 16. 


E. 6. 16. 


4 
S. 1.28. 
E. g. 16. 


But it has been 


ä A ˙à re ²˙rdP;!;ç-σ Hp ̃ ̃ N — E. 
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and the Complement of the) ,. 
Hypothenuſe 2 BC 


kee be lechercbabe 


and by Alternation 505 CA:: R: BC ; 
F R:tBC::ctBC:R 


Wherefore... .... csC:tAC::ctBC:R 
Therefore . . csCxR=tACxctBC. 
9. E. D. 

Caſe I. Let the CY BC 

| of the Hypothenuſe 

be the middle Part; then} 
the adjacent Extremes 

| will be the Comple- 

ments of the Angles 


ſnewn 


B & C, 


DCF, 


In the Triangle 

— 73. SCF: R.:: t DF:tC, 
. SsCF:t DF 
Whence, by Alter nation ( :: R:. t C ) 
83 
| © sCF=csBC, 
Bult. tDF=ctB: 
Conſequently . . RxcsBC=ctCxctB. 

| a ED. 


Caſe III. Laftly, let the Leg.. AB 
be the middle Part; then.... AC, 
and the Complement of the Angle B 


will be the adjacent 12 R:: t CA 
Extremes; and 
SAB:t CA 
Then, by Alternation (::R:tB) 
| 1855 R | ꝛꝛetB: R. 
| _— 5 Rx8AB=tC A xctB. 
M m PR OP, 


266 


PR op. XXXVIIL THEOREM XXXVIIL 
The Rectangle under Radius and Sine of 


We Elements * 


the middle Part, is equal to the Rect- 
angle of the Co-Sines of the oppoſite 


Extremes. 


D 


N 1 


"4 


8.4.26. 


E MONST RAT ION. 


(Suppoſe the three Caſes of the middle 


Part Gs as 1n the laſt Propoſition ; i 
then) 
Caſe I. The middle Part 2 Cc 
the Complement of . 
and the Complement of the Ang. B 
— , wot... AB 
the oppoſite Ex- ? CC. SCDF 
tremes. Then c DF: R. 
But by sCDF=AE=csBA, 
NV cs DF EF =S B. 


| Whence it will be as csC: cs BA: :s B: R 
| And therefore . . RxcsC=csBA NB. 


Q. E. D. 
Caſe II. The middle Part is | BC 
the Complement of 

and the oppoſite Extremes AB. AC. 


are the Legs 
And as csB A: csBC:: R: cs AC. 
| Wherefore 


| RxcBC=csBAxcsAC. 


we have 


13 
14 


34 


15 
F 
8. 1. „ 


QED. 
Caſe III. The middle Part i * AB 
the Leg 
and the — 
the Angle & BC, 
are the oppoſite Extremes; 
and in the Triangle ; GHD | 
we have.. . . csD:sDGH:: as; 
ut 


Book I. 


PR 
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cs D Sc AE SAB; 


izle.. , ee 


n 

18 . it will be sAB:sBC::5C:R. 

19 And hence . . . RAB SBCWSC. 
: 9 E. 1: 


oy. XXXIX. TarrorEM XXXIX. 


In any Spherical 8 „ 
the Rectangle CFxAE, or  FMxAE, 


dius, as 
the Difference of the verſed Sines CA. 
of the Baſe | 
and Difference of the Legs... . .. AM, 
oo 4:7; GN. 
„%% O 
DEMO NST RATIO N. 
Let a great Circle . 3 
2 | be deſfcrib'd from the Pole 4 
zl and let the Arches BP, BN, 
4 | be Quadrants, and then PN 
| 5| will be the Meaſure of the Angle B. 
6] Alſo deſcribe from the Pole . . . B 
la leffer Circle ... . . . CFM, thro' C. 
8] The Planes of theſe 
| Circles F GN,CEFM, 
ſhall be dicular to 
7 the Pe ; BON ; 


contain*d under the Sines of 
the Legs 5 BC, BA 


is to the Square of Ra- a IL=IA—LA, 


ro and the Right Lines . . PG, HC, 


| 
| 
17? being perpendicular to they 3 BON, 


, ſame Plane 

12 fall on the common 
— dC: ON, FM, 
[13 | ſuppoſe in the Points. . . . G& H. 
1 Mm 2 Again 


- The Elements of 
Again draw (perpendicu- * | 
lar to AO) * l, 
and then the Plane drawn 
thro? 


ſhall be perpendicular t to the 

Plane Noz. 
Whence 
which is perpendicular to . .. . HI, 


will be perpendicular to 45 Cl; 
Right Line 


and fo it 1s the verſed Sine ? AC: 


of the Arch 
and thus the Right Line 735 pe 5 
is the verſed Sine of the Arch AM. 


But the AM=BM(=BC)—BA. 


| 24 * 4 the > MFINO, & CF 


Right Lines PO, 
the Iſoſceles Triangles CFM, PON, 
are equiangular; where- 2 -; „ 

— if eee e ee 
be drawn to the Sides . . FM, ON, 
thoſe Triangles will 

be fimilarly di- ( FM:ON ::MH 

vided, and we :GN. 

ſhall have 
Alfo, becauſe the AOE, DIH, 
| Triangles . 
are equiangular, AE: AO: IL: MH. 


we ſhall have 


43 but, 2 it is FM: ON: MH: GN 


| K e. IL. GN. 
But the Rectangle AOXON=Rq 
Therefore.  AEXEM: TT :IL:GN. 
1 SED. 


fas, 


CH, HI, 1 
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PRO P. XL. TH EOREM XL, 
The Difference of the verſed Sines of 
two Arches drawn into £ Radius, is 

„ to the Rectangle under the Sine 

of half the Sum and the Sine of half the 


Difference of thoſe Arches. 
DEMONSTRATION. 


I | Let there be two Arches BE, BF, 
E. 3. 30. 2|biſe& their Difference . . . EF in D. 
| | 3|then is their half Sum ..... . . BD 
Aland their half Difference EDz=FD 

S.1.D.13.] 5 alſo the Difference of _ 
na their verſed Sines 8 GE=zIL, 
S.1.D. II, 6 and theSine . FO rg EO 

3 Differences | 
*SeeSchol. | 7|and becauſe the Tri- | 
— © FCDK, FEG 
E. 6.4. 8 1 DE:GE:: 
E.5.15-| 9 *are cquangular, ; (CD: FE::) 
3 TcDa EE. 
E6. 1 50 From whence we ; 3 
12 e N E-C (=GEx:CD) | 
113 q ILV CD. 
2. E. D. 


SCHOLIUM. | 
1 | That the Triangles . . . CDK, FEG 
I 2ſare equiangular, | 
E. 6. . is thus evident ;þ CDK, CHI, 
for theTriang*. 4 
3 3 *alſo the cl, HFO; 
Triangles 
4 *laſtly, the Triangles H FO, EEG, 
5 
6 


are ſimilar; therefore CDK, FEG, 
are ſimilar and equiangular. QE. D. 


PRO p. 


e Elements 77 


PROr. XLI. „ XLI. 


The PE? Sine of any Arch drawn into 
half Radius is equal to the Square of the 
Sine of one half the ſaid Arch. 


DEMONSTRATION. 


1] The 2 . . . . CBM, DEB 
2] are equiangular, ſince the 
I Angles at $M, &E, 


3] are Right ones, and the Angle at B 


E.6.2.| 4| common; where- 
3 ths ae IEBBD. BM. BC. 


E. 6. 16. 5 And then will EBxBC= BDxBM : 
6] And EBx:BC=BMx:BD—BMa. 


| | | = 7 But * + £5 0-0 00 „ „ „ 0 + © © 8 s > EB 
8.1. D. 13.] 8| is the verſed Sine of the Arch BD; 
and the Right Line 12 B 


ust. tel the Sine f.. II. 
8 I I| half the Arch aforeſaid ; alſo . . BC 


121 is the half Radius 3 theres, & 6. 


2: E. D. 
Por. XLII. Ta ROREM XLII. 
In any Spherical Triangle ABC 
— , cocoot- » 4c AB, BC 
contain — FFW Oe . B 


and Baſe ſubtending that Angle . . AC 


1f the Difference of | 2 
the Legs be ; Oo, 
Then ſhall the Rectangle un- 

der the Sines of the Legs ; . 
be to the Square of Radius, 
as the Rectangle under the | AC+AM 
Sine of the Arch 2 


and the Sine of the Arch . Ae 


is to the Square of the Siae of one * B. 
— the Angle 
DE- 


etrx 


8 pe 


2 
1 
* 
4 
; 
by 
1 
1 


— A —_ N 3 


1 "Book I. Y Spherical Geometry 8 


Book I. 


8.1 40. 
8.1.41. 


E. 5. 11. 
5.11. 


| 8. 1.39. n 
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DEMONSTRATION. 


x | Becauſe , . . AExFM:Rq::IL:GN. 
2 But. . IL. GN enn 
ae e EY 
: : * — 
4|and alſo ſinte. . .:RxGN=SqzB. 
Theref AExFM:Rq::s £22 
N * a Ys N Sqiß. 


THE 


E L E MENTS 


OF 


SPHERICAL GEOMETRY. 


1 O O K II. Drrixirions. 


— 6 I La. a. ded —_— * — — —_ Y” CY 


I. Par- of the Sphere in Plano, or on any 

Plane, is a Geometrical Delineation of its 

Circles thereon; and is two-fold, Orthographi- 
cal and Stereographical. 

II. Orthographic Projection is that wherein the 
Circles of the Sphere are delineated as they would 
be ſeen on a Plane by an Eye, at an infinite Di- 
ſtance, that is, by parallel Rays. 


III. Stereographic Projection is that wherein the 


Circles of the Sphere are delineated, as they would 
be ſeen by an Eye placed at 9o Degrees Diſtance 
from the Plane of the Projection, and perpen- 
_ dicular thereto ; that is, in the Surface of the 
Sphere. 

IV. The Plane of Projection, is that on which the 
Circles of the Sphere are ſo delineated, or pro- 
jected; and is produced infinitely every way, and 
fituate perpendicular to the Eye. 1 


Boox II. Definitions. 273 
V. The Primitive Circle is that which bounds the 


Projection, or with which it is always made; 
C VVV 35 ABCD. 
VI. A Direct Circle is that whoſe Plane is directly 
and perpendicularly oppoſed to the Eye, or when 
the Bi is in the Axis of its Plane, as the Cir- 
Ge, EIT „ FFT 
VII. A Right Circle is that whoſe Plane paſſeth 
thro? the Eye, and 1s perpendicular to the Plane 


of Projection; as the Circle „ 


VIII. An Oblique Circle is that whoſe Plane lies 
bblique or inclined to the Plane of Projection; 
or to the Axis of the Eye, and makes unequal 
Angles with it; as the Circles AOB, or EQF. 

IX. A Line of Meaſures is that in which the Center 
and Poles of any oblique Circle are found in the 
Projection, or their Diſtances meaſured from the 


the Center of the Primitive; as the Lines AB, 


DC, GH, (continued out if need be) of the Cir- 
OO 8 DPC, AOB. EQE. 


X. A Scalenous Cone ABC is ſaid to be cut ſubcon- 


trarily to its Baſe AC, when the Section of the 


Plane DE makes the Angle D equal to the An- 
gle A. 8 
ATOMS 


I. A Point in the Surface of the Sphere is there pro- 
jected into a Point, where a perpendicular Ray 
paſting thro? the ſaid Point meets the Plane of the 
Projection, Oribographically.. 
II. A Point in the Surface of the Sphere, where a 
Ray paſſing from the Eye thro? the ſaid Point, 
meets the Plane of Projection, Sterecgraphtically. 
III. A Line of any kind is there repreſented on 
the Plane of Projection, where perpendicular Rays 
(in the Orthographic, or in the Stereographic Pro- 


jection, Rays paſſing from the Eye thro? all the 
"FT Points 


— — 


. — — — - 
8 — rr eee — — 
> ou han 3 * * a — 2 > . PCS 
2 7 FTA. ** * ... ˙ Wn one wy — —— m4 = OY — = _ 
\ — > { 4 — 4 _ — * 1 >" > * 1 — 
1 _ 420 969 — — ———— — —— . LID IDE og — — 
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Points of the ſaid Line) meet the Plane of Pro- 
jection. 

IV. All Superfices are there projected, where per 
pendicular Rays in the Orthographic, in the Ste- 
reographic Projection where Rays paſſing from 
the Eye, thro' all the Points of the ſaid Super- 
fices, meet the Plane of the Projection. 


ELEMENTS 


SPHERICAL GEOMETRY. 


Orthographical Projettion. 
PRor. 5 THEOREM I, 


TheRays by which the Eye at an infinite 
Diſtance ſees any Object, differ . 
little from parallel Rays. 
DEMONSTRATION, 
1| Let the Object be.. . . AB, 
| which let be biſected in. . C3 
on the Point s . .. A, C, B, 
erect ndicular A p ne 
the i edit Lines $ AF, Thy A. 
and ſuppoſe the Eye firſt in .. . D, 
near the Object; and then in.. E, 
a Point more remote. 
| Now the Angle ADBaaAEB, 
E.1.21.] 8|and therefore W DPAFœaEAF 
| | Angle 
* * * and 


| E.1.10. 


FE. A. 3. : 


2 22 
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9|and conſequently the } * A, EB, 


Right Lines 0 
10 approach nearer the Per- | 
1 ndiculars $ AF, BG 
{11|than the Lines DA, DB; 
12 Therefore as the Line . . CE 
13 infinitely increaſeth, 
the Angles IEA, EBG 


14 infinitely decreaſe, till the Point E, 
I 5| being infinitely diſtant from CT, 
16] they vaniſh z and the Rays AE, BE 
17 become the parallel ones AF, BG. 
2 E. D. 


Prop. II. rale. 


3 Right Line perpendicular to the Plane 
of the Projection, is projected into that 
Point in which it touches the ſaid Plane. 
DEMONSTRATION. 


This Propoſition is ſelf-evident from 
Axiom III. 


PRO P. III. | TB CORE all. 


A Right Line MT « AB 
parallel tothe Plane of the Projection ECF, 


rojected into a Right Line 
ah 4 it ſelf, viz. p F 2 
DzMoNSTRATION. T4 
| - +] xjFor the Ras + hai cc G, H 
S.4 A... project the Extremities . . . . A, B. 
„eon Lins: .3 --- - AB) 
into che 2 E, F 


in the Plane of the Projection; and 
conſequently the whole Line. AB 
is projected into the Line. EF. 
But the Right Line . . AB 


UN 
dd 
> 
2 
W O * 


is - 
at 


3 7925 I. THzoREMIV. N 
EE AB 
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5 8 18 parallel to the Plane, 
Ta | and the ay... 4A . *GEIHF, 
E. 1. 33. 9 — Ä AB=EF 


oblique to the Plane of the Proj. ECF 


is projected into a Right Line 
les than 3 it ſelf, viz. : [GD * 
DEMONSTRATION. 
LS 1 For the Rayͤs „ „ 
S. 2. A. 1. 2 project the Extremities A, B, 
I 3 lof the Right Line . AB) 
I 4 into the Points...... „ 
S. 2. A. 3. 5 ſand conſequently the whole Line AB 
ef | ſis projected into the Right Line — £ 
E. . 31. 7 |Let there be drawn. . . IBI 
N 8 then in the Right- lined Triang. 415 
x | 9 becauſe of the Right Angle at IA 
E. 1. 19.110 therefore the Right Line ABesIB. 
"SED. 
Fr THEOREMV. 


A Right I Thad, inclined to the Plane of 
the Projection, 1s projected into a Right 
Line equal to the Co-Sine of the Incli- 


nation. 
DEMONSTRATION. " 
I | Let the Right Line AB 
2 | be inclin'd to the Plane of ! ECE 
the Projection 
/ > 2 
S.2.4-| 4|Now the Right Line. .. AB 
45 5 is projected into the Right Line IB 
S. 1. D. 11. 6 which is the Sine of the Angle IAB 
S. 1. D. 12. 7lor Co-Sine of the Inclination ARE. 


E. D. 
* c oroll. 
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The Elements of 


Coroll. Hence any Right Line . a 


zs to its Projection on the Plane. . IB 
as Radius to the Co- Sine of the la- 
tion. 

SCHOLIU M. 


From the foregoing Propofitions, *tis ma- 
nifeſt the Projection of a Right Line or- 


Jon. > emer" is never greater than it ſelf ; 


never ſo great, but when parallel to the 
Plane of the Projection, and conſequently 
that then it is — greateſt n 


Rs VI. TRHEORE N VI. 


8.2. A. 3. 


A Circle, or ö ee . ACB 
at Right Angles to the Plane of the 
Projection, and cutting it in the Line AB, 
is projected into the Kid Line . AB. 
DEMONSTRATION. 


| 1 | Suppoſe divers paral- 4 Bec oc. | 


 lel Rays | 

fall on the 8 .. . AEB 

thoſe Points — 

: by the Rays 

would be projected & 
into the Points . | 

in the Line of Interſe&ion . . . . AB 


and conſequently Rays) 


e, C, e, c, Sc. 


N 3 


| touching every Part - 
I of the Circumference 


7 | would project the whole into | 
| | theLine F AS. 
LQ E. D. 


PRO P. VII. TRHEOREM VII. 


Any Arch of the Circle, ass FC 
(at Right Angles to the Plane of the 


ey" is — into the Right 
Sine 
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Sine of that Arch, and its Com plem. Ac 


into the verſed Sine thereof. 
DEMONSTRATION. 
S. 2. 6, x The — vv Ac, 
ene 2 are projected into the LinesEO, AO; 
8.1. D. 11. 


8. 1. D. 12. and the Right 6 „ 0 


is the verſed Sine of the ſame 


| . 


2. 
3 
4 the Right Sine of the Arch. . . FC, 
5 
6 


Therefore, Sc. 9. E. D. 
Coroll. I. Hence the practical Method of 


finding the Projection of any given Arch 


OE in the Line . . AB. 


For fit the Sector to the Radius . . AE 


and then take the Right Sine of 
the Arch F * 
and ſet it off from the Center . E. 
in the Ri ight Line AB 
and it will give its true Projection . . EO. 
Coroll. II. Hence it appears alſo that all 


Planes at Right Angles to the Plane of 


ProjeQias, are projected into Right Lines. 


Prop. VIII TreoRE mM VIII. 


A Circle, and all plane Surfaces, parallel 
to the Plane of the Projection, are pro- 
jected into a Circle, and Surfaces equal 
to themſelves. 
DEMONSTRATION. 

This Propoſition evidently follows from 
Axiom 3, and 4, and needs no other 
Demonſtration. 


Phys, IX. TrEroReMlIX. 
A Circle oblique or inclined to the Plane 


of the Projection is projected into an 


Ellipſis. 
n 'D E- 


But the Right Line EGA 


Arch 1 FC. 
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S. 2. A. 3. 


'D 


1 
2 
3 
4 
$ 
6 
7 
8 


8 


422 


23 
24 


Me Elements of 


EMONSTRATION. 


Let the Circle . BCED 


cut the Plane by its Diameter DC. 
to which, at Right Angles, | 

draw the Diameter , F BE. | 
this Circle, by the per- 3 BF, NI, EG, 

ndiclar Rays OM, 

will be projected into the 

Figure F #” 20G 
Becauſo the Angle. . . BFA=/, 
he FINE Yi ca ob bs ABF 
will be at Right n to 

the Plane of the Proj. F DFCG 

* therefore E DAB DAF 

Angle . 


Moreover draw IP||FA, NPIBA ; 
and therefore 

the Angle F DPN=DPI=L. 
Alſo the Angles BFA=NIP=/7. 
Laſtly (fince . . , . NP{AB,IP||FA) 
the Angle · > BAF=NPT. 
therefore the Triangles BFA, NIP, 
are ſimilar, and fo FA:IP::BA:NP. 
But alſo . . . FAq:IPq::BAq:NPq. 
Bur it is ! BAq: NPQ: ACAD: CP 


x PD. 

Therefore alſo c rage I 

But this is a Property of 
the Circle or Ellip- g DFCG 
ſis, therefore the Fig. 

muſt be one of em; ; it can't 0 BE 
be a Circle, for | f | 


is projected into we} FGeBE ; 


Diameter 
That is FGe.BE (CD.) 


therefore fince the as FC. COD 


ameter a 
it 


a | 
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25 it can't be a Circle, but is} , — - 
| | | therefore an Ellipſis. F QED. 
Coroll. I. Hence tis evident that an Ellipfis 
alſo placed direct to the Eye, or parallel 
to the Plane of Projection, will be pro- 
jected into an Ellipſis equal to it ſelf. 
Coroll. II. An Ellipſis oblique to the Plane 
of Projection, will be projected into an 
Ellipfis, except when the longeſt Diame- 
ter does hereby become equal to the ſhort- 
eſt, and then it will be Fed into a 
Circle. 


Por. X. 0 > 
To divide an Ellipfis. . . .. . . . DFCG 
(the Projection of the oblique | 

Circle 5 CDE, 
into its Parr. Degrees. 
| RACTICE. 

| 1] Things being as in the laſt 21 | 

+ 4 Prop. deſcribetheCircle ; URL, 

2| equal to the Circle.  . BDEC; 

3 thro the Points . © © © » 1 © © 0 F, L, 

4| draw the Lines KL, QR, 

;5| theſe ſhall be in Planes 

paſling thro? ; BE, NO 

6] and therefore paral- } BN=KQ, 

| |  lel; conſequentiy ? NC=QC. 

$.2.9.] 7| But the Arches ... ... BN, NC; 
| $8]are projected into theArches FI, IC; 
9| therefore the 1 

| 5 Arch FROST 

10 Wherefore if about any } pee 

4 1s - - pcs 

| 1 1 [you deſcribe a Circle... DKCIL. 

12 {and divide it into any KQ, QC, 


| | Degrees or Parts 
0 0 and 
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1173 a from thoſe Diviſions 


F H 


The Elements or 


draw Perpendiculars F KL, QR 
they will divide the Pro- I DECG 


jection 


13 into its proper Degrees, } qr 16. 
4. 0 Parts F BY IC; 


16! That is, the Degrees i in 5 1 
I the former are aal 2E. F. 
to t hoſe in the latter = 
S HOLI U M. 


The ten foregoing Propoſitions are the 


principal of thoſe relating to the Ortho- 
graphical Projection of the Sphere; thoſe 


which follow, contain the Rudiments of 


the Stereograpbic Projection thereof. 


—.... — wü — —— — — — — — 
r ˙—˙———. — 1 ˙·m¹˙²:ꝝ ; ;ö;?n . nn wn i 


PRO p. XI. THEOREM, 


Stereographical Projection. 


Let there be a Sphere BADC, 
and a Circle therein, ass BHDG 
to the ſaid Circle, from the Center . . . E 1 
draw the Perpendicular ........ EF, = 
if the ſame be produced, it ſhall fallon A, C, 

the Poles of the Circle BHDG. 


 DeMonsSTRATION. 
| IjDraw the two Diameters BD, GH, 


2 |and the Lines : — my _ 43 | 


Now fincethe Lines] PGI V 
4 And the Angles | 


OD | 
AB=AD= 


n 5 their Subtenſes * . 
S. 1. D. 5. Thad ˙ V 4 
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7 is the Pole of the Circle . . BH DG. 
8 in like manner „ 
_ [is ſhewn to be the other Pole. 
18 SEES! EE. D 
P Ro r. XII. THEOREM XI. 
"Ma SO. co AKGIF, 
be cut by a Plane r to 
its Baſe | k, g, i, f, 


the Section will be a Circle. 

DEMONSTRATION. 

1 | Let the Cone be any how wc A 
thro? its Axis. . £4 
2 by two Planes, making I , E 
Ihe Triangles FAKI ACF, 

3 which (produced) may 
5 meet the Plane of "Ay Khi, ghf, 
Section i in 


3 | kee * & Ahf, AHF, | 
.6. D.1. will be ſimilar; 4 1 
N Ah:AH::hi:HI. || 
4 | | 6} And .. .... ... .'. AbAHzhR&HE: q | 
JS E.;.11.| 7|Whence it will be . . hi:hf::HI:HF. I | 

= - 8 | But the Center of the Baſe is. . . . H if} 

E. 1. D. 15,16. 9| Wherefore... ............ HI = HF, hi 

7. i -: hi= hf. 17 

III iin the ſame manner tis I hk=h c 1 

prov'd | DD I | 

= 12 [and therefore br - bk=hf= Thi, 10 

Er. D. g. Seon 2 1 

11 14 is a Circle. „„ [i | 
riert Tuna [i 
= The Section of a Scalenous Cone GZ FR. 1 
750 © cut ſubcontrarily to its Baſe, will i 
"ok be a Circle, 9 1 

. 6 PE- bl 
— 1 


— 


— 

*s 4." a> —— — ” 
—— y ow-1as 
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| I| 
| 2 
#3 
4 
5 i 
E. 6. D. 1. 6 
E. 2. D. 10. 7 
g 
| 8 
; 
: 10 
111 
12 
13 
14 
15 
0 16 
2. 13. I7 
| C. 12 18] 
E. 3.35 1 
25122 
E. 1. 15.21 
. 
E. 1.32. & A. 3. 23 
E. 6. 4. 24 
E. 6. 16.7 25 
& E. 5. 11. 26 
E. 3. 35. Ca. 11. 27 
be 


The Elenients .of 


DE MONST RAT. LI N. 


the Section 


Let the Cone be cut thro? 


its Axis c AO 
by a Plane at Right Angles 

to its Baſe : a c ZFR 
and it will produce the Tri- 

angle AGF 
in which draw the [ine 1 IH 
ſo as to make the | 

* AIH- ATG, 
then the Triangles . . AIH, ACF 


are ſimilar, — laid to be 


 ſubcontrarily poſited z up-{ IH; 
on the Line 


at Right Angles to the Triang. AGF, ; 
ſu phat: a Plane erected, cut- | Bn; | 
the Cone in 


ection ſhall be a Circle; take P 


tin 
that 


any where in the Line. . . IH, 
and draw the Perpendicular . . . BP 
— AN, 2 6 6 INN P 
TY ia a+ wn DKIGF, 


and then if the Cone be cut thro? DK i 
by a Plane perpendicular to AGF. 


. ..DBK | 


will be a Circle 
ſince the An gles 


therefore 


But the Triangles . .. IPD, KPH, 

are ſimilar, ſince the Angles 1 

are equal. J AIH*=AFG+= | 

the Angle AKD; - 

and ſo aſs the Angles DIP=PK H 

therefore it will be DP: -PI::PH:PK, 

Mad” = 
3 


S © 1% „ #® 


$ + + © 


{IH 


Circle whoſ Diainieter | is , 
Whence 
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= 29 lech it appears the Section IBH 
Iis a Circle. f e 


PAO P. XIV. Trxzonzu XII. 
A Right Circle is projected into a 


Line of half Tangents. 
| DimonstraAtion. "—_ 
8.2. A. 3.] 1 The Semicircle. .. . . . . . . BDE 


, 


2 | will be projected into the Diam. BE. 
3] divide the ſaid Semicirele } BH, HD, 
into the Parts DI, mW 
and from the ENF 
5| draw the Lines or AB, AH: 45 


„ TIES; 


Rays AI, _— 
6 which will cut the Projection. 
| 23 6-H 5 2. | > XG. 
z Let one of the Lines, as. . AD, 


9] paſt this” tie Center. ..;....> 2. 


110 and conſequently at R. Angles to BE, | 
11 with the Radius AC 


12 and from the Center. A, 
5 13 deſcribe the Circle LCN; 
8.1. D. 14. 14 then ſfall . CG, CE, 


| 15|be Tangents of the Arches Gu. Cb ; 
E. 3.20. | 16|But the Arches Cal, Cb=;DE, 
| 17] Wherefore the Tangents CG, CE, 


e 1 ” 
* 8 
1 1 
2 
— 2 — — —— 1 e 
— — te SE — — r OF Tag 
% * 2 . — i Lange art 22 Pg Ly py ww 4 "x — — — _— 
2 3 2 . * 
ae . — aut * * p — 2 —— — — a — 8 — * © . — hogs 2 « N — — ET re v — - v a nano 8 
22% 4 BB 3 rns * * 0 r PEP ond r N Didc as 1 23 ** * . I 
— — 2 - ny — — 5 — * — — — eine ESE ARE. >= I 7 — ——————— ks — rene "> . 
4 a 2 py * 2 — — — — p = 
ok — EY . — — * 2 p N * 8 . 5 mo - 
— — —— — 0 — - : — — 5 , — — . — — — — C a — — 
. — . — =o —— —— 4 3 ib on tame 220 I 
i — — — — p 
2 . * a —_ a af 
ERECT ___ . ** 0 — C0 * £ . hy —_ — _=_ a — ———— — 
6 . — 6 5 2 Y 


18 are Tan ents of half the i 

= | 19 and thus the Line. 00 | 
20 x theTangent of half the 1 DL. 17 
8 I coll Hence it appears that | | 
3 the Semicitcle above the Plane .. BAE. 1 
can never be all projected on the 1 
i Plane; becauſe the Ray. „ 1 
T muſt then be both parallel 10, CK | Il 
and yet meet the Line 7 1 

2 | P Roe. [ | 
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- 


PRO pP. XV. . nance) 


To meaſure any Fart of a Right Cirele 
projected, or to divide it into its proper 
„e,, | 
PRACTICE. 
Let it berequir'd to 0 GE, 
Parts of the Right Circle BE. 
In order to this, thro* the Point G 
from the Pole of the given Circle A 
— ĩ ͤ co ˙² cw Al 
this ſhall divide the Primitive in I. 
Then ſhall the Arch . . . . DI=CG 
thus alſo ſhall the Arch, IE=GE ; 
But the Arches of the "Pp 
Primitive l K, 
are known from the Chords; 
ol therefore ſo are the Arches CG, GE. 
Coroll. I. Hence if the Primitive. DE 
be divided into 90 Degrees, the J. CE 
Right Circle 8 
will be ſo divided by Lines drawn * 
from the Pole J 
to the ſeveral Diviſions in the Primiti ve. 
Caroll. II. Since the Part. 
is the Tangent of half. „ 
its Quantity is known alſo by meaſuring 
it on a Scale of half Tangents. 


S842. Ag. 


© O O N w — 


PRO v. XVI. TR RBOREM XIV. 


A Direct Cirele will be projected into a 
Circle in the Plane of Projection. 
ee 
1| Let the Plane of the Pro- 
jection be F BDCE 
8. 2. D.4.| 2|perpendicularly oppoſed to OY 1 
0 Eye at 


and 


*- 
a 


9 2.12, 
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be projected on that 
Plane, be 

parallel to the Plane; | 
therefore the Cone. . AKGIF 
of Rays | 

will be cut by the Plane of 
Projection in 

which being in the Plane) 
of Projection, will be BDCE. 


parallel to the Baſe 
and therefore a Circle. S; E. D. 


and let the Direct Circle to 
KGIF, 


Coroll. I. If the Projection be on the Planes 
of the Horizon, Equator, or Ecliptic, 
then the Circles of Altitude, and Latitude 


of Places and Stars, will be all concentric 


Circles in the ſaid Planes. 
Coroll. II. All Leſſer, Parallel or Direct Cir- 
dles are deſcribed with the half Tangent 
of their Diſtances from the Center of the 


Primitive. 


Pror. XVII. 


THE OR E M XV. 


An oblique Circle, as FRG Z 


will be projected into a Circle . 
in the Plane of the Projection. 


: 


' CER: 


DEMONSTRATION. 


I 


| 


If Right ** were drawn from A 
to all Parts of the obli ue 
Circle N F FRGZ 
they would form a Sca- : 
lenous Cone of Rays $ AFRGZ ; 
But this Cone is cut by the? , | 
Plane 7 CZER, 
ſubcontrarily to its —_ 
Form... cit: 8, 
thro? the Center of the _—_— B; 
— . -» <> vibe + +: ++ ty vs, 
| | the 


c kgif, 


8.2. D. 10. 
8.2. 13. 


ze Elements of 0A 
8|the Angle. Ts. | 
9 and the Angle. . ABI==/ 

roland the Angle SAG 


11 is common to both; 8 
Ihenee the Triangles 1450 * 


: 12 are ſimilar ; and there - A8 AIB 


| fore the Angle 


13 But the Angle. . ASS AFG, 
. | 14] Wherefore the Angle AFG=AIB 


15 and - becauſe of the common . A 
Angle at : 


D.1. | 16{the Triangles . AFS, AIH a 


17 will be Gove, and. . 
| | theAngle | } AHE=AGE - 
[18 jand — Cone AFRGZ 
19 is eut ſubcontrarily; and }) 
therefore the Section H 


I (made by the Plane) 


20 Iwill be a Circle. 2. E. D. 


N. B. This Propoſition is true of all Cireles whether 
great or ſmall, the fame Demonſtration ſerving 


for both. 


Px 


"7D + | oh Tu nN XVI. 
E BC, 


of a direct Circle, is projected into DF, 
a Right Line 


ONES © wield dio did 5 DE, EF, 


have the ſame Ratio to each 


_ . other as the Parts of the Pri-6 BG, GC. 


mitive 


DEMONSTRATION. 

+3 +For nes HS 4+ <4.4. BCIDE, 

9 if you draw the Lines AD, AE, AF, 

ABG, ADE; 

3 the Triangles 5 AGC, AEF; 
4 


1. 4 will be fimilar; J· ARA. :BC:DF 
| "ad 


| | andi{o. 


Bock II. 


E. 5. D. 2 1. 
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5jand as. . AB: AD: : AG: A 
I falſo as . AG: AE: : BG: DE 
7 again as. . . BG: DE:: GC: EF. 
+14 BC: DF. :BG: 
8 Therefore. © + © © © DE::CG*EF. 
9 | Q; E. D. 


PRO. XIX. TREOREM XVII. 


321˖ö; . e255 O 
of any oblique Circle . 
projected on the Plane of the nr 
Primitive F - - ABGC 
lies in the Line of Meaſures „ 
ſo far diſtant from the Center P 


C I 
2 and draw (thro? .; . P) EF, 
this ſhall be a Diameter of? 

b the oblique Circle F GHA 
S. 2. A.3.| 4|whoſe Projection is the Line . HI, 
E.1.10.| : 5| which biſected, gives the Center 0 
12 6 from the Center n A 
7 with the Diſtance e . AP 

8]deſcribe the Aren - PDK 

E.3.20.| 9 The Angle. . EAG EEG 
E.r.32. & A. 3. 10 but alſo the a Angle EAG=AIP 
E.3.20.|11|and the Angle. . AIP=;3POA 
E. 1. A. 1. 12 therefore the Angle EPG=POA, 
E. 1. A. 3.073 and ſo their Comple- | EPB=P AO 

ments 
E. 3. 26. 14 and therefore the Arches ew PD. 
coins HH Sat the Lide oo foo 3 
S. 1. D. 14 


as is equal to the T angent of 0 B H=BE, 


Elevation 
above Plane of the * 


| DEMONSTRATION. „ 
Draw the Line . . AHE 


.*16'1s the Tangent of the Arch. . PD 


FP 2 and 


| *S.2.14. 17 N. ee — 

to the Tangent of ? BE (*==B H) 
| + <theArch 
118 which is the Elevation of 
Wo: the Circle g GHA 

above the Plane of Projection. 

Q. E. D. 

Coroll. I. Shad the T ent of the 

Elevation ** ; F BE 


being taken from a Scale or Sector, 

and 1 fe from the Center of the Bip 

Primitive ; PtoO 
wWill find the Center on which 

the Circle | 

may be deſcrib'd. 
Coroll. II. *Tis plain that. AO=OH, 

but the former is the Secant of PD BE, 

therefore the Secant of the Elevation 

being ſet from the Point of — 
W 

ſhall find the Center (as before) 


1 GHA 


S011 0 
On this moſt uſeful Theorem depends almoſt all 
the Practice of Stereograpbic Projection; for hereby 
is taught how to deſcribe any oblique Circle making 
any given Angle BGH with the Primitive; and 
therefore the Meridians, Ecliptic, Circles of Poſition, 
Sc. Great Circles. are hereby projected By: Scale 


and Compaſs on any given Plane. 
PAO f. XX. Trzonz x XVII. 
TG, Lewy. ap FP 2 
of a er Circle „ „ ENF 


to be projected, whoſe Poles ... . B, D. 
lie in the Plane of Projection, ſhall BI 
be in the Line of Meaſures _ 
diſtant from the Center of the Primitive __ 


Dy 
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| by the Secant of its Diftance . . ©  .ED 
from the neareſt Pok............ D : 


and its Semidiameter or Radius. . OH 
ſhall be the Tangent of that Diftance. 

DEMONSTRATION, 

1| Suppoſe a Diameter of the 
leſſer Circle to be 58 EF 7 

| 5 jecded, be 
fi, 2 [draw the Rays . AHE, AFT, 
S. 1. A. 3. 3 they ſhall project the Dime Br 
| I ter into 12 
4% which biſected, 2 the Center O 
5 of the leſſer Cirele . . El. 
6 
2 
8 


P e _ - — 


a * D 


- 
— . Y FR 
OTIS PISS} I RA IE HET AE ON * N * a 
, 2 on 
— — rn ee eee — 
TE ad ,. , 8 * my PORT Fo oe g — D DDD — Ts 2 — : 
* - - — — S ae” « C2 nad LEAD — — 2 2 — — — 
1 2 
— — = al ia 
— A 2 
a Y n . — 
8 —— IS 0 I a _— W * v , , 
En * : — — . * 2 8 r - 
— — . > 5 CE : 
- 


Draw the Lines. . .QE; EO, El. 
Diele. HEI 
E. 3. 31. n F 
E. 6. 8. 9 is divided into two 
a 11 fimilar Triangles _ FHEN,IEN, 
10 v tr. ꝛ0ſ by the Diameter: . Ep. 
If therefore the HEN * EIN T 
zg, A 
E. 1. 13. 12 But the 5 
YOEOS Ul An HEN =EAQ+=QEA. 
E. 1. A.1.|13| therefore the Ang le QEA=ILEO. 
14 But the Difference 3 HEI—OEI=z 


- 
1 

. 
4 


Sh 8 n 
3” 


4 
1 
| 
F 
? 


l 'Y 
011% 
. = 
hl 
{i 
it! 
i y 
4 | 


: 
* 
£ 
\ 
42 
* 
| 
1 
1 
* 4 


of the Angles 5 HEO, 
E. 1. A. 2.15 And therefore HEO-+QE EA 
Ro | the Sum of GEO A 
1 "= ndenfequenty che ineEO(= OH) 
E. z. 16. Cor. | 1 7 | will touch the Circle in E 


8.1. D. 14.18 and will therefore be a Tan- DF 
Is gent of theArch of nme 


S. 1. D. 15.19 and the Line 00 
3 20 | the Secant thereof; the Ka- E 
dius being Q 
9 E. D. 
Coral. Hence the practical Me 
of drawing any leſſer Circle . . . EHF 
* phpharallel to any Right Circle. C A. 


Pp 2 For 


C. ͤ ĩ³¹“— we 


292 The Elements of 
For take the Complement of TRY D 
Diſtance from the Pole 
from the Chords, and ſet from , Z 55 - f 
and with the Tangent of. . 


taken from the ſame Scale, and ſet⸗ "js 
ting one Foot in 


the other will fall on 
in the Line of Meaſures l. 
A Or the Secant of nnd 1 5 © 20's DE 
ſet from the Center of the Primitive . .Q 
mil give the Centat 4 + ooo oo» O JF 
on which the leſſer Circle. EHF, 
may be deſcrib d Parallel „a. 


PRO. XXI. rusenzu Nx. 


„ „ de $ EF 
of a lefler Circle, whoſe Fels ABCD 


lie not in the Plane 
of the Projection, is 3 8 into . . IK 


which (if it fall on each Side . ,Q, i 
the Pole of the Primitive ACH 4 
s equal to the Sum. . . KQ+QL 
of the half Tangents of the * — | 
| and leaſt Diſtances from Q 
in the Line of Meaſures 3 . © BD. | 
DEMONSTRATION, 


Upon the Center.......... A 
2 [with the Diſtance. . 3 
3 deſcribe the Arch. 58 3 GEA | 
4| then the Lines 81 

8.1. D. 14. 5 are Tangents of the Arches GO. 
6 
7 
8 


but thoſe Arches | Cs 


therefore the Lines . 15 K. Qt 

are Semi-Tangents of EC, CF; 

the Arches _ 

| 9] But the Arch ........, EC=KQ 
10 the neareſt Diftance, and CF _ 


| 
8.2.14. 
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3 11 the greateſt Diſtance from Q; 


| and therefore the} 41 | 
e e "FRE 5 
E. I. A. 1.113 r Sc. E. D. 


PRO pP. XXII. "Dam 


To project a leſſer Circle, We} EF, 
Diameter is 
and 1s ſituate on each fide'* 5 'Q 
the Pole of the Plane of Projection. 

| PRACTICE. 45 

- | 1|Draw the Primitive . ABCD 

bd een py es | 


I | - Diameters W 0 AC, BD, 
A then {et the leſſer Circle's} 
| leaſt Diſtance, (from the C'to F 
. Pole of the Primitive) 1222 
| | from : 


| 4 and its greateſt Diſtance Som Cto — 
5 and dra)... 
6 it ſhall be a Diameter to be pro- A 
4 jected, ſuppoſe the Eye at Ip 
I | 7janddrawtheRays..... AE, AF, 
8.1. — 8 * projet he} Ey ao It. 
S.1.21,| 9 which biſected, gives the Center O, 
& S.2. 14.|19|on which the lefſerCircle . . KLIM 
5 | [may be deſcrib'd in the Projection. 


SCHOLIUM. | 
By this Propoſition all the Parallels of Latitude 
between the Zenith of any Place and that Point of 


the Horizon fartheſt op the elevated Pole, are 
Projected. f 


Prop, XXIII. im . 


I the leſſer Circle whoſe Diameter is a : 


[CCOOpyTyD yy pr _ _ _w—_—_w_ww__[c_——EEII_ECN 
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full intirely on one Side the Pole 
| of the Projection; then will. HI 
its — — — be equal to | 
the Difference of the 
half Tangents 5 Q—QH=HI 
odlt its greateſt and leaff Diſtances from 
the Pole of the Primitiye "3 
ſet off in the Line of Meaſures . . . . DE 
one and the ſame way. 
DxMoNSTRATION. 
E.. Upon the Center . Eo acne 
2 with the Diſtanſ,e . AQ 
3 deſcribe the Arch 1 QK 
4 and draw. l 
8.1. D. 14. 5 then the Lines b A QH, QI, 
*E. 3.20, | 6|will be the T Kangents } OS QG*=;CF _ 
£ of the Arches QT*F=iCE. 


E.r. Al. 7 and therefore the A CF, CE, 


© The Elements of 


Tangents of 


£ 8 the neareſt and greateſt Diſtance t Q 
8.2. A. 3. 


from the Pole of the Primitive 
9 5 the Line . . . . . Q—=QH=HI 
10 is its projected Diameter. Therefore, 


| N &c. n 


FPR or. XXIV. PROBIL 2 IV. 
To project a leſſer Circle which lies 
intirely on one Side the Pole of the 


Projection. 


£2 Jn 


13 


| bs 3|then ſet the leſſer Circle's 


RACTICE. 
| Deſcribe the Primitive. ADCB 
2 |and at Right Angles draw J AC.DB 


the Diameters 


| Diftance (from the Pole C to F 
| |] of the Primitive) from 

| 4|and itsgreateſt r from C to E 
draw the Rays ..... .. AF, AE, 


and 


7 — 


| — I. R orhogt Stcrcog . 


©}. 
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4.5 and they project the 1 1 EE 
| | Diameter | . 


S.2.14.| 7 into the Line i W 

K 8.2. 23. 8 which biſected, gives the Center O 
I 9 hereon to deſcribe the 

N lente Circle * HLIM. 


SCHOLIU VM. 

I. This, and Prop. 22. may be perform'd by a 
Scale of half Tangents, as is ſufficiently evident to 
any who underſtands the foregoing Propoſitions. 

II. By this Propoſition all the Circles of Latitude 
between the Zenith and elevated Pole, are projected 
on the Plane of the Horizon. 

III. Thus any leſſer Circle is to be da parallel 
to any oblique great Circle in the Plane of Projec- 
tion. For ſuppoſe the great oblique Circle on the 
Plane of the Horizon, be the Equator, then a leſſer 
Circle of Latitude 1s 7 85 projected, which is 
parallel thereto. 


PRO p. XXV. TA XML 


The Angle of the Interſection of any two 
Circles on a Plane is equal to the Angle 
made by their Radu, drawn from their 
Centers to the Point of Interſection. 
DEMONSTRATION: 


I | Deſcribe the Circle. OTN, CTA, 
draw the Radii. CT, TN, 
alſo draw the Tangents OTE, ATD, 
Now fincethe Angles 
of Conn... OT OATN, 
the N N., 
eſmadebyj and Circles . . . CT, TN. 
are leſs than any) 
Right: lined +. OTC, ATN, 
cute Angles 


9-0 
3 
2 


interſecting each other i n T 


{ 4Y 
i | 
& | 
' o 
LN 44 
P ; 
4 
5 
: FE 
& 
1 1 
- b | 
1 
11 
g 
7 -H 
: 1 1 1 
: » Ws 
— [oY 
! : * 52 
14 14 
+ M1 
0 l T 
: = © 
| | , 
13 
11 
11 5 
f { " #} * 
7 : 
4 458 v 
q 
s | "* | 
: : 
$9 
5 * 1 
| 
$3 7 . l 
i i 1 
i 1 
A 
q l 77 
1 
11 
fl ' : : ( 
4 ; 4 
1 1 
11 8 
- ; A [] 
7 5 N 
WY 
is 1 
is t A 
2 144 
5 
1; f | 
: : 
1:1 
ﬆ |} 
. 
- * 1 F 
1 * 
1 
14 : T6 5 
14 TY} 
: : \ y 
: p : 
: 
. 
1 * 0 
1 4 
| 4 2% 
; 181 
U 
; $4 
: 1141 j 
1 : 1 
2 4 
RE | | 
#13 
+ 4 * q 
# T7 
: 4 
1 
2 + 23 
+4 * 
+ : 
33] 
"1 2 
* 
* 
1 
"I . 
14 114 
14 7 +f 
ty | 
IS 2 : 
A 
1 + 
: ? l 
i : 
3 444 *. 4 
RO E | 
1 = 
1 
| } Ft 
j <* 
3 - 4 
7 +4 
. . 
4 1 
mr 4 
4 5 
1 4 
1 1 
1 7 
-1 * } 
4 * 4 
©; 5 a 
1 = 
1 WY 
4 It 
„ £ 
: : 
{+ bk 3 
We 2 G 
*! 
— TS 
+8) : Sag 
1 
5 3 
* ; 
1 ». 
N 1 
: : 
= 19 
| I \ 
5 ö 
F 9 
it 4 ; 
'F. 4 | 
i j 
. ' 
4 * 
7 j 
. ; 
| If 
Ry 
5 
* 1 
8 
+ 
[] 
* 


and 


*E. 3. 16. 
Cor. 
1282 
E. 1. A. 3. 


Ii, 13. 


14 
15 


7 


lineal ones 


The Elements of 


and indeed no Quan- 


tity ; the Tangents 1 OTE Arp, 


will contain the fame Angle OTA 


as do the Circular Arches CT, NT; 
Wherefore the Curvi- 

lineal Angles ro, NTA 
are reſpectively the 

ſame with, or e- _ 

qual to the Recti- oro, ATE, 
Wherefore ſince the 1 C*= 
| Right-lined Ang. $ OTNf=/, 
ſubduct the common Angle OTC, 


there will remain 0 DTO=CTN, 


the Angle 
5 CTN=OTC 


PRO r. XXVI. 
Angles made by the Interſection of Circles 


on the Superficies of a Sphere, are equal 
to thoſe made by their Projections on 


 wherefore the R. 

| lined Angle 

contain'd under the CurvesTO, Ic 
E 2 2E. D. 


a en BET 


any Plane. 
Don sv nitro: 
i] Let there be two Cireles .. RD, TD 
| 2 interſecting each other in D, 
E. 217. |ig}then nn >» DH, DO, 
I 44 Tangents to the outer 
| {| and inner Circles _ DT, DR. 
+ | ſpectively. E 
| Sepp ebe in A 
I 6 and the Plane of Projection . 
8. 2. D. 4.“ 7 


Now this Plane, and 
that paſſing thro* the DH, DO, 
n NN 


ON 


are 


Book II. 
E. 1 1. 19. 
| 


S.2. A.3. 


*E. 3. 32. 
T I. 3. 


E. 1.2 8. 
.. 15. 


E. i. 5. 


10. 


8 


PRO P. XXVII. 


Ad 


14 


16 


1 
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| Angle 
'20 Where the Side 
21, Hence in the Triangles ODH,OHG, 
22 there are two Sides in one OH, HD, 
23 equal to two Sides in the 


24 and the An- 
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are both per endicular to | 
the Plane of the Circle ; ETDA; 


r wo red common Seq", OH 
is a Right Line, and perpen- 
dieular to Les "| EG. 
Now the Eye pro-? OD i * OG, 
jects the Tangent 3 DH into HG; 
Wherefore the Angle OGH | 
4 2 Projection of the Angle OD H. 
ay moreover the | 
4 $ 2GH=ODH. 
Draw all the Lines as in the Scheme. 
Then will the ADM“ Q = — 
Angle Q DA. 
ee, 


the Angle. 
therefore the? HGD=ADM*— 
HDG. 
DH=HG. 


OH, HG, 
{ OHD=OHG=2., 


other 


glesincluded 


N 5 Therefore the Angle OGH= ODH. 


r 
THEOREM XXIII. 


Let there be a great oblique Circle WPE 
interſecting the Diameter of the 9 p 


jection in 
bet ity Center be inn C 
thro' which, at Right * draw AB 
then all great Circles DFF 
paſſing thro? the Point is 
| ſhall have their Centert se O 
in the ſeeondary Line of Meaſures . . AB 
= diſtant 
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diſtant from the Point C 
by the Tangent of the Es 
45 3 WDPPB 


made by their Interſection with. WE. 
DEMONSTRATION. 
1| For continue on each Side . . WPE 


24 till it croſſeth the Line AB 
Ic A, B; 
J K ˙ ˙ A AFR 

+ 5ja Semicircle, and may be calPd 
*S.2.D.5.j Ia ſecondary *Primithewhoe þ ©. 
Pole is 
S. 2. 19. 6 therefore on the Plane of this; 
| | Primitive, all great oblique PF 
_ ]- Circles 5 

| 7|ſhall haye their Centers Q 

| 3]|difſtant from the Center of as c 

l, ax _ 

= the I angents 7 

| 1 "chair Elevation 1 FR=BPP, 

ro above the Plane of the Pri- ; APR 

| | mitive 7 


9. E. D. 
So HOLIV M. 

This Propoſition is evident alſo from 
Prop. 25. of this; for m Angle . . OPC 
is equal to the Curvilines | 

| — FDPW=EFPB, 
as was there prov'd. Bunt. OC 
is the Tangent thereof, therefore, Sc. 

N. B. This Propoſition is the F oundation of 
all Dialling by Projection of Hour - Circles 
or Meridians, and muſt be wel] under- 
ſtood. | 


| Prov. XXVII. MONT: 


To draw a great Circle . . EAG 


| | Mithin 


Book II. 


E. 1. 11. 


E. 3. 35 
E. 6. 8. Cor. 
: E. 1. Al. 
Ta E. 3. 35. Caſ.2. 


S. 1. D.3. 


act 


er 
0 © CON OD) > 90" G50 


CR a —_— 


"Wn 
— 


— — 
8 


14 
15 
16 


* 
18 


19 


20 
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within the Primitive. . . — * 


PI ( 
Draw a Diameter DR 
the” that FOE: «oi nab cc 8 
which 1s the fartheſt diſtant from C, 
the Center; draw the Diameter O 
at Right Angles to . DR 
, eit ++» + 1 „„ 
then erect perpendicular to . . . AO 
AMC. Et Eres. OH, 


| which ſhall meet the Diameter DR 


produced, in the Point.. . . , 
then thro? the three Points A, B, H, 
draw the Circle . EAGH, 
and it is done; forjoin...... EG 
Then it will be a 
Dur « OCq 
therefore CE CGS OC 
and conſequently ......... EG 
is a Diameter paſling thro*...... C 
the Center, therefore EAG 
[is a great Circle. 2E. F. 


PRO r. XXI. ProBLEM VI. 
To find the Pole of any great Circle in 
the Projection. 


28.1. D. 5. 


1 


co G +> ww Hh 2 


PRACTICE. 
I. The Pole of the Primitive ABCD 
OO 2 8 . 
II. To find the Poles of a 
Right Circle } * 
draw perpendicular therefo, } BD 
the Diameter N 
then are the Points ..... . B, D, 
the Poles of the Circle requir d. | 
[IT. To find the Poles of L BED, 
the oblique Circle 
draw the Ray... . . . DEG, 


Qq 2 _—_ 


—_ 
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1 N then draw the Diameter . . GF H, 
I E. 1. 11. 10 perpendicular to which, draw TIFK, 
| 11 Du the Ray . „ 
12 it will interſect the Diameter AC inI. g 
2 13 becauſee EL=GlI=IH, 
S.2. A.3. 14 therefore the Pole requir'd is }L. 
NF 2 the Point 

15: and the Projection of the o-? 
ö DK 


ther Pole will be that Point, 
where a Line drawn thro? 


| 16 meets the Diameter CA 
produced. II. 

Coroll. Hence the practical Method of 

finding the Pole of an oblique Circle . . L | 

by ſettingthe Halt- i _ 

Tangent of F 1 FL) 
the Elevation above the Primi- 

tive from cr 0 L 


N. B. The Caſes for finding the Poles of all 
leſſer Circles, are the ſame with thofe a- 
bove; for all great Circles, and leſſer 


Circles parallel to them, have the ſame 
_ Poles. | 


Pa or. XXX. PROB IL E M VII. 


To draw a great Circle at Right Angles 
to another great Circle. 
„ 


| 1 I. To draw a Circle per- A Nr 
| | . 5 pendicular to the Prim LABCD; 
| S.2, D. 7. 2|draw any Diameter . BD 
f 3|thro* the Center or Pole * 8 
fand it is done, 
4 II. To draw a Circle nerpen- C; 
| dicular to a Right Carcle j 
1H 0 ᷣ W D, 
| „ || 6jdraw the Diameter. ...;..... 5 
Cor. 2. fand it is done. 


* 
1 r * 


Book II. «+ Spherical Geometry. 301 
5 7III. To draw an oblique ” 
Circle perpendicular „ AC 

a right Circle | 
thro its Poles .......... . B, D, 
8.2. D.9.| 9|* draw the oblique Circle . DEB, 
and it is done. 
10 IV. To draw an oblique 

Circle perpendicular Y DEB; 
an oblique Circle 


8.2.29. 11ſt, nd e .....-.EL 


CO 


12|then any how draw the Di- f 
ameter | ; RS; 
E. 3.25. 13 draw a Circle thro' the 
: * three Points 0 R. L, S, 
S. 1. 2. 14 and it ſhall cut the oblique 
Cor. 2. . F DEB 
[25 ſat Right Angles, in the Point . d; 


16 fand therefore 1s the oblique Circle 
requir'd. E. F. 

Coroll. Hence any leſſer Circle may be 
_ drawnat Right Angles to any given great 
Circle; for *tis but firſt drawing a great 
Circle perpendicular thereto, and drawing 
the leſſer Circle parallel to it (by Prop. 20. 
24. and their Corollaries) and it is done. 


PROP. XXXI. THEOREM XXIV. 


If thro? the remoteſt Poles... ... A, B, 
of two equal Circles in the 
Sphere EDC, FDG. 
any other Circle be drawn, as. AHKB, 


CK=FH 
it will cut off equal Portions DRK DI 


from the Peripheries of the given Circles. 
DEMONSTRATION, 
2: Sine ᷑?⁊]k “ 
1 2 is the Pole of the Circle. . . . EDC 
S. 1. „ (. . ACSAK; 
alſo 
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E .3.29. 


E. 6. D. r. 


E. 3. 28. 


[| 


E.r.A.z.| 


| Prove. XXXII. 
Joo divide the Projection 


of an oblique Cirele 
into its proper Degrees. 


[the Angles 


The Elements of 
alſo the Arches. . . 


APC FCB 
"we aadrants $ and LAC=BE, 


the Chords 

which fubtend 'em; 

- wherefore 5 AK=BH. 
| hence the Arches 


they ſubtend 


Arches | AC=BF 


be ſubdued the common Arch F . 
here will remain the Arch AF * 


and conſequently the b BAC=ABF, 


| Angles 
and the Subtenkes , 5 AL LB. 


In kke manner, * 


prov*d the Arch 
and the Subtenſes 
Therefore the Triangles LAN, L BN. 


are ſimilar, and the 
. 5 LAN=TL BN. 


Thus the Triangles . . ACK, BFH 


e equal and fimilar, ? (4 __5 

and the Side ; CK=FH. 
Therefore the Arches . . CKC=FH 
and if from the Arches . . DC=DF 


we take the Arches. . . . CKC=FH 


there will remain the To. 
_ Arches hey. DH=DK. 
| E. D. 


PROBLEM VIII. 


PRACTICE. 


(Note, the Circles with their Poles, in the 
Scheme to the laſt Propoſition were or- 


tho- 


FAHK=BKH. | 
8 herbe, if from the | 
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thographically projected, but the fame are 


here ſtere l 
fore 


N 
8.2. 31. 


2 0 —— 


) 
1| The Circles in 


land the two remote Poles . . . 
are here projected into .. . . a,b, 
5 which is in the former Point 
6 and the Circle in that 


y projected; there- 


that Scheme EDKC, DHE 


are here projected into EdkC, _ 
- 

Scheme f. AH RB 
1s 185 n in the \- hi 
n _ there they, AHKB 
"Ls the a B, 


>| cuts off equal Portions . . CK FI 


from the Circles . . . . GDF, EDC, 
* ſo here the Circle .ahkb (or Sh) 
drawn thro* the ſame Poles . » 


will cut off the ſame e 
f Portions © Log | k—fh, 
51 from . Circles . . gdf, EdC; 
16 and therefore alſo the 
Arches . dh dx 
conſequently any 2 , SN, Sh, 
drawn thro? the ed Pole 2 8 
of the oblique Circle 


will divide the . 
oblique Circle 

equally with the Primitive "os 

that is, will cut of d Rd; dM 
equal Portions, dN; 


A et I I Ee ee Es ee IIS 


| 


J Corol. I. Hence by finding the Pole. 


or Arches from (dk dh; hi= 
each c KC. 


S 


— 


gdf 


= 


The Elements of 
and ſetting any Number 


of Degrees from the 1 M, Que, 


Chords on the Primitive 

from 

and drawing the Lines. SN, SQ, c. 
we cut off the ſame Num- | 

ber of Degrees in the bre gar. d R, Sc. 
jected oblique Circle 

and thus the Ecliptic,&c. oblique Circles 


are graduated in Projections on the Me- 
ridians, Horizon, c. 
Coroll. II. Hence alſo you 


meaſure any Arch of af. inane; 


projected oblique Circle 
by laying a Ruler from S to R, N, Cc. 


which ſhall cut the Primitive in Q.M, Se. 
then the Arches Qd, dM, Sc. 
meaſured on the Chords, 

gives the — of gan. dN, He. 
Arches | 


Prior. XXXIN., Prot IX. 


eo 


E. 1.31, 


To divide a leſſer oblique Circle into its 
proper Degrees on the Plane of Projection, 
Aer 
Let the Primitive be.. ABCD, 
and let the oblique leſſer Circle FG 
be projected into IWK 
„„ 2 
is alſo projected i RG H; 
11 ˙ 0 
ein . MNIB D, 
then ſhall the two lefſer FG, MN, 
Circles 


0 fe 


5. 9 be equidiſtant from the Center . 1 
8 Project the leſſer direct Circle MN 


xx into the CUCIt. co eG ons QER, 


land deſeribe — * R. 
which 
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"+1 +: ann | which will be concentric ; 
® to the Primitive FABCD. _ 
E. 3.14.|1 ow becauſe of thetwo 
4 - : equal Circles FG=MN, 
S.2. D.2.| 14jand the Projection of their 
. remote Poles "5A Z, 
Ginbee Font 4.4... ; H; 
8.2.31. 16 8 Lines drawn 2 HX Hv, 
| from thence HT, 
[17 to any Diviſions in the Proj. QVR, 
18 | will divide the projected — IWK 
. lique Circle F | 
I9{in like manner, ſo 
'r hat the Arches $ KY yx, xv, Ge. 
20 ſhall contain the 
4 ſame Number 
of Degrees or RV, XX, XV, &c 
Parts, as the | 
Archess 
I | Coroll. Hence the Pole H 
2 being found; anß dd. . ER 
3 the Semitangent 3 . CN, 
4 the Diſtance from the remote © 
Pole ; , 
5 |ſet off from the Scale from Eto R, 
6| you may deſcribe the dle 
Ih required "4 X. 
PRO r. XXXIV. PROBLEM X. 


To meaſure any Spherical Angle. 


BY 


T. Let the Angle be at the 


FRACTICE. 
Center of the Primitive, > AFG 3 
as the Angle | 

the Meaſure of which, is the 

Arch 
Rr 


met AG, 
which : 


eee 
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| 3|which Arch is meaſured on the 
Chords. 


4 II. Let the An le be at the | 
Periphery of the Primi- La 


I tive, as the Angle 2 
5 draw the Diameter . . BD, 
6 which croſs at Right Angles, 
| | with the Diameter F ; * 
S. 1. D. 6. then ihne AE 


which is therefore known. 
III. Let the Angle be in any 


given Point in the Plane, (EOF 5 
as the Angle 1 


11 contain d between an obli ue 
Circle | 3 RD. 
3 \ 12 land the Right Circle . , 
$.2.29.|13 |find the Pole of the SITY L 
I Gircle, as , 
14 and of the Right Creeks, as I, or K; 
15 draw a Line thro? the Points O, L, 
1156 this ſhall cut the Primitive in. . a; 
in | 17] the ſhall:the n Ia 
& S. 1. D. 6. 18|(the Diſtance of the two Poles I, L, 
a” 19 reduced to the Primitive) be EOF. 
the Meaſure of the Angle F 5 
4 ä is therefore known. | 


E. F. 


7 

8 the Meaſure of the given Angle ABE, 
9 
2 


„ 


COMPENDIUM. 
O F 


CO NIC GEOMETRY. 


* FRY 2 —_— — — _— —_——— —_— 


— 


The Chief Properties of ifs Conic 
SECTIONS conciſely explain d and 
demonſtrated. 


$.1. LO Ra due underſtanding of the Subjects of 
>» theſe Sections, the following Definitions 
mult be premiſed. | | 
A Conic Section is that Figure which is produced by 
a Plane, any how cutting a Cone ; and theſe Sec- 
tions are as follow. 
1. A Triangle, made by thePlane's paſſing thro? the 
Vertex and Axis of the Cone. 
2, A Circle, made by a Plane cutting the Cone pa- 
rallel to the Baſe, if a Right one; or ſubcontra- 
rily poſited thereto, if a Scalenous one. See §pber. 
Elements, Book II. Prop. XII and XIII. 
3. An Elligſis, is made by a Plane cutting a Cone 
thro? both the Sides, yet oblique or inclin'd to 
the Baſe, as TCVG, Fig. 1. a 
_ Rr 2 | 4. 


* 
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4. A Parabola, is a Section of the Cone made ® a 

L | Plane, cutting it parallel to one of its Sides ; ſuch 

l is the Figure PRB (Fig. 2.) where AR|BE. 

5. An  Hyperbola is a Figure produced by a Plane, 
cutting the Cone in any other Manner than thoſe 
already deſcribed ; or ſo, that the Plane cutting 
one Side, if produced, ſhall alſo cut the other 
Side produced; as HY P, Fig. 3. or BVB, Fig. 6. 

where the Plane ndened: meets the other Side 

EC produced in T. 

And theſe are all the Sections that can poſſibly be 

generated by a Plane cutting a Cone. But of theſe 

| 5, the 2 laſt, viz. the Ellipfis, the Parabola, and 
hperbola, are ſolely call'd the Conic Sections. | 
§. 2. In each of theſe Sections are ſeveral remarkable 
Li ines and Points, as follow ; 

1. In the Ellipſis, all thoſe Right Lines which 8. 
vide it into two equal Parts, are calPd Diameters; 
of theſe, the greateſt TV (Fig. 1.) is call'd the 
Avis, or Tranſverſe Diameter; and the leaſt, CG, 
is calPd the Conjugate Diameter; and theſe are 
always at Right Angles to each other. g 

2. Thoſe Right Lines, as a b, which are drawn pa- 
rallel to the Conjugate Diameter, or which are 
biſected by the Tranſverſe Diameter, are call'd 
Ordinates; which, if they are at Right Angles 
to the Tranſverſe Diameter, they are ald to be 
Ordinates rightly applied. 

3. That Ordinate which is a third Proportional to 

the Tranſverſe and Conjugate Diameter, is call'd 
the Latus Rectum, or Parameter of the Ellipfis ; 
thus if TV: CG:: CG: ab; then is the Ordinatea b 
the Latus Reltum. By this Ordinate all the o- 
thers may be found, as will be ſne wn by and by. 

4. The Point o in which the Latus Rectum is bi- 
ſected by the Tranſverſe, is calPd the Focus, or 
Burning Point; of which there are two in the 
Elligſis, becauſe there are two Parameters. 


5. 


— 


§. 3. 
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5. Any Parts, as To, Vo, into which the Tranſ- 


verſe TV is divided by any Ordinate, as a b, are 
call'd Abſciſſe, or, Parts cut off. 

1. In the Parabola (Fig. 2.) PRB, that Line 
AR which biſects all the Right Lines a b, PB, 


drawn parallel to one another within the mes. 


2. 


is calPd a Diameter; and thoſe parallel Right 
Lines biſected by it, are Ordinates. 

If the ſaid Diameter biſe& the Ordinates a b, PB, 
Fc. at Right Angles, then is the Diameter AR 


the Axis of the Parabola ; and the Ordinates are 
then Rightly applied. 
. The Parts Ro, RA, intercepted by the Ordinates 


” b, PB, in the Diameter AR, are called the A- 


3· 


ciſſa. 


"If a third Proportional be found to any Abſciſſa 


AR, and its Semiordinate AP, as a b, (vi. 
AR: AP: : AP: ab) then is ab the Latus Rectum 
of the Parabola; and the Point of Interſection o is 
here alſo the Focus. Alſo the greateſt Ordinate 
PB, is calPd the Baſe of the Parabola; and the 
Foin R its Vertex. 

In the Hyperbola, the Axis QY, the Ordinates 
a by and the Abſciſſæ Yo, YQ, are all defin'd, as 
in the Parabola; ſee Fig. 3. But farther, in 
the Hyperbola BVB (Fig 6. ) the Axis AV being 
continued till it meets 4 other Side of the Cone 
EC. as in T; the Part TV is the 7 1 Axis 
or Diameter. 


Ad if it be made AVA: Ad TMK then 


ſhall this fourth Proportional L, be the Latus 


Rectum of the Hyperbola ; and the Point in 


which it interſects the Diameter or Axis AV, is 


the Focus. 


Over and above the Right Lines belonging in 
common to all the Sections, the Hyperbola hath 


two peculiar to it ſelf, cal'd Ahmptotes, becauſe 


tis their Property. if infinitely continued, ever to 
| approach 
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approach the Curve of the 
touch it; of which more | 


$4. Of the E L L 


The common Property of 
Rectangle under the A 
to the Squares of the ref 
Thus, 
Taxa V: abq:: TA „Av: 
DEMON STR 


In the Right 

E. 1. 31. 2 thro' the Poin 

13 draw the Rig] 

S.2.12.| 3| theſe ſhall be 

ters of Circ. 

E. 6. 2. 4|then ſhall the 
Triangles 

5 | be ſimilar, as 

| the Triang] 

. 6 Therefore we 

E.6. D. i. 7 ſhall have 

E.. 16. . That is. 

E. 3. 35. 10 But becauſe | 

Es. A. 1. 1 And. 
E. 1. A. 1.13 Therefore it 

will be 
E. 6. 16.14 Whence we h 
this Analog 


$. 6. Let TVA, Va=x, the 
aby; alſo put VA=X, 
let AB=Y. And the gene 
in the 14th Step above, w. 
4—XX : :: —-XXX: TX 
ee Fig. 7. M. 


PENDIUM 


f the Hyperbola, but never 
10re hereafter. 


LEIPSIS. 

y of all Ellipſes is, that the 
> Abſciſſe, are proportional 
e reſpective Semiordinates. 


AV : ABq. See Fig. 4. 
TRATION. 
Haro; 5; ELP, 
Points of the Ellipfis, A, a, 

> Right Lines Ee, Dd, IEP 


ll be Diame- 
Circles 3 Dbdb, EBeB. 


— TAE, and Ta, 


gles 
. a allo) va d, and VAe. 


riangles 
ewe? Va:ad::VA: Ae; 
ave ITA: AE= tetaDd. 
VaxAe=adxVA ; 
Tax AE=ATxDa. 
uſe } Da *xad=abq, 
| ___ EAxAe=ABq. 
. 
=A TxDaxadxV A 
Ee n 1 Va ABq Ta 
ATxabqx vA. 
we have Ta- Va: abq :: 
nalogy S TAxVA: ABq. 
"EE 
, then Ta=a—x, and let 
=X, then TA==a—X, and 
general Property expreſs'd 
ve, will in this Notation be 
: X11; orax—xX : yy :: ax 
Moreover put the Con- 
jugate 


———ů— ——U—— 


Book I. Prop. 


* - 
„ 
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jugate Diameter CG=b ; then will TN= > and 
CN — 2 . And ſo we have ax— xx: yy: EE bb 


:aa:bb, ang conſequently axbb—hbxx=yyaa, + [if 
be the Equation which expreſſes the Nature of all 
Elliptic Curves. | 


. 7. Now becauſe (per §. 2.)a: b ::b:% = Latus 


Refum; and the foregoing general ” ab di- 


vided by = is yy= T—= if we put the La- 


tus Rectum 2 b we ſhall have in the ſaid E- 


quation, yy=xp—p—. That is, the Square of 
the Semiordinate y, is deficient of the Rectangle 
(xp) under the Latus Rectum and Abſciſſa, by the 
by the Rectangle ( = xx) ſimilar and fimilarly po- 


ſited to the Rectangle axp; (for a: P:: *: = ) which 


is calPd the Figure of the Diameter TV, or Rect- 
angle under the Diameter TV, and Parameter P. 
And becauſe of this Deficiency of the Square of 
the Semiordinate, viz. yya.xp, this Section was 
(by that Great Geometer of the Ancients, Apol- 
lonius, )calPd (ENε ,? t an Elligſis, i. e. DefefF. 
8. In the Ellipſis, the Diſtance of the Focus's 

from the Center, is equal to half the Mean Pro- 
portional between the Axis, and Difference of 
the Axis from the Latus Nectum br, Parameter. 


For (per laſt Section) W=xp—p< 5 but in this 
Caſe 8 the Parameter, and ſo we ſhall have 
PP 2 xp - , and dividing all by (p,) it will be 
z = x = *, and multiplying by (a) we have 
e, change all the Signs, and add {* — 


and 
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and it will be a xa xx. Extract 


7 re 
the Root of this Equation, and we have = bu If 


= = 17 ad- ; but (ſuppoſing the 


Foci to be A and a, (Fig. 7.) ——x=Na= 


NA Va-] which is half a Mean Propor- 


 tional(viz./ aa—pa) between aTV, and a—p ; 


= 


for a: :: n: a, therefore /a — ap n. And 
thus the Focus may be eaſily found by Calcu- 
lation. BW e 
9. Two Right Lines CA, Ca, or DA, Da, (Fig. 8.) 
drawn from any Point C or D in the Curve of; 
an Ellipſis to the. Focus's A and a, are, taken to- 
gether, equal to the Axis TV. For let the Di- 


| ſtance of the Foci from the Center N be call'd d, 


viz. d = AN = Na, then will NC = LP , and 


FE 4 —— (per F. 8.) Now if the two Right 


Lines are drawn from the End of the Conjugate 
Diameter, the Triangle ANC is Right-angled at 


N, and therefore ANq+ NCq= Aq; that is, 


r £ 2 4 = = ACq; and therefore the 


Root = = AC; thus tis prav'd = Ca; but 
AC+Ca= 2 + — = A, E. D. it 


Again, let the Point in the Curve be D, and draw 


DA and Da ; and the Ordinate DO, Let 


AN Nad, and To=x, then ſhall TA 


= — 4. AO=x— 2 ＋ d, and a 0 = d ; 


and becauſe AC=TN= 2, therefore NCq= 
= 44d. But (per 5. 5.) TNxNV :NCq:: TO 


xOV:DOq, 
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 xOV:DOg, that is, 25 | ＋ — dd : ax -x: ax— 
*r — . + g. To thisadd AOq=z 
— *? þ24x—ad44d, the Sum will be 
ADq= 3 2. + — the 


Square Root wharf; is < — 4 + 2 — = AD. 
Alſo if to the faid Square DOq=zaz— * ·— 2 * 
— you add the Square of a o, VIZ, = 45 + 


da * — 2dx — ai * xx, the Sum will be 
ad- dof . 4 f te 


the Root of which is Da=d + 2— to 
this add the 6 found Equation DA = W 


| 'S 
2dx 4 
R 444 24X the Sum will be DA+Da= = - 


a 


2 a, as before. 6 
Y 10 I ſhall ſhew in the Appendix how T 


may be drawn to all Curves in general; but 
another Method for drawing a Tangent to the 
Ellipſis is as follows: Let TCV be the Eläpſis 
(Fig. 9.) *tis requir'd to find the Point P, in the 
Axis T'V produced, whence to draw the Tangent 
PB which ſhall touch the Curve in the given 
Point B. 

From the Point 1 a the Ordinate BA, and on 
the Center N, with the Radius NT. deſcribe the 
Semicircle TDv, produce AB till it meets the 
Circle in D, and draw ND, which biſect, and 
mark the Point in which the biſecting Line croſſes 
the Axis, as in e; on e, with the Radius e N, de- 
ſcribe the Semicircle NDP, and it ſhall give the 
Point P in the Axis, as requir'd, 7 

| 81 „ Now, 
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Now, by Calculation, TA:AD::AD:AV, and la 
TAxXAV=ADq ; > alſo, NA: AD:: AD: AP, and 
ſo again, NAX APS ADN; and conſequently, | 
TAxXAV=NAxAP;and thus NA: AV:: TA: AP, 
the Subtangent, which was to be found. 
4 7 Things remaining (in Fig. 9.) as before ; - 
ſay, the Axis of the Ellipfis & ue: or TP is 
Harmonically divided in the Points T, A, V, P; 
vis. o that TP: VP:: TATA V. 
DEMONSTRATION. 


5:10. pe we 57 TA. APN A: Av. 


roved 
E. 5. 18 And TAT AP: APt: NA Av: AV. 
Tet: ... .. TP:AP::NV:AV 
ma... . TA NA: E: N V. 


n 5 NANA. 5 
that is. . . VP: VA:: NV. NA. 


Eri 

(V3) 

— 

— 
Oer Þþ> Ww ÞD 


4, & 6. Ta” TA:TP::VA:VP; 
E. 5. D. 13. 8land conſequently TP:VP::TA: VA. 
E. N. 


5 12. Let TCV (Fig. 10.) bean Ellipfis whole two 
Foci are A and a; and on TV deſcribe the Semi- 
circle TFE V; to a given Point D, draw the 
Tangent FD, interſecting the Semicircle in E. 
and F; from each Focus draw the Lines AF and 
E. and to the Point of Contact D draw AD, 
aD. The Writers of Conics demonſtrate the 
Right Lines AF and a E, to be Normals to the 
Tangent FP, and fo parallel to each other; alſo 
that the ſaid Tangent is harmonically divided in 
the Points F, D, E, P; fo that FP: EP:: FD: DE. 
This being granted, to prove, that the Angles 
APF, and a DP are ever equal to each other. 
For fince FD:DE::FP:EP, and 'by E. 6. 2.) 
FP:EP::AF:aE, therefore FD:DE::AF:aE ; 

and ſo the Right-angled Triangles AF, and 


a DE are ſimilar, and conſequently the Angle 
3 — 


— 


6 


(by E. 6. S.) and DO (=y) ι‚ 
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AD Fa DE. by E. 6.6. When FP is * 
to the Axis TV, the T hing is ſelf-evident. 


$. 13. The Method of deſcribing an Ellipſis ſeveral 


ways, is hence evident; for if a Thread be taken 


Juſt the length of the Axis TV, and you fix the 


Ends on any two Points you defign for the Foei 
A and a, then with a Pencil, Se. extend the 


Thread to its full ſtretch, and thus moving it 


about the fix*'d Ends, as C enters, or Foci, tis 


evident it will deſcribe the Curve of an Ellipſis, 


by F. 9. and is a very true and expeditious way. 


Or, ſecondly, you may take a ſufficient number 


of Points in the Axis, on each ſide the Conjugate 


Diameter, and to thoſe Points find the reſpective 


Ordinates, either by the general Property F. 5. 
or by means of the Latus Rectum F. 7. for there 
ayy=xPa—Pxx ; that i 8 a:P ::ax—xx: yy; and. 
having found all the (5%s) you deſign, join their 
Extremities with an even Hand, and it will form 


the Ellipfis requir'd. 
d. 14. The Area of an Ellipſis s TCVG (Fig. 18 
is to the Area of a Circle 1 AVB deſcrib'd on the 


Tranſverſe Axis TV:: as the Conjugate Diameter 


CG : 1s to the . Axis TV. For erect 


the Perpendicular DH, join NH, and NO; and 
putting TV a, DV==x, and DO, DH, Sy, 


NC=b, as before, we ſnall have DH=v x, 


att 


bo 1 | 
Var N 3 _ Var — XxX ; chitin 


DDO er: þ Har xx : AV -x: 


byax—xx:a:b; that is, DH: DO:: Tv: CG. 


And ſince this Analogy holds wherever the Or- 
dinates DH or DO are taken, *tis evident the 


Area of the Circle conſiſting of all the Ordinates 
A DH, is to the Area of the Ellpſis conſiſting of 


8 2 | all 


— . COLLIE Y 
. . — — — ” — 
. 
* 
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all the Ordinates DO, in the ſame Ratio of TV 
. 


F. 15. The Area of the Ellipfis i is a Mean Propor- : 
tional between the Areas of the circumſcrib'd and 


inſcrib'd Circles, viz. TAVB and ECDG. Let 


the Area of the Ellipſis be E, that of the 


reater Circle , and of the leſſer Circle =L. 
= (per F. 14.) G:E::a:5::aa:ba, and G: L: : aa: bb 
(by E. 12. 2.) therefore L: E: : hb: ba: :ba:aa:: E: G 
wherefore L: E:: FE: G, that is, the Area of the 
leſſer Circle : is to the Area of the Ellipſe :: as the 
Area of the Ellipſe : to the Area of the greater 
Circle. Q. E. D. Hence the Quadrature of the 
Ellipſe depends on that of the Circle, and may be 
Ca as nearly. Theſe are ſome of the principal 
Properties of the Ellipfis, which, if well under- 
ſtood by the young Geometer, will enable him 
to deduce many more from thence ; which is left 
to his Exerciſe and Invention. 


16. Of the PAR AB OL. A. 


The common Property of the Parabola, is, that 
the Abſciſſæ are always proportional to the Squares 
of their reſpective Semiordinates, viz. RA: ** 
Ra: ab q. See Fig. 5. 

E MON ST RAT ION. 


1 Let there be a Right Cone . . EFe 


E. 1. 31.] 2 cut by a Plane thro*. . . . RAIEF, 


§. 1. 3 this Section will be the 12 BRB. 
| rabola 


Again ſuppoſe the — Dd, Ee, 
cut thro? FEE 
5 |the Section will be a Circle, Dbab 
5 1 


4 
5 
6 whoſe Diameter is . 
H 5.2.7 
8 


7 And the Triangles . . Rad, RAe 
1. 6.4. 


are ſimilar; 
therefore 


* J. : Raad::RA:Ae. 
| and 
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E. 6. 16.] 9|and conſequeitly RaxAe=adxRA. 
C. 2.10 Multiply each Side by aD (#=AE) 


E. 5. A. 1. 11 the Product Rax Aea D 
1 will be adxa DRA. 
E. 3.35. U K. AexaD (AE) =ABq, + 
| 13jandalſo......... adxaD=abqz 


Ea. A. 1. 14 Therefore... RaxABqzRAxabq, 
E. 6. 16.15 which gives this g RA: AB:: Ra:abg. 


Analogy 
F. 17. Letp = Parameter or Latus Refum; RA 
or Ra, *; and AB or ab, y; then fince 
*: v:: y: a, (by F. 3.) we ſhall have ax=yy ; an 
Equation expreſſing the Nature of this Curve 
_ univerſally. If we put the Parameter a=1, then 
Y, in all ſuch Caſes. 
FS. 18. In the Parabola, as the Parameter: is to the 
Sum of any two Semiordinates :: ſo is the Dif- 
ference of thoſe two Semiordinates: to the Dif- 
ference of their Abſciſſæ; Fig. 12. Put Ra=x, 
 RA=X ; aby, AB; and a= Parameter, as 
before; then will BO IJ, OD=Y—y, and 
bO=X—x. Now ſince x= yy—a, and X 
11a, therefore X—x=Y Y—yy—a ; that is, 
aX—ax=Y Y—ypy. But Y Y—y —=Y-+yxT—y, 
therefore aX—ax=Y +y;Y—y ; which gives 
this Analogy, a: Y+y::Y—y: X—x 2. e. a: BO:: 
 oD:bo. On this Property of the Parabola, the 
famous Mr. Thomas Baker, Rector of Biſbop- 
Nymton in Devonſhire, founded his Geometrical 
Key, or Gate of Equations unlock*d ; deducing 
from this Property, what he calls his Central 
Rule, whereby he ſhews the Conſtruction and 
Solution of all Cubic and Biquadratic adfected 
Equations by the Interſection of a Circle and the 
Parabola. | » 
$. 19. The Focus of the Parabola is diſtant from its 
Vertex one 4th part of the Latus Rectum. F he 
ect. 
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let A (Fig. 13.) be * Focus of the Parabola 
BC R, then will AC = 2 — — half the Parameter, 


and AR x; but it is x: : a, (by F. 3. Y 


and ſo a . that is A, the Di- 


ſtance of the F ocus A from the Vertex R of the 
Parabola; 2, E. D. 5 
F. 20. Let the Right Line TP touch che Fibols 
BR in the Point C, (Fig. 13.) and draw the Semi- 
ordinate AC; and n the Axis AR to the 
Tangent at P; I ay, AR=RP. For let AC 
flow into ae, mean while the Abſciſſa AR will 
flow into R a ; and putting AR=x, and AC= wy, 
then ge , and gC=;; and by reaſon of _ 


lar Triangles Cge, CAP, we have, : 4 Y: 22 


y 
| AP. But from the Equation of this Curve 
1 ax =, and az=2y, and + = which being 


wrote for & in the Equation = 75 ar, we ſhall 


have — — = = =AP ; but yy=ax, therefore 


_— AP, conſequently ARS = RP X. 
9. E. D. Hence the drawing a Tangent to this 


Curve is very eaſy. | 
$. 21. Things remaining as before, let a be the Fo- 
cus (Fig. 14.) and drawaC; at R erect the Per- 
pendicular RG, and join aG ; now becauſe AR= - 
RP, and the fimilar Right-angled 5 
CAb, GRP, we have CG=GP; and GR= 
AC. And putting AR=RP=x, and AC= 75 
and the Parameter a, as before; then ax= y; 


and ſo 2 = 25 „Which gives this Analogy 


3 : = by: 2 *, that is, aR: GR: GR. RP, and 


conſequently the age: . or aGC is a Right 
1 f f One, 
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one, and ſo a0 is a Perpendicular to the Tangent 
in G. 
22. Draw HCIAP, I fay the Angle TCH will 
always be equal to the Angle aCG. For the 
Angle HCT=APC (by E. 1. 29.); but the 
' Triangles aGC and aGP are equal and equiangu- 
lar (by E. 1. 4.), and therefore aPG=GCa= 


. D. Hence alſo aC=aP every 


where, 
$. 23. Since the Triangle aRG is ſimilar to the 
Triangle aGP or aGC ; we ſhall have aC:aG:: 
aG:aR, and ſoaGis a Mean Proportional between 
aC and aR. Conſequently aCquaGq::aC:aR (by 
E. 5. D. 10.) Note, this is the 14th Lemma of 
hp Iſaac's firſt Book of his Principia. 
. 24. If (in Fig. 14.) you take RO=Ra= the 
focal Diftance from the Vertex R; then ſince 
 aC=aP=PR+aR; and AR=RP; add on 
each ſide RO=Ra, and we ſhall have AR+ 
RO—PR-þaR==aC. That is, AO=2aC. 
$. 25. Hence we have an eaſy Method of deſcri- 
bing a Parabola, whoſe focal Diſtance a is given. 
For ſuppoſe in the Point A, I would adjuſt the 
Ordinate AC to the Curve; in order to this, I 
ſet aR from R to O, and (having erected a Per- 
pendicular in A) take in my Compaſſes the Di- 
Fy ho AO, and ſetting one Foot in the Focus a, 
I crols the ſaid Perpendicular with the other in 
C; then ſhall C be a Point in the Curve's Peri- 
hery. And having in this Manner found a ſuf- 
Nena number of Points, they will, if join'd with 
a careful Hand, form the Curve af the Parabola; 
and this Method is equally eaſy and expeditious. 
F. 26. The Quadrature of the Parabola may be 
thus; the Equation of the Curve is ax=yy, and 
ſo we have y=y/ax=a;x: ; but the Fluxion of 
the Space contain'd between the Abſciſſa x, the 
Ordinate , and the Curve BR (ſee Fig. 15.) is 
equal 
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\ ._ _ equal to Fluxion of the Abſciſſa multiplied by 
the Ordinate, viz. * y=Fluxion of ABR, -there- 
fore + e = Fluxion of the ſaid Space ABR. But 
the Fluent of the Fluxion & az xz is 3 az XXI, 
that is zxy, is the Flowing Quantity, or Space it 
| ſelf ABR. Wherefore the Parabolic Space ABR 
is to the Rectangle under the Ordinate and Ab- 
ſciſſa AD, as 2: is to 3. 


§. 27. Of the HY PER BOL A. 


The common Property of all Hyperbola's is this, 
vi. as the Sum of the Tranſverſe and any Ab- 
ſciſa, multiplied into that Abſciſſa: is to the 
Square of its Semiordinate :: ſo is the Sum of the 
Tranſverſe and any other Abſciſſa, multiplied 
into that Abſciſſa: to the Square of its Semiordi- 
nate. | 


That is TVFVAxVA: ABq :: TVEVaxVa: abq. 


(Fig. 6.) 

DzMonsThArioN. 
E. 2. 6. 1 For fince the Triangles Tab, TAE; | 
2 as alſo the Triangles . . . Vad, VAe; 
E. 6. 4. 3 are ſimilar; 1 *Ta:aD: TA: 


ſhall have AE 
— Va: ad:: VA: Ae 
E. 6. 16. 5 and conſe- } Tax AES aD TTA 
4-4 0j - quently: VaxAe=adxVA. 
; TaxVaxAE Ae 
E.. A1. 7 and therefore Dad TA VA. 
| 8 AExAe—ABq. 
2. 35. 8 But + . | 
| 35-4 | TaxVaxABa 
E.. Ar. | . =abqxTAXVA. 
E, 6. 1 6. 20 which gives this } Tax Va: abq:: 
Analogy TAxVA: ABq. 


TV—+VaxVa:abq 
jaa. F: TVN VA, VA. AB. 
| 6 . 
| . 


F. 28. If here (as in the Ellipſis) we put TV=a» 


BBI, Va=x, and a hy; then Ta=a+x (in 


the Ellipſe, Ta=a—s) and AB= — £ and (ſup- 
poſing VA 1 in, the . nu” and Hyperbel equal) 


TA. + = 2 (in the Ellipſe it was 

"Ts 2 —= = — 2 Wherefore the foregoing 

general Property 1 the Ka ie will be thus 

expreſs'd, 3 : wy 0 5 = 3 that 

18 ax + . 2 * Þ and ſo 
= - of xx 


ab IIb = FAM 8 or 2 — . (Se ee 


Ms 17.0 
d. 29. Since (per $. 4.) TAxXVA : ABq :: TV: 


5 Ke Latus Rectum, or Right Parameter, which 
 ſuppoſe=Pp 3 then it will be, as 3aa:bb::a: 


S p, the Latus Rectum of the Hyper- 
bola. If then in the foregoing general Equation 
we ſubſtitute p, for its Equivalent =, we ſhall 
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have yy =PÞx + Pp = ; and fo this Equation dit- 
fers from that of the Ellipſis only in the Sign of 
the Member p __ as you may ſee F. 7. hereof. 


. 30. Alſo ſince a:p::*: =; and fo the Rect- 


angle ax p is ſimilar to the Rectangle x x FE = 
= ; therefore in the Hyperbola, the Square of 


any Semiordinate y, exceeds the Rectangle under 
the Latus Rectum and Abſciſſa (xp) by the Rect- 


angle which is ſimilar and ſimilarly poſited to 


the Nause of the Diameter, vis. the Rectangle 
It 8 
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a * ; and from this Exceſs (in Greek vTepCoan) 
Apollonius calPd this Figure an Hyperbola; the 
like to which, on a contrary Account, happen'd 
to the Ellipſis, ſee F. 7. - 

$. 31. The Diſtance of the Focus of an Hyperbola 
from its Vertex V, may be found as in the El- 
lipſis; for ſuppoſe a the Focal Point (Fig. 16, 18.) 


then ab = y half the Parameter — - ; there- 


fore yy = ET and 4 =» + = 
that 1s 3 = ax + xx. Add on each Side = 


| we have C ＋ 5 + ax + xx, and by 


Extraction Ne — 2 + x, Therefore 


* — 2 = x the Diſtance Va of the 

Focus a from the Vertex V. And ſince Na= 
8 y/ patran __ 

NA — ＋ x, we have : =1y/ apÞaa= 


Na, or NA, half a Mean Proportional between 
the Tranſverſe TV, and the Sum of the Tranſ- 
verſe and Parameter. In the Ellipſis is their 

Difference; ſee F. 8. hereof. | 

§. 32. Suppoſe, in Fig. 17. RIS, and FVD, are 
two different Hyperbola's, whoſe Foci are A and 

a; and their common Tranſverſe Diameter TV, 
and their Center N. Now, if in one of them 
(FVD) there be taken any Point D, and from 
the Foci A and a be drawn Right Lines AD, 
aD ; then the Difference of theſe Lines will be 
equal to the Tranſverſe Diameter ; that is, aD— 
AD=TV. For draw the Semiordinate Do; 
then (the Parts being here defign'd by the ſame 
Letters, as the ſame Parts in the Ellipſis, F. 9.) 
by means of the Right-angled Triangles ADO, 

and aDO (by uſing a like Proceſs to that in F. 9.) 

| we 


— —j44ñt — — — 


D 
* 


MIS and MINI 
7 ＋ 
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* we ſhall find aD=d+ £ + and AD = 


4 — PEE, and the latter a from 


the ne there will remain 4; viz. aD — 
AD = 1=TV. | 


SC. 33. In Fig. 18. let the Right Line PC 3 | 


the Hyperbola VC in the Point C; draw the 
Semiordinate AC, which call y, and the Abſciſſa 
VAS x; and let Aa = Cg = #, and then will 
55 =; (in the ſame manner as in F. 20. for the 

arabola,) and becauſe of the fimilar Triangles 
Cee and PAC, we ſhall have: * 4-3 7 = 
AP, the Subtangent. But fince yy = px * 


= 


- Fluxion thereof is 2y = Px + — , 5 
2a = in, and fo 2e. = 5, which 


paþ2px 
ben wrote in the Equation = = AP, we ſhall 
have ZE. — PAP. 15 in this Equa- 


pa Hab Uů pa 2p 
tion, inſtead of yy we write its Equivalent px+ 


=, — we ſhall have = TELE = AP; and, di- 
viding by P, — === AP; which 


gives this Analogy _ TVN: v:: 2 ＋ x: AP; 
that 1 is, NA: VA:: TA: AP. Wherefore the Point 


P is given, and ſo the Tangent PC may be drawn 
to any Point of the Curve. In the Ellipf: it 


dx - & 


would be . = AP; ſee d, 10. 


5. 247 TI plain (from Fig. 1 9.) that to every El- 
lipſe, TCVG, we may conceive there belongs 
four Hyperbola's ; two to the Tranſverſe Di- 
ameter IV, viz, IIK and FV II; and as many 

1 to 
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to the Conjugate Diameter CG, viz. BCM and 
DGE. About the Ellipſe, let there be circum- 
ſerib'd the Parallelogram ROQS, and thro' the 
Center N, draw the Diagonals QR and OS, 
which infinitely continued, make the Aſym- 
ptotes of the Hyperbola's, vig. NR, NS; and 
NO, NO the Aſymptotes of the Hyperbola's 
FVI, and ITK; and NO, NR; NQ, NS, 
the Alymptotes of the Hyperbola s BCM, and 
DGE. Moreover the Right Lines RS (=, ||CG,) 
and OQ, are call'd the Leſſer, or Conjugate Di- 
ameters of the Hyperbola's FVH, and ITK; as 
are QS, and OR (=, TV) of the Hyperbola- Sz 
and are Mean Proportionals between the 'Tran/- 
verſe and Latus Rectum, both * the Ellipſis and 
Hyperbola's. 

35. The Half- Diagonal NS is equal go NA, ſup- 
poſing A the Focus of the Hy 


(Fig. 12.) For (per g. 300 VEE — 1 T= 


NA or Na. And fince < 2 4 ; =: 2 25 there- 


2 


— fore Bj ==; b ; 7 + 2 = NSq (that is, : 
+ 


N mY + VSq = _ and conſequently © — + 
= NSq; and fo V A = NS = NA. 


F. x Let NV (Fig. 20.) be the Semi-Tranſverſe 

of the Hyperbola 7 VH ; and the Right Li es 
NE, NB, the Aſymptotes thereto. I ſay theRigl t 
Lines N E, NB, if infinitely continued, will al- 
waysapproach nearer the Curve of the Hyperbola, ” 


but will never touch it. For put NV = 2, 


half the Parameter = , then ſhall VS or 
= 7 2 ſo VRq = . Let VI x, 
A 


* FVH 
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VK=X; then NI Ax, and NK = 
= ＋ X; and becauſe of the ſimilar Triangles 
NVR, Mes we have — : LEE u: * 25 2 + 
V2, 2 = IC the 95 of which 1 18 24 
Px pt 104 But (by F. 27, and 28.) 


IQq = , therefore ICq —IQq = 
| 2 = VRq; viz. 1 Square of half the leſſer 
. And again, becauſe of the like Tri- 
angles NVR, NKE, we ſhall have 2 * * 


— . X: * 2 Fe V2 2X = KE; * 


a 


: of which is 42 = X * 2 2 . ; but alſo FKq = 
5 * . 2X, and ſo KEq — KFq = ® 3 


1— 


4 
VRq. Wherefore the Difference between the 
Square of the Semiordinate to the Aſymptote, and 


the Square of the ſame Semiordinate to the Hy- 
perbola, i is every where equal to * = 2) the Square 


of 1 the leſſer Diameter VR. 


F. 27. In the Hyperbola FVH (Fig. 20.) it will be 
every where EFxF G= (GHEHE.-) CQxQD= 


RV XVS= > For ſince RV=VS= V 4 


therefore RV VS = . Alſo ICq109= 2; 


and ICI O, and IC—IQ=CQ; there- 
fore IC IQ x 10 —1Q =ICq— IQ= CQ x 
QD = — 74 In the fame manner, KE+KF 


* *KE—KEF (=EF) =FG xEF= 2 


&c 


ptotic Space will be thus expreſs d, x— = 2 
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c. Ergo, &c. Wherefore ſince CQ= 
and EF = r= tis plain (ſince FG a QD) that 


&⸗ 


the Aſymptote NE is nearer the Curve at F 


than it is at Q; and ſo it will ever approach 
nearer, but can never touch it, Fe laſt Section. 


"I 38. Since EF FG =CQ x OD, then EF: CQ:: 


QD:EG; draw FO, and QP parallel to NE,; 


and becauſe of like Triangles PQD and OFG, we 
have OD: FG:: PQ: OF; alſo becauſe of the 


fimilar Triangles RQC and Y FE (for VF. RQ 
NG) we have EF: 5 YF: RQ; therefore 


IF: RQ: PQ: OF :: NR: NY. Hence NY x 


YF= NR « RQ. Laſtly draw BV | NG, and 
AVIINE; and let VB == NB = a, nY = * 
and YF=y; then a:a+ x::y:a ; therefore 
aa = ay + yx. Which Equation expreſſeth the 
Nature of the Hyperbola between the Aſymp- 


totes. 


$. 39. The Quadrature of the Hyperbolic Space be- 


tween the Abſciſſa BY, the Ordinates BV and 


F, and the Curve FV, is thus eaſily obtain'd ; 


the Fluxion in this Space is Jos but (by $. 37.) 


aa — ay + xy, and fo y = 2755 wherefore 
aax 


8 2 — = the Fluxion of the ſaid Space 
BVFY. Divide aa by 4 Tr x, the Quotient will 


be a —x+ = * — + = 5; „ Sc. conſequently 
r MOR. cc Wa9S.. OT "7 
ax | x if aa aaa 5 
| . F * x 
whoſe fluent Quantity is ax — 2 + Sr 
"di — =, Oc. Puta=1, then the 975 
4a 5 


K 3 


3 
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2 —© +£, &c.=BVEY. Now as this 


2 + 
is the ſame with the infinite Series invented long 


ſince, for finding the Logarithms of Numbers, 
it follows, that the Aſymptotic Spaces of the 
Hyperbola are, in reſpect of the Abſciſſæ NB, 
NR, NY, Sg. as the Logarithms in reſpect of 
Numbers. 

$ 40. Having the Tranſverſe TV, and the Focal 
Diſtance VA, or Ta, in any Hyperbola, (ſee 


Fig. 17.) it Wilk be exceeding eaſy (and very ex- 


peditious) to deſcribe an Hyperbola in Plano, by 

what is demonſtrated in §. 31. ſo that *tis need- 
leſs to fay any thing farther on this Head ; and 
indeed, I look on this as the beſt Geometrical 
way of any. 

4 41. Thus you have the Chief Properties of the 

Conic Sections, deliver'd in a very conciſe, yet 


(I hope) in a very perſpicuous Manner; which. 


being well underſtood, the young Geometer may 
(by the dint of his Genius) make a Progreſs as 


much farther as he pleaſes. And indeed, a com- 


petent Knowledge of this ſort of Geometry, is 
abſolutely neceſſary for underſtanding the preſent 
8 of Motion, * Philoſophy, &c. 
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ARTP.ENDEFX; 
Containing an EPITOuE of the Doc- 
trine of FLuxions, and of the 


Methodus de Maximis & Minimis. 


4 


— 


| An EPITOME of the Docrrine of FLUx10Ns. 


3. 1. HE Uſe of the Elements is abſolutely 
neceſſary to form and promote the 
Fluxionary Calculus, ſince, without it, the Foun- 
dation and various Uſes of this moſt ſubtile Art 
would become very inconſiderable. Of this, I 
ſhall give an Inſtance or two by and by ; but ſhall 
firſt premiſe ſomewhat concerning the Notation 
of Fluxions, and the general Rule for turning 
an Equation, or any Algebraic Quantities, into 
Fluxional ones. 
$. 2. Of Quantities, ſome are conceived as xd, 
permanent, and conſtant, viz. ſuch as always re- 
main the ſame ; while others, are variable and 
inconſtant, viz. ſuch as are always increaſing or 
decreaſing, by a continual Fluxion or Flowing 
of its Extremities into a larger or leſſer Space. 
The Conſtant Quantities are denoted by the firſt | 
Letters of the Alphabet; as, a, , c, &c. the 
Flowing Quantities, by the latter Letters, as, 
„„ 4 _ and their Fluxions, by the ſame 
Letters 


— ——·˙ͤ—êũ̃ — — K — — 
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Letters with a Point over them, thus, , ,, «: And 
ſince Fluxions are the very ſmall] Increments and 
Decrements of the Flowing Quantities, or the Ve- 
Hcities of the Motions whereby they increaſe or 
decreaſe, tis plain that thoſe Fluxions, or Ve- 
 Jocities, themſelves may be conſider'd as Flowing 

uantities, and their Flux1ons are call'd Second 
Fluxions, and mark*d thus, &, 5, 2, with two 
Points; the Fluxions of Sgond Fluxions, are 
_ calPd Third Fluxions, and denoted thus, 2, 5, 25 
and the Fluxions of theſe are call'd the Fourth 


| Fluxions ; and ſo on as far as you pleaſe. Alfo 
7 


the Fluxion of a Fractional Quantity, 2, 5 is 
denoted thus MR. the Fluxion of A by 
* A—Y 


*—* |. and for aha 


— 


3. In order to find the Fluxions of Flowing 
Quantities, Sir Jaac Newton (the Author of this 
Art) lays down this general Rule, viz. 

I. Let each Term of the Equation be mul- 
tiplied by the Exponent of the Power of 
every Flowing Quantity that Term in- 
cludes. 

IT. And in the ſeveral Multiplications, inſtead 
of the Root of any Power of each Flowing 

| uantity, ſubſtitute its Fluxion. 

III. Join all thoſe ſeveral Products by their 
pope Signs, and their Sum will be the 

luxion of the Equation, as requir'd. 
F. 4. Let the Fluxion of the Rectangle xy be ſought ; 
this (by the general Rule) will be x5 +3. The 
Truth of which is thus evinc'd; Let there be a 
Rectangle AE (Fig. 21.) whoſe Sides AB = x; 
and BE =, are in Fluxion or increaſing every 

Moment in Length; and ſuppoſe in the ſame 

Moment that AB flows to C, EB flows to G, 


and ſo the Fluxions of the Sides are CB = >, and 
Wu ; BG =. 
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BG . But while AB is flowing to C, the 


Side BE deſcribes the ſmall Rectangle BD= yz ; 


and while EB flows to G, the Side AB deſcribes 
the ſmall Rectangle AG — YH; and therefore 
ſince the two ſmall Rectangles BD+AG is the 
Increaſe of the Rectangle AE = xy, tis evident 
the Fluxjon or SE of the Rectangle xy is 


x3 + yz = AG + BD. Q., E. D. Now ſup- 


poſe xj S, then the Fluxions will be directly 


as the flowing Quantities, vix. x: :: *: 55 by 


E. 6.14. 
5. Sir Jaac proves his Rule another way, thus; 


from the Sides x, y, ſubduct the half Fluxion of 
the Sides, and it will ſtand thus, x— 44 and 
„bb; multiply theſe into one another, the 
Product will be xy —3y;z — 2 + . Again, 
to the Sides, add half the Fluxions, and you will 
have x + zz and y + 25; and theſe multiplied 


together make x) + TY + 43 + 9; from Pro- 
duct, ſubſtra& the former, and there will remain 


only yx + x3 for the Fluxion of the Rectangle 
XY, as per Rule. In the ſame manner the Fluxion 


of Hz will be found to be he + x2 + YA. 


Alſo the Fluxion of x + y is + i- 5; and ax ＋ by 
will give the Fluxion az + ; and the Fluxion 
of ab + xb + yx is bz +y* +59. 


$. 6. Thus, by the ſame general Rule, we find the 


Fluxion of xx to be 2xx ; and of x to be gxxs ; 


and of x* to be 4 . Of xxz2 to be xi + 22x. 


Alfo the Fluxion of xx + 22 is 2xx | 22853; and 


of xZ+2y 18 xz * 2x + Y . Laſtly, the 


Fluxion of * — xy* + 4% — , will be found 
to be 3xx# — h — 2 ＋ az. And univer- 
ſally &, will give the Fluxion nx". 


$.7. In ortter to find the Fluxion of a Feine 


e obſerve this | 
be 1 1 Rule. 2 


© oF 2% G G * we 2 
A — OP 7 S 0 - * 
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Multiply the Fluxion of the Num by 
the Denominator, and after it place (with 
| | the Sign —) the Fluxion of the Denomi- 
Rule.“ nator multiplied into the Numerator, and 
then divide the Whole by the Square of 

the Denominator, and this Fraction is the 
| L_Fluxion of the Fraction propoſed, | 


Suppoſe you would find the Fluxion of „ - 
will be, (by the Rule) =; to prove hich, 


let 5 v, or pr, then + h + 5v, and 
* = . here inſtead of v, ſubſtitute its Va- 
lue > 3 and then 8 2 . 1 S per Rule. 


Thus the Fluxion of 2 cis =; of 1 8 


VS KE 
for here the Numerator i is a Conſtant Quantity: 
The F luxion of is DS 


2 A aa 2 ar Ja 


The Fluxion of vill be — | 


xa aa+2axxx 


er This you may alſo prove by 


putting XS =, as before. 
. 8. Like as the Powers of any Quantities above 
Unity, as I, x, xx, X, x*, &c. were turn'd into 
Fluxions; ſo thoſe Negative Powers, or which 
deſcend below Unity, as x4, 4-3, 2, x-7, 1, may 
be thrown into Fluxions; thus the Fluxion of x3, 


will be — = * = „and univerſally the 


X 1 1 


—1 
2 —x= 2 or becauſe — — 1 


H—=7 22 


Fluxion of *, is — =. Alſo 2 


; the Fluxion of — == mm, 


Uu 2 13 


** 


2 2 2 
N ama} 4 


* . ͤ) . . AER PPT 
Wr be ——— 


1 _—_ 


8 . L 1 x eg * 
8 y . * " « — * — — ns Dd — 1 
* 7 LI * * —_ TIS * * K 22 A ng — 
* 8 Ge * co * * mes * "= * * * 
. Ü 1... ⅛ 1 ]⅛ AA ùdß f“. - W <p 46 - * 1 A —— — as 
— : — n 0 1 0 r — = 5 * 
2 1 * — "4 * — 
y N — - — — 
fe e' * a. - * Ss. * 2 7 * — 
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is — mix"; = =; and the _— of 
- Wl ns 5 


am 5 18 Mx ve 5 and af i= 3 18 


—.—2.— = — and ſo the Fluxion 5 any 
other Whole or Fractional Quantity may be 
found. 
F. 9. The Fluxion of any Logarithm is equal to the 
PFluxion of the abſolute Number (whoſe Loga- 


rithm it is) divided by that fame Number; thus 


| the Fluxion of x+1 is 8 3 for fince 1 1s a 


ſtanding Quantity, the Fluxion of x41 will be *. 
But __ —— of the Quantity I, is 


| : * — = - +© * ba. , &c. the Fluxion whereof i iS 
| | A . , &c. X ITF —x, 
| | I | x | 
== — == — re. So the 
&c. | * X 8 zF7 as befo 


Fluxion of the 2 of xx + yy 1s 
2 ; of the Logarithm of ax + x*, is 


| | 2 -L _ ALT. Let E = Logarithm of 
| 


xx+ yy 
ax*+x3 | N 


any Quantity, then L': 4 a3 x, will denote the 
Logarithm of 4à ＋ x, raisd to the Power ; 
which we may ſuppoſe a Flowing Quantity; 
* yen its * (per F. 34, 39.) will be 


ab x _ and ſo of others. 


= 4.4 10. gh x any icy Quantity be given, you 
[: may (for the moſt part, but not always) find the 
Flowing Quantity by the — of thoſe 
Rules, whereby the Fluxion it ſelf is found. 
Thus, ſuppoſe I would know the Fluent of the 
Fluxion mx*-:;; I expunge the Fluxionary Letter 
i, and it is then un- ; then I add Unity, or 1, 
to the Exponent I of the F b Quantity x, 
| and 
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and I have mx", which laſtly, I divide by the 
Exponent m, and there comes out x”, the Flow- 


ing Quantity of the given Fluxion. And tis 


plain this Method is only the Reverſe of that 
which found mx”-i; to be the Fluxion of Xr. 


And thus the Fluent 92 2x is xx; of 3x is & „R 
of * x - e; of * 18 — 3 of 212 * 3 of ZK i 18 af 3 | 


of 11 is z * Thus 4 the Fluent of x; Y 


is x +3, Fai? of Br 1 and thus of any 


other. But it is plain, this Reverſe Method is 
not ſo certain as the Direct Method; becauſe 
ſeveral different fluent Quantities have all the 
fame Fluxion, thus + is the Fluxion of x, of 
x + 1, of a + x, of ax, &c. | 
II. Having thus given a brief Sketch of the Art 
of Fluxions, I ſhall proceed to give an Example 
or two of their Uſe, by the Help of the Elements. 
And firſt, let there be any plain Triangle ABC 
(Fig. 22 by tis required to find the Proportion of 
the Fluxion of the Sides AB, AC, and CB. In 
order to this, ſuppoſe the Baſe to be moved with 
a parallel Motion, then will the Sides be aug- 
mented in the ſame Moment of Time into Ab, 
Ac, cb; draw Bd || Ac, then becauſe Bd=Cc, 
and BC=dc, the Lineolz, or Sides Bd, Bb, db, 
of the ſmall Triangle Bdb, are the Increments of 
the Sides of the given Triangle; and ' tis evident 
the Form of this ſmall Triangle was the ſame as 


now in the very firſt Moment of its Generation, 


viz. ſimilar to the Triangle ABC; therefore tha 
firſt Ratio of the Sides Bd, Bb, and db, will be the 
ſame with that between the Sides AC, AB, BC; 
but the Fluxions of the Sides AC, AB, BC, are 
1n the firſt Ratio of the Augmenta naſcentia : and 
therefore as thoſe Sides directly; and therefore 
alſo as the Sines of their oppoſite Angles, n 
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From hence it appears, that all the Properties de- 
monſtrated of Plain Triangles (in the foregoing 
Elements) reſpecting the Proportion of their bade 
are true alſo of the F luxions of thoſe Sides re- 
ſpefively. 
§. 12. Again, let the Line AB de divided into Ex- 
tream and Mean Proportion in the Point C; *tis 
requir'd to find the Proportion of the Velocities or 
Fluxions of the greater and leſſer Parts AC and 
CB, or of the Points C and B (the Point A re- 
maining fix d) ſo that the flowing Line Ab may 
ſtill be divided into rey and mean Proportion 
in the Point C. (Fig. | 
Put AB=y; AC==x; — 1 will be BC=y—x . 
let BC be the greater Segment; and we have 


9: N:: y -: x Whence yx==yy—23x+xx, 
or 3 xx; the Fluxion of which Equation 


is 2yz + 3% = 2 + zr, (by b. 34.) or 3zy — 

2* = 2yj — 3%; from whence we have 

* : :: 2Y——3Xx 2 3y—2K*: :2AB— 

ZAC: ZAB—2AC. | 

N -* AB+ 

3. ACc 2AB—32 AC. 

But = Cc, and Bb, and 1 the 
Fluxion of BC; wherefore the Proportion of 
thoſe Fluxions are given, as requir'd. And thus 
the Ratio of the Fluxions of the parts of a Line, 
divided into harmonical (or any other) Propor- 
tion, may be found. 

F. 13. The moſt famous of all Mathematical Pro- 
blems, viz. the Quadrature of the Circle, ſhall be 
the next Inſtance of the Uſe of Fluxions. Let 
ACH be a Quadrant, AC the Radius, AB the 
Tangent to the Circle in the Point A ; in a given 
Moment of time let the Tangent AB flow into 
AD; draw CB, CD; draw the Perpendicular | 
BE to the Secant CD; and conceive the Tri- 
angle BED to be in its naſcent State, then will 

* See Fig. 24. | the 


Theſe lie 


BC: * FC: FG, that is, V1 I= XX : 
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the Angle BDE = ABC; and fo the Triangles 
BDE and ABC, will then be ſimilar, and con- 


ſequently BC: BD :: AC: BE. Put AC=1, 
Tangent AB=x, : and its Fluxion will be BD=;, 


and BC= Vikas I+xx; and ſo we ſhall have v 7-908 I xx 


72 Vi rr n 
= CBE are in this Caſe Fe" the Angle F= 
G=E=CBE=—=4; in theſe therefore we have 


97 1 8 
1: = 3 the Fluxion of the Arch AF. 


75 3 

But 4 = - —— . therefore divide 1 by 1+xx 
the Quotient will . this infinite Series 1 4 
x*—x*, &c. which multiplied by z gives the 
Fluxion - - A, &, = FG; TR 


whoſe * Quantity therefore i is X — — = + 


- — , &c. = the Arch AF. Suppoſe the 


Arch ap 245 Dinan then AB=A C=r=x, 
and ſo the Arch of 45 Degrees will be 1—5+ 
2 Z, Sc. If then the Diameter be 1, the 


Series I—j+j—343, Sc. will expreſs a Qua- 


WW? 


drant of a Circle; and 3 four times 


that Se, Viz. 4—$+4—$+4, Sc. = 3—j+ 


4 


$—$+4, Sc. =3. 1425026898959] &c. will 
be — to the Circle's Periphery. 


. 14. And now becauſe a Circle may be conceiv'd 


| to be an infiniti-lateral Polygon, whoſe Sides are 


in Number and Smallneſs infinite, and are them- 


| ſelves the Archs of the Periphery ; therefore the 


Circle may be divided into an infinite Number of 
Triangles by Radii drawn from the Center, the 
Sum of whoſe Baſes make the Periphery of ths 
Circle, and whoſe Altitudes are the Radu them- 
ſelves z therefore the Area of every Circle 1s 

equal 
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equal to a Right-angled Triangle, whoſe Baſe is 


equal to the Periphery, and its Perpendicular or 
Height equal to the Radius of the Circle. And 


conſequently the Periphery 3.14159, Sc. x 2 
0.78 5395, Sc. the ns of a Circle whoſe Di- 


ameter 18 1 


- * 


4 SPECIMEN of the Mer n op de : 
Maximis & Mini mis. 


F. 1. TJ N the Solution of a 88 when the 
greateſt or leaſt Quantity attainable in that 
Caſe is required, the Method whereby this is ef- 
fected, is, by Mathematicians, calPd Methodus de 
| Marimis & Minimis. And tho? there are various 
| excellent Methods for finding, or determining 
= ſuch Quantities, yet none ſeems ſo clear and na- 
tural, and is really ſo general, ſo quick and eaſy, 
| as that which the Doctrine of F luxions furniſhes 
i us withal. | 
1 F. 2. And ſince every fach Quantity, as we call a 
| Maximum or Minimum, is in its own nature a 
þ ſtable Quantity, it follows, that in order to de- 
termine any Flowing Quantity to a Maximum or 
Minimum, is to make it (inſtead of a Flowing) 
a Permanent one; and therefore, ſince the 
Fluxion of a permanent Quantity is equal to No- 
thing, we have evidently this general Rule, 
fr. Put the given Equation into Fluxions. 
2. Let the Fluxion of that Quantity, 
(whoſe extream Value is ſought) be made 
=0. 3. Therefore expunge all thoſe Mem- 
bers, in which that Fluxion is found ; and, 
4. The remaining ones will give the Deter- 
mination of the Maximum or Miaimum de- | 
To fired. So re, SHIT © 
9.3. 


VIZY 


— ñͤ —--- ee es tem — ——̃ —3 b 
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$. 3. To illuſtrate this Rule, let there be propos d, 
for Example, the Equation aax — yyx + byx— 
c*=0; where y and x are flowing Quantities ; 
and y 1s to be determined to an extream Value, 
or render'd permanent. The Fluxion of this 
Equation then is aa#—23yx—yy3+byz+bxj==0 ; 
and putting j==o, we have this Equation, aax— 
MH; dividing by #, there comes out 
aa .- Ayo, that is, aa=yy—by, which Qua- 
dratic Equation determines the extreme Value 
F. 4. In caſe it ſhould happen that the Equation; 
when put into Fluxions, ſhould involve Fluxions 
of different flowing Quantities, we muſt endea- 
vour by convenient Subſtitution, to exterminate 
ſome of them, that we may have no more than 
one ſort of Fluxions to deal with, of which the 
Equation may be clear'd by common Diviſion. 
For Example, ſuppoſe the Equation be yyx— 
ayz— abb. o; wherein x, y, 2, are flowing 

uantities, and y is to be determin'd to an Ex- 
tremum: The Fluxion of the ſaid Equation is 
.  2yx+yyz—a2z—ayz=0 ; and putting =, we 
have it reduced to yy#—ayz=0 ; now here being 
two ſorts of Fluxions +, , we muſt expunge one 
of them, thus ; in the fluxionary Equation a- 
bove there is yyz=ayz4-ajx—25yx, and fo * = 
— —.— 3 therefore in the Equation a — 
ayz=o, if inſtead of z, we ſubſtitute its Value 
| EEE, = there will be Y —AYz==ayz EE | 
0) Z—2.3YX— 0) £==45Z—2 3YX=04Z—2.)xX==0; and 


therefore y= _ , Which is the Equation ſought. 


$. 5- The Uſe and Application of this Method will 
very eminently appear, in ſhewing that from 
hence all ſorts of Curves may be cut at Right 
| *X © Angles, 


The Equation ex- 
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Angles, and conſequently the Invention of Tan- 
gents is thereby with eaſe perform'd. In Fig. 25. 
let FCE be any Curve, whoſe Vertex is E, Axis 
EG, its Ordinates AC, FG; let any Point, as 
B, be taken in the Axis at liberty, and from - 
- thence draw BC, BF to the Curve. Put EB== ; 
EA, EG, r; BG -; AB=—x; AC, 
FG,=y ; and BC, BF =. Now in order to 
form a general Equation which is to ſerve in all 
Curves to determine y to an extreme Value, v2. 
a Minimum, or the Leaſt of all Right Lines that 
can be drawn from the Point B to the Curve, 
we have in the Right-angled Triangle ABC (by 
E. 1. 47.) BC q= AC Aq, that is, zz=yy + 
un—2ux＋xx; and in the Right-angled Tri- 
= GBF, we have BFq=zFGq+GBq, or 

z xn -zu gun. The firſt Equation in 
F luxions is 22z=2zy—2nuxz+2xx, the ſecond 
222z=2yj+2xx—24x; and to determine ⁊ to an 
Extremum, by putting S o, we have 2y— 
21x 2x40, for the general Equation. In this 
Equation, if in the room of 2yj we ſubſtitute its 
Value from the various Equations of Curves, 
the Subnormal AB will be diſcovered, and con- 
ſequently the Point C in the Curve, whence to 
draw the Tangent CD. 
. 6. The Equations exprefling the Nature of di- 
vers the moſt eminent Curves, viz. the Circle, 
_ Ellipfis, Parabola, Hyperbola, are as follow; 
Circle, is aX—xx==yy. 

| Ell! fin. is a -A 

F wa" -4q Na- — 7 is a.. wal 
3 H perbola, is abx-baxx=yyb. 
In all theſe Equations, the Quantities x and y de- 
note (as before) the Abſciſſæ and the Ordinates 
(which are flowing Quantities) in each Curve. 
But in the Circle a = Diameter; in the Ellipſis 
@ = Tranſverſe Diameter, and b = = the Conjugate 
Diameter. 
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Diameter. In the Parabola, a = Latus Reftum, 
or Parameter; and in the Hyperbola a = Latus 
Rectum, and b = Tranſverſe Diameter. And ſo 
a and b are every where ſtable or permanent 
Quantities. The Truth of this Section will ap- 
pear in the next Chapter. 

F. 7. In order to determine the Quantity to an 
Extremum in the Circle, we have from its E- 
quation ax—xx=yy, the Fluxion a — 2 2). 
But in the general Equation (Sect. 3.) there is 
2n4—2xx=23z, and conſequently we have az— 

. 3 that is a=27n, and fo 1 


Z = EB = the Radius of the Circle. Whence 
it is manifeſt that B 1s always (in this Curve) the 


Center it ſelf. 
F. 8. In the Ellipfs, the Fluxion of its Equation 


xbb —_ bbxx © „  xbb 2bbxx 2 
r D/ 


0 2 — 2X3 (F. 5.) ) therefore a:hb—2bbxz= 
2aanxz — 24ax3, or abb —2bbx =2aan —2aax, 


which reduced, is 2 Sk 2 4x=1=EB, 


and therefore the Subnormal AB = (n — x . 
bb bb 


24 aa | 
Ag from the fluxionary Equation =» 2 
aa 


= 2j = 0, We ſhall have = = 22 55 that is, 
j = aa 


reduced, £ x; which W y is a Max- 


imum, the Abſciſſa is = 5 the Tranſverſe Diame- 
ter, and therefore y = 3 the Conjugate. 

$. 9. In the Parabola, the Fluxion of its Equation 
ax==yy, is ax=29 (=0=2nx—2xx (F.5.) and 
therefore a= 2y—2x, or a+ 2x=2x, that is, 


1 2 2 + x 
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— — „n = EB; wherefore the Subnormal is 
| AB== ( H—X= =). 

F. 10. In the Hyperbola, the. Fluxion of the Equa- 
tion * abx-þaxx=3yb, being ar ＋ = = 2 
(=0=215—2xx,) we have az + _ +2 — 
2, Or a + = A ＋ 2x=20, bg Wer. 


7 + * EB; and therefore the Subnor- 
mal AB= ( —x=) = + =. 


Thus having in all theſe Curves found AB, and 
AC being given, you have BC = z = 
yyynn—2nx+xx = ABN AC; where- 
fore drawing BC, you may draw the Tangent 
COD as a Perpendicular thereto, which ſhall touch 
the Curve in C. 


* N. B. The Equation abx ＋ axx — Y, 52 the 
fame with px ＋ p — =), before determined 


in Conics, F. 28. as FA plain if we conſider that 
p and à in the latter are the lame as 4 and b 1 
the former. 
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